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CROSSED PRODUCTS OF HOPF GROUP-COALGEBRAS
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Abstract

The main aim of this paper is to study Hopf group-crossed products and Hopf

group-cleft extensions in the setting of Hopf group-coalgebras.

Introduction

In Hopf algebra theory, Hopf crossed products were introduced indepen-
dently by Doi and Takeuchi [5] and Blattner, et al. [1] as a Hopf algebraic
generalization of group crossed products. In particular, a Hopf crossed product
is in fact always a Hopf cleft extension, provided the cocycle appeared in a Hopf
crossed product is convolution invertible (see Blattner and Montgomery [2]).

Hopf group-algebras were introduced by Turaev in his work on homotopy
quantum field theories (cf. Turaev [8]) as a generalization of ordinary Hopf
algebras. It was proven in Caenepeel and De Lombaerde [3] that there exists a
symmetric monoidal category, the so-called Turaev, in which the Hopf algebras
are the same as Hopf group-coalgebras.

Apparently all notions that exist in classical and less classical Hopf algebra
theory should have a group-version (see Virelizier [9], Wang [11, 12, 13], and
Zunino [14, 15]). However, it is not easy to find a right way to do so because
the notion of a Hopf group-coalgebra is not self-dual.

In this paper, it is studied that there exists an analogue of the crossed
product for Hopf algebras in the setting of Hopf group-coalgebras. Further-
more, we can investigate group-cleft extensions and equivalences of group-crossed
products.

The paper is organized as follows. In Section 1 the basic notions of group-
coalgebras and Hopf group-coalgebras are recalled.

In Section 2, we introduce and study the notions of a group-crossed product
and a group-cleft extension. In particular, we characterize group-crossed prod-
ucts by group-cleft extensions (see Theorem 2.10).
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In Section 3, we prove equivalences of group-crossed products for Hopf
group-coalgebras (see Theorem 3.2). In Section 4, as an application of our new
theory, we consider an example based on the Sweedler’s 4-dimensional Hopf
algebra (see Theorem 4.2, Theorem 4.3 and Theorem 4.6).

1. Preliminaries

Throughout this paper, we let p be a discrete group (with neutral element 1),
k will be a fixed field, and the tensor product n¼nk is always assumed to be
over k. If U and V are k-vector spaces, TU ;V : U nV ! V nU will denote the
flip map defined by TU ;V ðun vÞ ¼ vn u; for all u A U and v A V .

p-coalgebra. Recall from Turaev [8] that a p-coalgebra is a family of
k-spaces C ¼ fCaga A p together with a family of k-linear maps D ¼ fDa;b : Cab !
Ca nCbg (called a comultiplication) and a k-linear map e : C1 ! k (called a
counit), such that D is coassociative in the sense that,

Da;b n idCg
ÞDab; g ¼ ðidCa

nDb; gÞDa;bg; Ea; b; g A p

ðidCa
n eÞDa;1 ¼ idCa

¼ ðen idCa
ÞD1;a; Ea A p:

We use the Sweedler’s notation (see Virelizier [9]) for a comultiplication in
the following way: for any a; b A p and c A Cab, we write Da;bðcÞ ¼ cð1;aÞ n cð2;bÞ.

Hopf p-coalgebra. Recall from Turaev [8] that a Hopf p-coalgebra is a
p-coalgebra H ¼ ðfHag;D; eÞ endowed with a family of k-linear maps S ¼
fSa : Ha ! Ha�1ga A p (called antipode) such that:

(1) each Ha is an algebra with multiplication ma and unit element 1a A Ha,
(2) e : H1 ! k and Da;b : Hab ! Ha nHb are algebra maps, for all a; b A p,
(3) for each a A p, maðSa�1 n idHa

ÞDa�1;a ¼ 1ae ¼ maðidHa
nSa�1ÞDa;a�1 .

If a Hopf p-coalgebra H satisfies conditions (1) and (2), we call it a semi-
Hopf p-coalgebra (see Wang [12]).

We also have the set of a p-group-like elements denoted by

GðCÞ ¼ c ¼ ðcaÞa A p A
Y
a A p

Ca jDa;bðcÞ ¼ ca n cb; eðc1Þ ¼ 1

( )
:

Remark. (1) ðH1;m1; 11;D1;1; e;S1Þ is an ordinary Hopf algebra;
(2) The antipode S ¼ fSaga A p of H is said to be bijective if each Sa is

bijective;
(3) The antipode of a Hopf p-coalgebra is anti-multiplicative and anti-

comultiplicative, i.e., for all a; b A p, a; b A Ha

SaðabÞ ¼ SaðbÞSaðaÞ; Sað1aÞ ¼ 1a�1 ;

Db�1;a�1Sab ¼ TH
a�1 ;Hb�1

ðSa nSbÞDa;b; eS1 ¼ e:
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2. Group cleft extensions and existence of group crossed products

Definition 2.1. Let H be a Hopf p-coalgebra and A an algebra. We
say that H acts weakly on A if there exists a family of maps: Ha nA ! A,
hn a 7! h * a, Ea A p, h A Ha, such that

(1) 1a * a ¼ a; for any a A A; a A p,
(2) h * ðabÞ ¼ ðhð1;aÞ * aÞðhð2;bÞ * bÞ; for all h A Hab, a; b A A,
(3) h * 1A ¼ eðhÞ1A; for every h A H1.
Furthermore, if A is an Ha module for each a A p and satisfies (2) and (3),

we call that A is a p-H-module algebra.

Let H be a Hopf p-coalgebra and A a family of algebras A ¼ fAa;ma;
1Aa

ga A p. Let w ¼ fwa : H1 nH1 ! Aag be a family of k-linear maps and that w
is an invertible map. Suppose that H acts weakly on each Aa with a A p. For
any a A p, we define a multiplication on Aa nHb by

ðan hÞðbn gÞ ¼ aðhð1;1Þ * bÞwaðhð2;1Þ; gð1;1ÞÞn hð3;bÞgð2;bÞð2:1Þ
for all a; b A Aa and h; g A Hb with b A p.

Definition 2.2. For a A p, set Aaaa
wHa ¼ Aa nHa with the multiplication

defined by Eq. (2.1). If the Aaaa
wHa is an associative algebra with 1Aa

n 1a as
identity element, we call the family of algebras fAaaa

wHaga A p as a Hopf p-crossed

product and denote it by Aap
wH. And we call ð*; wÞ the p-crossed system

for Aap
wH. We denote fAaaa

wH1ga A p by Aap
wH1 and denote fAaaa

wHbga A p by
Aap

wHb with some b A p.

The proofs of the following two propositions are straightforward.

Proposition 2.3. With the above notations. Then Aap
wH is a Hopf

p-crossed product if and only if the following conditions hold: for any a A p

wað11; hÞ ¼ eðhÞ1Aa
¼ waðh; 11Þ;ð2:2Þ

ðhð1;1Þ * ðgð1;1Þ * aÞÞwaðhð2;1Þ; gð2;1ÞÞ ¼ waðhð1;1Þ; gð1;1ÞÞðhð2;1Þgð2;1Þ * aÞ;ð2:3Þ

waðhð1;1Þ; gð1;1ÞÞwaðhð2;1Þgð2;1Þ; kÞð2:4Þ

¼ ðhð1;1Þ * waðgð1;1Þ; kð1;1ÞÞÞwaðhð2;1Þ; gð2;1Þkð2;1ÞÞ

for all h; g; k A H1 and a A Aa.

Proposition 2.4. If Aap
wH1 ¼ fAaaa

wH1ga A p is a family of ordinary Hopf

crossed algebras, then Aap
wH is a Hopf p-crossed product and Aap

wHb ¼
fAaaa

wHbga A p with some b A p is a family of associative algebras.

Remark 2.5. (1) If we set p ¼ f1g, then the Hopf p-crossed product is the
ordinary Hopf crossed product.
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(2) If we take waðh; lÞ ¼ eðhÞeðlÞ1Aa
with a A p, then the Hopf p-crossed

product becomes the Hopf p-smash product (see Wang [11]).
(3) For some 10 b A p, if Aap

wHb ¼ fAaaa
wHbga A p is a family of associative

algebras, then Aap
wH is not necessarily a Hopf p-crossed product.

A concrete counterexample is presented as follows.
Let p and G be two finite groups, and f : G ! p be a group homomor-

phism. Then f induces a Hopf algebras morphism FðpÞ ! F ðGÞ, given by
f 7! f � f, whose image is central. Here F ðGÞ ¼ CG and FðpÞ ¼ Cp (where C
is a complex domain) denote the Hopf algebras of complex-valued functions on
G and p respectively. By Virelizier [10] this data yields to a Hopf p-coalgebra
H f ¼ fH f

a ga A p. Denote by ðegÞg AG the standard basis of FðGÞ given by
egðhÞ ¼ dg;h. Then for any a; b A p, we have that

H f
a ¼

X
g A f�1ðaÞ

Ceg; maðeg n ehÞ ¼ dg;heg for any g; h A f�1ðaÞ;

1a ¼
X

g A f�1ðaÞ

eg; eðegÞ ¼ dg;1 for any g A f�1ð1Þ;

Da;bðegÞ ¼
X
hk¼g

eh n ek for any g A f�1ðabÞ; h A f�1ðaÞ; k A f�1ðbÞ;

SaðegÞ ¼ eg�1 for any g A f�1ðaÞ:

Given any k-algebra A, we can endow A with the action of H on A is trivial,
the multiplication on Aa nHb is

ðan ehÞðbn egÞ ¼
X
h¼g

abwaðel ; emÞn eh;

for any l;m A f�1ð1Þ, h; g A f�1ðbÞ and a; b A Aa. Aap
wH is a Hopf p-crossed

product if and only if the following conditions hold: for any a A p

wað11; emÞ ¼ eðemÞ1Aa
¼ waðem; 11Þ;

awaðep; enÞ ¼ waðep; enÞa;
waðep; emÞwaðel ; enÞ ¼ waðem; epÞwaðel ; enÞ;

for any l;m; p; n A f�1ð1Þ and a A Aa.

For some 10 b A p, if Aap
wHb ¼ fAaaa

wHbga A p is a family of associative
algebras, for any h; g; k A f�1ðbÞ and a; b; c A Aa, then

½ðan ehÞðbn egÞ�ðcn ekÞ ¼
X
h¼g

½abwaðel ; emÞn eh�ðcn ekÞ

¼
X

h¼g¼k

abwaðel ; emÞcwaðep; enÞn eh;
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for any l;m; p; n A f�1ð1Þ, and

ðan ehÞ½ðbn egÞðcn ekÞ� ¼
X
g¼k

ðan ehÞ½bcwaðep; enÞn eg�

¼
X

h¼g¼k

abcwaðel ; emÞwaðep; enÞn eh;

for any l;m; p; n A f�1ð1Þ. Then

X
abwaðel ; emÞcwaðep; enÞn eh ¼

X
abcwaðel ; emÞwaðep; enÞn eh:

We let a ¼ b ¼ 1Aa
and 11 ¼

P
n A f�1ð1Þ en, then

X
waðel ; emÞcn eh ¼

X
cwaðel ; emÞn eh:ð2:5Þ

From Eq. (2.5), we can’t obtain that waðel ; emÞc ¼ cwaðel ; emÞ, only take b ¼ 1 and
apply idn e to the Eq. (2.5), we get waðel ; emÞc ¼ cwaðel ; emÞ for any l;m A f�1ð1Þ.
Then Aap

wH is not necessarily a Hopf p-crossed product.

Definition 2.6. Let B be a family of algebras B ¼ fBa;ma; 1Ba
ga A p and

AHB ¼ fAa HBaga A p.
(1) We say that AHB ¼ fAa HBaga A p is a p-H-extension if B is a right

p-H-comodule algebra (see Wang [11, 12]) with a family of k-linear maps r ¼
frb;a : Bba ! Bb nHaga;b A p and BcoH ¼ A, where

BcoH ¼ b ¼ ðbaÞa A p A
Y
a A p

Ba j ra;bðbabÞ ¼ ba n 1b A Ba nHb; a; b A p

( )
;

(called a p-subalgebras of right p-coinvariants).
(2) A p-H-extension AHB ¼ fAa HBaga A p is a p-H-cleft if there exist

a family of right p-H-comodule maps g ¼ fga : Ha ! Baga A p such that g is
convolution-invertible in the sense that there exist a family of maps g�1 ¼
fg�1

a�1 : Ha�1 ! Baga A p satisfying

gaðhð1;aÞÞg�1
a�1ðhð2;a�1ÞÞ ¼ g�1

a�1ðhð1;a�1ÞÞgaðhð2;aÞÞ ¼ eðhÞ1Ba

for all h A H1 and a A p.

Lemma 2.7. Let AHB ¼ fAa HBaga A p be a p-H-cleft with a right p-H-
comodule structure map: r ¼ frba : Bba ! Bb nHaga;b A p via b ! bð0;bÞ n bð1;aÞ
for a; b A p and with a p-H-cleft structure map: g ¼ fga : Ha ! Baga A p such that
gað1aÞ ¼ 1Ba

with a A p. Then we have
(L1) rba � g�1

ðbaÞ�1 ¼ ðg�1
b�1 nSa�1Þ � T � Da�1;b�1 ,

(L2) bð0;aÞg
�1
a�1ðbð1;a�1ÞÞ A A ¼ BcoH for any b A B1.
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Proof. First observe that since r is an algebra map, rba � gðbaÞ�1 is the
inverse of rba � gba ¼ ðgb n idÞ � Db;a. Let y ¼ ðg�1

b nSa�1Þ � T � Da�1;b�1 , for all
h A H1. Then

½ðrba � gðbaÞÞ � y�ðhÞ

¼ ðgb n idÞ � Db;aðhð1;baÞÞððg�1
b nSa�1Þ � T � Da�1;b�1Þhð2; ðbaÞ�1Þ

¼ ðgbðhð1;bÞÞn hð2;aÞÞðg�1
b�1ðhð4;b�1ÞÞnSa�1ðhð3;a�1ÞÞÞ

¼ eðhÞ1Bb
n 1a:

Thus y is a right inverse of rba � gba, and so y ¼ rba � g�1
ðbaÞ�1 by uniqueness of

inverse.
As for (L2), we compute

rbaðbð0;baÞg�1
ðbaÞ�1ðbð1; ðbaÞ�1ÞÞÞ ¼ rbaðbð0;baÞÞrbag�1

ðbaÞ�1ðbð1; ðbaÞ�1ÞÞ

¼ bð0;bÞg
�1
b�1ðbð3;b�1ÞÞn bð1;aÞÞSa�1ðbð2;a�1ÞÞÞ

¼ bð0;bÞg
�1
b�1ðbð1;b�1ÞÞn 1a:

This finishes the proof. r

Proposition 2.8. Let AHB ¼ fAa HBaga A p be a p-H-cleft via g ¼
fga : Ha ! Baga A p such that gað1aÞ ¼ 1Ba

with a A p. Then there is a Hopf
p-crossed product with a weakly action of H on A given by

h * a ¼ gaðhð1;aÞÞag�1
a�1ðhð2;a�1ÞÞ; for all a A Aa; h A H1

and a family of convolution-invertible maps w ¼ fwa : H1 nH1 ! Aaga A p given by

waðh; kÞ ¼ gaðhð1;aÞÞgaðkð1;aÞÞg�1
a�1ðhð2;a�1Þkð2;a�1ÞÞ; for all h; k A H1:

Furthermore, there is an algebra isomorphism Fa : Aaaa
wHa ! Ba given by

aa n ha 7! aagaðhaÞ with a A p such that F ¼ fFaga A p is both a left p-A-module
and right p-H-comodule map, where right p-H-comodule structure map of
Aabaab

w Hab is given by aabahab ! aabahð1;aÞ n hð2;bÞ.

Proof. First we compute, for a ¼ ðaaÞa A p A
Q

a A p Aa, h A H1,

rbaðh * abaÞ ¼ rbaðgbaðhð1;baÞÞÞag�1
ðbaÞ�1ðhð2; ðbaÞ�1ÞÞÞ

¼ ðrba � gbaðhð1;baÞÞÞrbaðabaÞðrba � g�1
ðbaÞ�1ðhð2; ðbaÞ�1ÞÞÞ

¼ ðgbðhð1;bÞÞn hð2;aÞÞðab n 1aÞðg�1
b ðhð4;b�1ÞÞnSa�1ðhð3;a�1ÞÞÞ

¼ h * ab n 1a A Ab nHa

and thus h * a A A ¼ BcoH . Furthermore it is easy to see that Definition 2.1 (2)
and (3) hold.
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Similarly we can prove that w ¼ fwaga A p has values in A. In fact, for all
h; k A H1,

rbaðwbaðh; kÞÞ ¼ rbagbaðhð1;baÞÞrbaðgbaðkð1;baÞÞrbag�1
ðbaÞ�1ðhð2; ðbaÞ�1Þkð2; ðbaÞ�1ÞÞ

¼ ðgbðh1;bÞn hð2;aÞÞðgbðk1;bÞn kð2;aÞÞðg�1
b�1ðhð4;b�1Þkð4;b�1ÞÞ

nSa�1ðhð3;a�1Þkð3;a�1ÞÞ

¼ gbðhð1;bÞÞgbðkð1;bÞÞg�1
b�1ðhð2;b�1Þkð2;b�1ÞÞn 1a

¼ wbðh; kÞn 1a:

Now, for a A p, we define

Ca : Ba ! Aaa
a
wHa by b 7! bð0;aÞg

�1
a�1ðbð1;a�1ÞÞabð2;aÞ:

It is easy to show that Ca is the inverse of Fa with a A p. Furthermore, F is
an algebra map:

FðaahÞFðbakÞ ¼ agaðhÞbgaðkÞ

¼ agaðhð1;aÞÞbg�1
a�1ðhð2;a�1ÞÞgaðhð3;aÞÞgaðkð1;aÞÞ

g�1
a�1ðhð4;a�1Þkð2;a�1ÞÞgaðhð5;aÞkð3;aÞÞ

¼ aðhð1;1Þ � bÞwðhð2;1Þ; kð1;1ÞÞgaðhð3;aÞkð2;aÞÞ

¼ FððaahÞðbakÞÞ

for any h; k A Ha and a; b A Aa. Therefore, we have fBa GAaaa
wHaga A p.

Finally, it is easy to check that F ¼ fFaga A p is a left p-A-module map and is
a right p-H-comodule map. r

Proposition 2.9. Let Aap
wH ¼ fAaaa

wHaga A p be a Hopf p-crossed product

and define g ¼ fga : Ha ! Aaaa
wHaga A p by gaðhÞ ¼ 1Aa

ah for a A p. Then g ¼
fgaga A p is a family of convolution invertible with inverse

g�1
a�1ðhÞ ¼ w�1

a ðSðhð2;1ÞÞ; hð3;1ÞÞaSa�1ðhð1;a�1ÞÞ:

In particular AHAap
wH ¼ fAa HAaaa

wHaga A p is p-H-cleft.

Proof. Let ua�1ðhÞ ¼ w�1
a ðSðhð2;1ÞÞ; hð3;1ÞÞaSa�1ðhð1;a�1ÞÞ. Then it is straight-

forward to verify that u is a left inverse for g, we have

ua�1ðhð1;a�1ÞÞgaðhð2;aÞÞ ¼ ðw�1
a ðSðhð2;1ÞÞ; hð3;1ÞÞaSa�1ðhð1;a�1ÞÞÞð1Aa

ahð4;aÞÞ

¼ w�1
a ðSðhð3;1ÞÞ; hð4;1ÞÞwaðSðhð2;1ÞÞ; hð5;1ÞÞaSa�1ðhð1;a�1ÞÞhð6;aÞ

¼ eðSðhð2;1ÞÞÞeðhð3;1ÞÞaSa�1ðhð1;a�1ÞÞhð4;aÞ
¼ eðhÞ1Aa

a1a:
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To check that u is a right inverse for g is more complicated, by a computation
similar to the above, we have

gaðhð1;aÞÞua�1ðhð2;a�1ÞÞ ¼ ½hð1;1Þ * w�1
a ðSðhð4;1ÞÞ; hð5;1ÞÞ�waðhð2;1Þ;Sðhð3;1ÞÞÞa1að2:6Þ

and hence that u is a right inverse for g if and only if

½hð1;1Þ * w�1
a ðSðhð4;1ÞÞ; hð5;1ÞÞ�waðhð2;1Þ;Sðhð3;1ÞÞÞ ¼ eðhÞ1Aa

ð2:7Þ

for all h A H1.
Since w ¼ fwa : H1 nH1 ! Aag is invertible, Eq. (2.4) gives

h * waðg; kÞ ¼ waðhð1;1Þ; gð1;1ÞÞwaðhð2;1Þgð2;1Þ; kð1;1ÞÞw�1
a ðhð3;1Þ; gð3;1Þkð2;1ÞÞð2:8Þ

for any h; l; k A H1. Letting h A H1 act on the identity

waðgð1;1Þ; kð1;1ÞÞw�1
a ðgð2;1Þ; kð2;1ÞÞ ¼ eðgÞeðkÞ1Aa

;

we have

½hð1;1Þ * waðgð1;1Þ; kð1;1ÞÞ�½hð2;1Þ * w�1
a ðgð2;1Þ; kð2;1ÞÞ� ¼ eðhÞeðgÞeðkÞ1Aa

:ð2:9Þ

Hence from Eq. (2.9) we obtain

h * w�1
a ðg; kÞ ¼ waðhð1;1Þ; gð1;1Þkð1;1ÞÞw�1

a ðhð2;1Þgð2;1Þ; kð2;1ÞÞw�1
a ðhð3;1Þ; gð3;1ÞÞ:ð2:10Þ

We may now verify Eq. (2.8) using Eq. (2.11):

½hð1;1Þ * w�1
a ðSðhð4;1ÞÞ; hð5;1ÞÞ�waðhð2;1Þ;Sðhð3;1ÞÞÞ

¼ waðhð1;1Þ;Sðhð8;1ÞÞhð9;1ÞÞw�1
a ðhð2;1ÞSðhð7;1ÞÞ; hð10;1ÞÞ

w�1
a ðhð3;1Þ;Sðhð6;1ÞÞÞwaðhð4;1Þ;Sðhð5;1ÞÞÞ

¼ waðhð1;1Þ;Sðhð6;1ÞÞhð7;1ÞÞw�1
a ðhð2;1ÞSðhð5;1ÞÞ; hð8;1ÞÞeðhð3;1ÞÞeðhð4;1ÞÞ

¼ waðhð1;1Þ;Sðhð4;1ÞÞhð5;1ÞÞw�1
a ðhð2;1ÞSðhð3;1ÞÞ; hð6;1ÞÞ

¼ eðhÞ1Aa
:

By Proposition 2.8 and Proposition 2.9, we easily get the main result of this
section as follows.

Theorem 2.10. With the above notations, a p-H-extension AHB ¼
fAa HBaga A p is a p-H-cleft if and only if fBa GAaaa

wHaga A p.

3. Equivalences of p-crossed products

In this section, we will show that an analogue of the result in Doi ([4],
Lemma 2.1) still holds for the setting of Hopf group-coalgebras.

Let H be a Hopf p-coalgebra and A a family of algebras A ¼ fAa;ma;
1Aa

ga A p over k, and g ¼ fga : Ha ! Aaga A p a family of convolution-invertible

332 shuang-jian guo and shuan-hong wang



linear maps. Define wga ¼ fwga
a : H1 nH1 ! Aaga A p and weakly action of H on

A by

wgaðh; gÞ ¼ gaðhð1;aÞÞðhð2;1Þ * gaðgð1;aÞÞÞwðhð3;1Þ; gð2;1ÞÞg�1
a�1ðhð4;a�1Þgð3;a�1ÞÞ

and

h *ga a ¼ gaðhð1;aÞÞðhð2;1Þ * aÞg�1
a�1ðhð3;a�1ÞÞ

for any h; g A H1 and a A Aa with a A p.

Lemma 3.1. Let Aaa
wH ¼ fAaaa

wHaga A p be a Hopf p-crossed algebra.

Then wgamb ¼ ðwmbÞga and *gamb ¼ ð*mb Þga where g ¼ fga : Ha ! Aaga A p and m ¼
fmb : Hb ! Abgb A p are a family of convolution-invertible linear maps.

Proof. For any h; g A H1, a A Aab with a; b A p, we have

wgambðh; gÞ ¼ ððgambÞabðhð1;abÞÞÞðhð2;1Þ *gamb ðgð1;abÞÞÞ

wðhð3;1Þ; gð2;1ÞÞðgambÞ
�1
ðabÞ�1ðhð4; ðabÞ�1Þgð3; ðabÞ�1ÞÞ

¼ gaðhð1;aÞÞmbðhð2;bÞÞðhð3;1Þ * gaðgð1;aÞÞÞ

ðhð4;1Þ * mbðgð2;bÞÞwðhð5;1Þ; gð3;1ÞÞm�1
b�1ðhð6;b�1Þgð4;b�1ÞÞg

�1
a�1ðhð7;a�1Þgð5;a�1ÞÞ

¼ gaðhð1;aÞÞmbðhð2;bÞÞðhð3;1Þ * gaðgð1;aÞÞÞm�1
b�1ðhð4;b�1Þmbðhð5;bÞÞ

ðhð6;1Þ * mbðgð2;bÞÞwðhð7;1Þ; gð3;1ÞÞm�1
b�1ðhð8;b�1Þgð4;b�1ÞÞg

�1
a�1ðhð9;a�1Þgð5;a�1ÞÞ

¼ gaðhð1;aÞÞðhð2;1Þ *mb gaðgð1;aÞÞÞwmbðhð3;1Þ; gð2;1ÞÞg�1
a�1ðhð4;a�1Þgð3;a�1ÞÞ

¼ ðwmbÞgaðh; gÞ

and thus wgamb ¼ ðwmbÞga .
Also,

hð*mb Þgaa ¼ gaðhð1;aÞÞðhð2;1Þ *mb aÞg�1
a�1ðhð3;a�1ÞÞ

¼ gaðhð1;aÞÞmbðhð2;1Þð1;bÞÞðhð2;1Þð2;1Þ * aÞm�1
b�1ðhð2;1Þð3;b�1ÞÞg

�1
a�1ðhð3;a�1ÞÞ

¼ gaðhð1;aÞÞmbðhð2;bÞÞÞðhð3;1Þ * aÞm�1
b�1ðhð4;b�1ÞÞg

�1
a�1ðhð5;a�1ÞÞ

¼ h *gamb a

and so *gamb ¼ ð*mb Þga .
This completes the proof. r

Theorem 3.2. Let H be a Hopf p-coalgebra and A a family of algebras
A ¼ fAa;ma; 1Aa

ga A p, and g ¼ fga : Ha ! Aaga A p a family of convolution-invertible
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linear maps, w ¼ fwa : H1 nH1 ! Aaga A p is a family of k-linear maps. With the
above notations wga for any a; b A p. Then we have the following assertions:

(1) As algebras, Aaab
w HGAab

wgaH;

(2) w satisfies Eq. (2.2) if and only if wg satisfies Eq. (2.2);
(3) ðw;*Þ satisfies Eq. (2.3) if and only if ðwg;*gÞ satisfies Eq. (2.3);
(4) If ðw;*Þ satisfies Eq. (2.3), then ðw;*Þ satisfies Eq. (2.4) if and only if

ðwg;*gÞ satisfies Eq. (2.4);
(5) Aaab

w H is a Hopf p-crossed algebra if and only if Aab
wgaH is a Hopf

p-crossed algebras, and they are isomorphic.

Proof. (1) Define F : Aaa
ab
wgaHab 7! Aaab

wHb by an h ! agaðhð1;aÞÞn hð2;bÞ,
For a; b A Aa; h; g A Hab

Fððan hÞðbn gÞÞ
¼ Fðaðhð1;1Þ *g bÞwgaðhð2;1Þ; gð1;1ÞÞn hð3;abÞgð2;abÞÞ

¼ aðhð1;1Þ *ga bÞwgaðhð2;1Þ; gð1;1ÞÞgaðhð3;aÞgð2;aÞÞn hð4;bÞgð3;bÞÞ

¼ agaðhð1;aÞÞðhð2;1Þ * bÞg�1
a�1hð3;a�1Þgaðhð4;aÞÞhð5;1Þ * wðhð6;1Þ; gð2;1ÞÞ

g�1
a�1ðhð7;a�1Þgð3;a�1ÞÞgaðhð8;aÞgð4;aÞÞn hð9;bÞgð5;bÞ

¼ agaðhð1;aÞÞðhð2;1Þ * bÞðhð3;1Þ * gaðgð1;aÞÞwðhð4;1Þ; gð2;1ÞÞn hð5;bÞgð3;bÞ

¼ Fðan hÞFðbn gÞ:

Clearly F is bijective, F�1ðan hÞ ¼
P

ag�1
a�1ðhð1;a�1ÞÞn hð2;abÞ a; b A Aa, h A Hb,

since

FCðan hÞ ¼ Fðag�1
a�1ðhð1;a�1ÞÞn hð2;abÞÞ

¼ ag�1
a�1ðhð1;a�1ÞÞgaðhð2;abÞð1;aÞÞn hð2;abÞð2;bÞ

¼ ag�1
a�1ðhð1;1Þð1;a�1ÞÞgaðhð1;1Þð2;aÞÞn hð2;bÞ

¼ an h:

(2) Straightforward.
(3) If ðw;*Þ satisfies Eq. (2.2), then

ðhð1;1Þ *ga ðgð1;1Þ *ga ðaÞÞÞwgaðhð2;1Þ; gð2;1ÞÞ

¼ gaðhð1;1Þð1;aÞÞðhð1;1Þð2;1Þ * ðgaðgð1;1Þð1;aÞÞÞðgð1;1Þð2;1Þ * aÞ

g�1
a�1ðgð1;1Þð3;a�1ÞÞg�1

a�1ðhð2;1Þð3;a�1ÞÞgaðhð2;1Þð1;aÞÞðhð2;1Þð2;1Þ * gaðgð2;1Þð1;aÞÞ

wðhð2;1Þð3;1Þ; gð2;1Þð2;1ÞÞg�1
a�1ðhð2;1Þð4;a�1Þgð2;1Þð3;a�1ÞÞ

¼ gaðhð1;aÞÞðhð2;1Þ * ðgaðgð1;aÞÞÞÞðgð2;1Þ * aÞg�1
a�1ðgð3;a�1ÞÞg�1

a�1ðhð3;a�1ÞÞ

gaðhð4;aÞÞðhð5;1Þ * gaðgð4;aÞÞwðhð6;1Þ; gð5;1ÞÞg�1
a�1ðhð7;a�1Þgð6;a�1ÞÞ
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¼ gaðhð1;aÞÞðhð2;1Þ * gaðgð1;aÞÞÞðhð3;1Þ * ðgð2;1Þ * aÞÞ

wðhð4;1Þ; gð3;1ÞÞg�1
a�1ðhð5;a�1Þgð4;a�1ÞÞ

¼ gaðhð1;aÞÞðhð2;1Þ * gaðgð1;aÞÞÞwðhð3;1Þ; gð2;1ÞÞðhð4;1Þgð3;1Þ * aÞ

g�1
a�1ðhð5;a�1Þgð4;a�1ÞÞ

¼ wgaðhð1;1Þ; gð1;1ÞÞðhð2;1Þgð2;1Þ *ga aÞ:

Conversely, we get it from Lemma 3.1.
(4) If ðw;*Þ satisfies Eq. (2.3) and Eq. (2.4), then for h; g;m A H1

ðhð1;1Þ *ga wgaðgð1;1Þ;mð1;1ÞÞÞwgaðhð2;1Þ; gð2;1Þmð2;1ÞÞ

¼ gaðhð1;aÞÞðhð2;1Þ * ½ðgagð1;aÞðgð2;1Þ *ga ðmð1;aÞÞÞÞwðgð3;1Þ;mð2;1ÞÞ

g�1
a�1ðgð4;a�1Þmð3;a�1ÞÞ�Þg�1

a�1ðhð3;a�1ÞÞgaðhð4;aÞÞðhð5;1Þ * gaðgð5;aÞmð4;aÞÞÞ

wðhð6;1Þ; gð6;1Þmð5;1ÞÞg�1
a�1ðhð7;a�1Þgð7;a�1Þmð6;a�1ÞÞ

¼ gaðhð1;aÞÞðhð2;1Þ * gaðgð1;aÞÞÞðhð3;1Þ * ðgð2;1Þ * gaðmð1;aÞÞÞÞ

ðhð4;1Þ * wðgð3;1Þmð2;1ÞÞÞwðhð5;1Þ; gð4;1Þmð3;1ÞÞg�1
a�1ðhð6;a�1Þgð5;a�1Þmð4;a�1ÞÞ

¼ gaðhð1;aÞÞðhð2;1Þ * gaðgð1;aÞÞÞðhð3;1Þ * ðgð2;1Þ * gaðmð1;aÞÞÞÞ

wðhð4;1Þ; gð3;1ÞÞwðhð5;1Þ; gð4;1Þmð2;1ÞÞg�1
a�1ðhð6;a�1Þgð5;a�1Þmð4;a�1ÞÞ

¼ gaðhð1;aÞÞðhð2;1Þ * gaðgð1;aÞÞÞwðhð3;1Þgð2;1ÞÞðhð4;1Þgð3;1Þ * gaðmð1;aÞÞÞ

wðhð5;1Þgð4;1Þ;mð2;1ÞÞg�1
a�1ðhð6;a�1Þgð5;a�1Þmð4;a�1ÞÞ

¼ wgaðhð1;1Þ; gð1;1ÞÞwðhð2;1Þgð2;1Þ;mÞ:

Conversely, we get it from Lemma 3.1.
(5) Clearly. r

4. An example

In this section we will give applications of our theory. Recall that the
definition of H4. As a k-algebra, H4 is generated by two symbols X and Y
which satisfies the relations X 2 ¼ 1, Y 2 ¼ 0 and XY þ YX ¼ 0. The coalgebra
structure on H4 is determined by

DðXÞ ¼ X nX ; and DðYÞ ¼ 1nY þ Y nX :

Consequently, H4 has the basis l (identity), X ;Y ;Z ¼ XY , and DðZÞ ¼
X nZ þ Zn 1. The antipode of H4 is given by SðXÞ ¼ X , SðY Þ ¼ Z,
SðZÞ ¼ �Y .
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We now consider the dual H �
4 of H4. We have H4 GH �

4 (as Hopf algebras)
via

1 7! 1� þ X �; X 7! 1� þ X �; Y 7! Y � þ Z �; Z 7! Y � � Z �;

here fI �;X �;Y �;Z �g denote the dual basis of f1;X ;Y ;Zg, then we let T ¼
1� þ X �, P 0 ¼ Y � þ Z �, Q 0 ¼ Y � � Z �, we get another basis f1;T ;P 0;Q 0 ¼ TP 0g
of H �

4 .
In what follows, let p ¼ C�.
For a A p, define two group homomorphisms F : p ! AutðH4Þ and F� : p !

AutðH �
4 Þ as

Fað1Þ ¼ 1; FaðXÞ ¼ X ; FaðYÞ ¼ aY ; FaðZÞ ¼ aZ;

F�
a ð1Þ ¼ 1; F�

a ðTÞ ¼ T ; F�
a ðP 0Þ ¼ a�1P 0; F�

a ðQ 0Þ ¼ a�1Q 0:

Now, it follows from Wang [13] that, we have the Turaev dðpÞ-coalgebra

DðH4;H
�
4 ; h ; i;F;F�Þ ¼ fDðH4;H

�
4 ; h ; i;F;F�; ða; bÞÞgða;bÞ A dðpÞ;

which is denoted by DðyÞ. Then the Turaev dðpÞ-coalgebra structure on DðyÞ is
given, for all a; b; l; g A p, by the following (a)–(d):

(a) The multiplication relations:

X 2 ¼ 1; Y 2 ¼ 0; XY þ YX ¼ 0; T 2 ¼ 1; P 02 ¼ 0; TP 0 þ P 0T ¼ 0;

XT ¼ TX ; XP 0 þ P 0X ¼ 0; TY þ YT ¼ 0; YP 0 ¼ P 0Y :

(b) The dðpÞ-comultiplication and counit relations:

Dða;bÞ; ðl; gÞðXÞ ¼ X nX ; eðX Þ ¼ 1;

Dða;bÞ; ðl; gÞðYÞ ¼ Y n 1þ X nY ; eðYÞ ¼ 0;

Dða;bÞ; ðl; gÞðZÞ ¼ ZnX þ 1nZ; eðZÞ ¼ 0;

Dða;bÞ; ðl; gÞðTÞ ¼ T nT ; eðTÞ ¼ 1;

Dða;bÞ; ðl; gÞðPÞ ¼ gP 0 nT þ 1n aP 0; eðP 0Þ ¼ 0;

Dða;bÞ; ðl; gÞðQ 0Þ ¼ gQ 0 n 1þ T n aQ 0; eðQ 0Þ ¼ 0:

(c) The antipode relations:

Sða;bÞðX Þ ¼ X ; Sða;bÞðYÞ ¼ �Z; Sða;bÞðZÞ ¼ Y ;

Sða;bÞðTÞ ¼ T ; Sða;bÞðP 0Þ ¼ abQ 0; Sða;bÞðQ 0Þ ¼ �abP 0:

(d) The crossing relations:

j
ðl; gÞ
ða;bÞðXÞ ¼ X ; j

ðl; gÞ
ða;bÞðYÞ ¼ ab�1Y ; j

ðl; gÞ
ða;bÞðZÞ ¼ ab�1Z;

j
ðl; gÞ
ða;bÞðTÞ ¼ T ; j

ðl; gÞ
ða;bÞðP

0Þ ¼ a�1b�1P 0; j
ðl; gÞ
ða;bÞðQ

0Þ ¼ a�1bQ 0:
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Furthermore, p is a subgroup of dðpÞ and ða; bÞ�1 ¼ ðb�1a�1b; b�1Þ, then,
for all X ;Y ;Z;T ;P;Q A Dð1;1Þ

Dða;bÞ; ða;bÞ�1ðX Þ ¼ X nX ; eðXÞ ¼ 1;

Dða;bÞ; ða;bÞ�1ðY Þ ¼ Y n 1þ X nY ; eðY Þ ¼ 0;

Dða;bÞ; ða;bÞ�1ðZÞ ¼ ZnX þ 1nZ; eðZÞ ¼ 0;

Dða;bÞ; ða;bÞ�1ðTÞ ¼ T nT ; eðTÞ ¼ 1;

Dða;bÞ; ða;bÞ�1ðPÞ ¼ b�1P 0 nT þ 1n aP 0; eðP 0Þ ¼ 0;

Dða;bÞ; ða;bÞ�1ðQ 0Þ ¼ b�1Q 0 n 1þ T n aQ 0; eðQ 0Þ ¼ 0:

We assume a ¼ b�1 and P ¼ aP 0, then Q ¼ aQ 0:

Lemma 4.1. Let V be any p-coalgebra and W an algebra, let f : V ! W be
a convolution-invertible linear map. Assume that a A PghðVÞ ¼ fa ¼ ðaaÞa A p AQ

a A p Va jDðaÞ ¼ ga n ab þ aa n hbg where g; h A GðVÞ. Then f ðgÞ and f ðhÞ is
in UðWÞ, the set of units of W , and f �1ðaÞ ¼ �f ðgÞ�1

f ðaÞ f ðhÞ�1, here f �1

denotes the convolution-inverse of f .

Proof. Straightforward. r

Theorem 4.2. Let CHB be any p-DðyÞ-extension. Then B is a p-DðyÞ-
cleft if and only if there exist elements x, y, t, p in B where x2 ¼ 1, xyþ yx ¼ 0
with x; t A UðBÞ such that

rðxÞ ¼ xnX ; rðyÞ ¼ xnY þ yn 1;

rðtÞ ¼ tnT ; rðpÞ ¼ pnT þ 1nP:

If this is the case, we have
(1) The map f : Dða;bÞ ! B defined by

fð1Þ ¼ 1; fðX Þ ¼ x; fðYÞ ¼ y; fðZÞ ¼ xy;

fðTÞ ¼ t; fðPÞ ¼ p; fðQÞ ¼ tp;

is a section. The inverse f�1 is given by

f�1ðX Þ ¼ x�1; f�1ðYÞ ¼ �x�1y; f�1ðZÞ ¼ y;

f�1ð1Þ ¼ 1; f�1ðTÞ ¼ t�1; f�1ðPÞ ¼ �pt�1; f�1ðQÞ ¼ �p:

(2) B is a free left C-module with basis f1; x; y; z ¼ xy; t; p; q ¼ tpg.
(3) If we let s ¼ y2, w ¼ t2, u ¼ p2, v ¼ tpþ pt, then w A UðCÞ, s; u; v A C:
(4) The p-crossed system corresponding to f as in the part (1) is given by the

following: X ;Y ;Z;T ;P;Q A Dð1;1Þ
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X * c ¼ xcx�1 ¼ F ðcÞ; Y * c ¼ x½x�1y; c� ¼ DðcÞ;
Z * c ¼ ½xy; c�x�1 ¼ �FDðcÞ; T * c ¼ tct�1 ¼ GðcÞ;
P * c ¼ ½ p; c�t�1 ¼ EðcÞ; Q * c ¼ t½ p; c� ¼ GEðcÞw;

8<
:

wð1; 1Þ ¼ wð1;X Þ ¼ wðX ; 1Þ ¼ wðX ;XÞ ¼ 1;

wð1;Y Þ ¼ wð1;ZÞ ¼ wðX ;YÞ ¼ wðX ;ZÞ ¼ 0;

wðY ; 1Þ ¼ wðY ;X Þ ¼ wðZ; 1Þ ¼ wðZ;X Þ ¼ 0;

wðY ;YÞ ¼ s ¼ �wðZ;ZÞ; wðZ;YÞ ¼ FðsÞ ¼ �wðY ;ZÞ

8>>><
>>>:

and

wð1; 1Þ ¼ wð1;TÞ ¼ wðT ; 1Þ ¼ 1; wðT ;TÞ ¼ a;

wð1;PÞ ¼ wð1;QÞ ¼ wðT ;PÞ ¼ wðT ;QÞ ¼ 0;

wðP; 1Þ ¼ wðQ; 1Þ ¼ 0; wðP;TÞ ¼ v; wðQ;TÞ ¼ GðvÞ;
wðQ;PÞ ¼ GðuÞ ¼ �wðP;QÞ; wðP;PÞ ¼ u; wðQ;QÞ ¼ �wu:

8>>><
>>>:

Proof. (1) Assume CHB be any p-DðyÞ-extension. Choose a section
c : Dðw�1;u�1Þ ! B. Set x ¼ cðX Þ, t ¼ cðTÞ, y ¼ cðYÞ and p ¼ cðPÞ. Then
clearly x; t A UðBÞ and rðxÞ ¼ xnX , rðyÞ ¼ xnY þ yn 1, rðtÞ ¼ tnT ,
rðpÞ ¼ pnT þ 1nP: Conversely, from such elements x, y, p, t in B, define
a new map f : Dða;bÞ ! B by fð1Þ ¼ 1, fðXÞ ¼ x, fðY Þ ¼ y, fðZÞ ¼ xy, fðTÞ ¼ t,
fðPÞ ¼ p, fðQÞ ¼ tp, Then f is also a section, since we have

rfðZÞ ¼ rðxyÞ ¼ rðxÞrðyÞ ¼ ðxnXÞðyn 1þ xnY Þ
¼ xynX þ 1nZ ¼ ðfn 1ÞDðZÞ:

The inverse f�1 is immediately obtained from Lemma 4.1.
(2) Follows from the normal basis property for p-cleft extensions.
(3) Since rðwÞ ¼ rðt2Þ ¼ ðtnTÞ2 ¼ t2 n 1 ¼ wn 1; we have w A C, The fact

that w is in UðCÞ follows from x A UðBÞ and rðt�2Þ ¼ t�2 n 1; Now we compute

rðy2Þ ¼ ðyn 1þ xnYÞ2 ¼ x2 nY 2 þ ðxyþ yxÞnY þ y2 n 1 ¼ y2 n 1;

rðp2Þ ¼ ð1nPþ pnTÞ2 ¼ 1nP2 þ pn ðTPþ PTÞ þ p2 nT 2 ¼ p2 n 1;

rðtpþ ptÞ ¼ ðtnTÞð1nPþ pnTÞ þ ð1nPþ pnTÞðtnTÞ

¼ tnTPþ tpnT 2 þ tnPT þ ptnT 2

¼ tn ðTPþ PTÞ þ ðtpþ ptÞnT 2

¼ ðtpþ ptÞn 1:

This proves s; u; v A C:
(4) We compute the weak action: for X ;Y ;Z;T ;P;Q A Dð1;1Þ,

X * c ¼ fðXÞcf�1ðX Þ ¼ xcx�1;

Y * c ¼ fðYÞcf�1ð1Þ þ fðX Þcf�1ðYÞ ¼ yc� xcx�1y;
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Z * c ¼ fðZÞcf�1ðXÞ þ fð1Þcf�1ðZÞ ¼ xycx�1 þ cy;

T * c ¼ fðTÞcf�1ðTÞ ¼ tct�1;

P * c ¼ fð1Þcf�1ðPÞ þ fðPÞcf�1ðTÞ ¼ cð�pt�1Þ þ pct�1;

Q * c ¼ fðTÞcf�1ðQÞ þ fðQÞcf�1ð1Þ ¼ tcð�pÞ þ tpc:

The trace map tr : B ! C is as follows:

trð1Þ ¼ trðxÞ ¼ trðtÞ ¼ 1; trðyÞ ¼ trðzÞ ¼ trðpÞ ¼ trðqÞ ¼ 0:

For example,

wðQ;TÞ ¼ wðTP;TÞ ¼ trðfðTPÞfðTÞÞ ¼ trðtptÞ

¼ trðtvÞ � trðt2pÞ
¼ trðGðvÞtÞ � trðwpÞ
¼ GðvÞ trðtÞ � w trðyÞ
¼ GðvÞ:

This completes the proof. r

Theorem 4.3. Let C be an algebra. Given F ;D;G;E A EndkðCÞ and
w A UðCÞ, s; u; v A C. Define *: DðyÞða;bÞ nC ! C and w : DðyÞð1;1Þ n
DðyÞð1;1Þ ! C by

X * c ¼ F ðcÞ; Y * c ¼ DðcÞ; Z * c ¼ �FDðcÞ;
1 * c ¼ c; T * c ¼ GðcÞ; P * c ¼ EðcÞ; Z * c ¼ GEðcÞw:

and w as in 4.2(4), Then ð*; wÞ is p-crossed system for DðyÞ over C if and only if
the following conditions hold:

(1) F and G are algebra maps;
(2) Dðcc 0Þ ¼ DðcÞc 0 þ FðcÞDðc 0Þ, Eðcc 0Þ ¼ cEðc 0Þ þ EðcÞGðc 0Þ ðc; c 0 A CÞ;
(3) F 2ðcÞ ¼ c, G2ðcÞw ¼ wc ðc A CÞ;
(4) DF ðcÞ ¼ �FDðcÞ, ðGEðcÞ þ EGðcÞÞw ¼ vc� GðcÞv ðc A CÞ;
(5) D2ðcÞ þ cs ¼ sc, E2w ¼ ½u; c� ðc A CÞ;
(6) GðwÞ ¼ w;
(7) DðsÞ ¼ 0, EðuÞ ¼ 0;
(8) EðwÞ ¼ 0;
(9) FðsÞ ¼ s, EðvÞ ¼ u� GðuÞ.

Proof. )Þ it is easy to see that w is invertible and w�1 is given by

w�1ðX ;XÞ ¼ 1; w�1ðX ;Y Þ ¼ w�1ðX ;ZÞ ¼ w�1ðY ;XÞ ¼ w�1ðZ;X Þ ¼ 0;

w�1ðY ;YÞ ¼ �s ¼ �w�1ðZ;ZÞ; w�1ðY ;ZÞ ¼ F ðsÞ ¼ �w�1ðZ;YÞ;

�
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and

w�1ðT ;TÞ ¼ w�1; w�1ðT ;PÞ ¼ w�1ðT ;QÞ ¼ 0;

w�1ðP;TÞ ¼ �vw�1; w�1ðQ;TÞ ¼ �w�1GðvÞ;
w�1ðP;PÞ ¼ uw�1; w�1ðQ;QÞ ¼ u; w�1ðP;QÞ ¼ GðuÞ ¼ �w�1ðQ;PÞ:

8<
:
Condition (1) comes from a measuring condition for X * and T * (resp.

Y * and P *). (3), (4) and (5) come from Eq. (2.3) for ðh; gÞ ¼ ðX ;XÞ and
ðT ;TÞ, ðY ;XÞ and ðP;TÞ, ðY ;YÞ and ðP;PÞ. (6), (7), (8) and (9) come from
Eq. (2.4) for ðh; g;mÞ ¼ ðX ;X ;XÞ and ðT ;T ;TÞ, ðY ;Y ;Y Þ and ðP;P;PÞ,
ðY ;X ;X Þ and ðP;T ;TÞ, ðY ;Y ;X Þ and ðP;P;TÞ.

(Þ It is enough to check the conditions Eq. (2.3) and Eq. (2.4) for k-basis
X , Y , Z, T , P, Q, but it follows by simple and long calculation. r

We consider the algebra:

Aðs;w; u; vÞ ¼ khx; y; t; p j x2 ¼ 1; y2 ¼ s; xyþ yx ¼ 0; t2 ¼ w; p2 ¼ u; tpþ pt ¼ vi:

Definition 4.4. Let C be an algebra. A 8-tuple ðF ;D;G;E; s;w; u; vÞ
where F ;D;G;E A EndkðCÞ and w A UðCÞ, s; u; v A C, is called a p-DðyÞ-cleft
datum over C, if the above (1)–(9) are satisfied. We obtain the p-crossed
product

AðF ;D;G;E; s;w; u; v jCÞ ¼ Cap
wDðyÞ:

Observe that if we let x ¼ 1nX , y ¼ 1nY , t ¼ 1nT , p ¼ 1nP A
AðF ;D;G;E; s;w; u; v jCÞ, then f1; x; y; z ¼ xy; t; p; q ¼ tpg forms a left C-basis
and the following relations hold:

x2 ¼ ð1nXÞð1nX Þ ¼ ðX * 1ÞwðX ;X ÞnX 2 ¼ 1n 1 ¼ 1;

y2 ¼ s; xyþ yx ¼ 0;

t2 ¼ ð1nTÞð1nTÞ ¼ ðT * 1ÞwðT ;TÞnT 2 ¼ wn 1 ¼ w;

p2 ¼ u; tpþ pt ¼ v;

xc ¼ FðcÞx; yc ¼ FðcÞyþDðcÞ; zc ¼ cz� FDðcÞ ðc A CÞ;
tc ¼ GðcÞx; yc ¼ cyþ EðcÞx; zc ¼ GðcÞzþ GEðcÞw ðc A CÞ:

By Theorem 4.2 and Theorem 4.3, we have

Corollary 4.5. Any p-DðyÞ-cleft extension CHB is isomorphic with
AðF ;D;G;E; s;w; u; v jCÞ for some p-DðyÞ-cleft datum over C.

We next consider when two DðyÞ p-cleft extensions over C are isomorphic.
Let ð*; wÞ and ð* 0; w 0Þ be group crossed systems of p-coalgebra DðyÞ over C,
and Cap

wDðyÞ, Cap
w 0DðyÞ be the corresponding p-crossed products, and when they

are isomorphism as DðyÞ extension satisfying
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w 0ðh; gÞ ¼ gða;bÞðh1Þðh2 * gða;bÞðg1Þwðh3; g2Þg�1
ða;bÞ�1ðh4g3Þ

h * 0 a ¼ gða;bÞðh1Þðh2 * aÞg�1
ða;bÞ�1ðh3Þ

for h; g A Dð1;1Þ, a A C, where gða;bÞ A HomðDða;bÞ;CÞ are convolution-invertible
linear maps.

Theorem 4.6. Let ðF ;D;G;E; s;w; u; vÞ and ðF 0;D 0;G 0;E 0; s 0;w 0; u 0; v 0Þ be
p-DðyÞ-cleft data over an arbitrary algebra C. Then one has that AðF ;D;G;E;
s;w; u; v jCÞGAðF 0;D 0;G 0;E 0; s 0;w 0; u 0; v 0 jCÞ as p-DðyÞ-extension if and only if
there exist elements m, m 0, n, n 0 in C with m; n A UðCÞ such that for all c A C

(1) F 0ðcÞ ¼ mF ðcÞm�1, G 0ðcÞ ¼ nGðcÞn�1;
(2) D 0ðcÞ þ F 0ðcÞm 0 ¼ DðcÞcþmDðcÞ, G 0ðcÞ ¼ fðn 0G þ EÞðcÞ � cn 0gn�1;
(3) mF ðmÞ ¼ 1, w 0 ¼ nGðnÞw;
(4) s 0 ¼ m 02 þmDðcÞ þmF ðmÞs, u 0 ¼ uþ n 0vþ ðn 0G þ EÞðn 0Þw;
(5) �mF ðm 0Þ ¼ m 0mþmDðmÞ, v 0 ¼ nvþ fðn 0G þ EÞðnÞ þ nGðn 0Þgw.

Proof. Straightforward. r

Acknowledgement. The authors thank the referee for helpful comments on
the manuscripts of this paper. The work was partially supported by the NSF of
Jiangsu Province (No. BK2012736) and the Research and Innovation Project for
College Graduates of Jiangsu Province (No: cxlx_0094).

References

[ 1 ] R. Blattner, M. Cohen and S. Montgomery, Crossed product and inner actions of Hopf

algebras, Trans. Amer. Math. Soc. 298 (1986), 671–711.

[ 2 ] R. Blattner and S. Montgomery, Crossed product and Galois extensions of Hopf algebras,

Pacific Journal of Math. 137 (1989), 37–53.

[ 3 ] S. Caenepeel and M. De Lombaerde, A categorical approach to Turaev’s Hopf group-

coalgebras, Comm. Algebra 34 (2006), 2631–2657.

[ 4 ] Y. Doi, Equivalent crossed product for a Hopf algebra, Comm. Algebra 17 (1989),

3053–3085.

[ 5 ] Y. Doi and M. Takeuchi, Cleft comodule algebras for a bialgebra, Comm. Algebra

14 (1986), 801–817.

[ 6 ] Y. Doi and M. Takeuchi, Quaternion algebras and Hopf crossed products, Comm. Algebra

23 (1995), 3291–3325.

[ 7 ] S. Montgomery, Hopf algebras and their actions on rings, Conference Board of the

Mathematical Sciences regional conference series in math. 82, Amer. Math. Soc. Providence,

RI, 1993.

[ 8 ] V. Turaev, Homotopy field theory in dimension 3 and crossed group categories, 2000,

preprint, GT/0005291.

[ 9 ] A. Virelizier, Hopf group-coalgebras, J. Pure and Applied Algebra 171 (2002), 75–122.

[10] A. Virelizier, Involutory Hopf group-coalgebras and flat bundles over 3-manifolds, Fund.

Math. 188 (2005), 241–270.

[11] S. H. Wang, Group twisted smash products and Doi-Hopf modules for T-coalgebras,

Comm. Algebra 32 (2004), 3417–3436.

341crossed products of hopf group-coalgebras



[12] S. H. Wang, Morita contexts, p-Galois extensions for Hopf p-coalgebras, Comm. Algebra

34 (2006), 521–546.

[13] S. H. Wang, Turaev group coalgebras and twisted Drinfeld double, Indiana Univ. Math. J.

58 (2009), 1395–1417.

[14] M. Zunino, Double construction for crossed Hopf coalgebra, J. Algebra 278 (2004), 43–75.

[15] M. Zunino, Yetter-Drinfeld modules for crossed structures, J. Pure and Applied Al gebra

193 (2004), 313–343.

Shuang-jian Guo

School of Mathematics and Statistics

Guizhou University of Finance and Economics

Guiyang 550025

P.R. China

E-mail: shuangjguo@gmail.com

Shuan-hong Wang

Department of Mathematics

Southeast University Nanjing 210096

P.R. China

E-mail: shuanhwang2002@yahoo.com

342 shuang-jian guo and shuan-hong wang


