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Abstract

We investigate addition relations for multiple sine functions from the view point

of formal group laws. We find that the functions which appear in the coe‰cients

are related to classical Eisenstein serires. As application we obtain a limit formula for

automorphic forms.

1. Introduction

The addition theorem for the multiple sine function is a quite important
problem. Indeed a suitable addition relation would imply the algebraicity of the
division value of the multiple sine function, which would lead to Kronecker’s
Jugendtraum as studied by Shintani [S1] in 1977.

In this paper we investigate addition relations for multiple sine functions
from the view point of formal group laws. The central problem is to determine
characters of coe‰cients. We see that important functions are appearing in these
coe‰cients and that they are intimately related to classical Eisenstein serires.
Consequently we obtain some limit formulas for automorphic forms.

Let

Srðx; ðo1; . . . ;orÞÞ ¼
Ya
nb0

ðn � oþ xÞ
Ya
mb1

ðm � o� xÞ
 !ð�1Þ r�1

¼ Grðx;oÞ�1Grðjoj � x;oÞð�1Þ r

be the multiple sine function, where

Grðx;oÞ ¼ exp
q

qs
zrðs; x;oÞ

����
s¼0

� �
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is the normalized multiple gamma function obtained from the multiple Hurwitz
zeta function

zrðs; x;oÞ ¼
X
nb0

ðn � oþ xÞ�s:

Here we use the notation o ¼ ðo1; . . . ;orÞ and joj ¼ o1 þ � � � þ or. It is ob-
vious that Srðx; ðo1; . . . ;orÞÞ is symmetric with respect to o1; . . . ;or. In what
follows we denote SrðxÞ :¼ Srðx; ð1; . . . ; 1ÞÞ.

As was shown in our previous papers, the values of the multiple sine
functions at rational points are important for the study of special values of the
Riemann zeta and the Dirichlet L-functions. For example, we would obtain the
transcendency of zð3Þ=p2, if we prove the rationality of their division values.
Thus the addition formula is crucial.

We put the addition formula for Srðx;oÞ as

Srðxþ y;oÞ ¼ FðSrðx;oÞ;Srðy;oÞÞ
with

FðX ;YÞ ¼ X þ Y þ
X
i; jb1

ci; jX
iY j:ð1:1Þ

Our chief concern lies in the coe‰cients ci; j. In this paper we calculate for r ¼ 2
the coe‰cients c1;1, c1;2, c2;1 and find their mutual relations. We also establish
their relation to the Eisenstein series.

We first observe more general facts. Let FðxÞ be an analytic function in x
with F ð0Þ ¼ 0 and F 0ð0Þ0 0. Then there exists a two variable function FðX ;Y Þ
given by (1.1) such that

F ðxþ yÞ ¼ FðFðxÞ;FðyÞÞ:

In this case it is easily shown that

c1;1 ¼
F 00ð0Þ
F 0ð0Þ2

ð1:2Þ

and

c1;2 ¼ c2;1 ¼
F 000ð0ÞF 0ð0Þ � F 00ð0Þ2

2F 0ð0Þ4
:ð1:3Þ

Example 1. When r ¼ 1, we have S1ðxÞ ¼ 2 sinðpxÞ: The addition formula
is

S1ðxþ yÞ ¼ S1ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� S1ðyÞ2

4

s
þ S1ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� S1ðxÞ2

4

s
¼ FðS1ðxÞ;S1ðyÞÞ:
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Thus

FðX ;Y Þ ¼ X

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Y 2

4

r
þ Y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X 2

4

r
¼ X þ Y � 1

8
X 2Y � 1

8
XY 2 þ � � � :

Then

c1;1 ¼ 0; c1;2 ¼ c2;1 ¼ � 1

8
:

It is easy to verify they satisfy the identities (1.2) and (1.3).

In what follows we fix F ðxÞ ¼ Srðx;oÞ and write ci; j ¼ ci; jðoÞ. It is easy to
see the following facts.

Theorem 0. (i) c1;1ðoÞ ¼
S 00
r ð0;oÞ

S 0
rð0;oÞ

2
.

(ii) c1;1ðloÞ ¼ c1;1ðoÞ for any l > 0.
(iii) c1;1ðoÞ is symmetric.

For each non-zero complex number k we put

EkðtÞ ¼
zð1� kÞ

2
þ
Xy
n¼1

sk�1ðnÞqn

with

sk�1ðnÞ ¼
X
djn

d k�1;

where t belongs to the upper half plane and q ¼ e2pit: As is well-known, for an
even integer kb 4, EkðtÞ is the Eisenstein series of weight k with respect to the
modular group SL2ðZÞ. Especially, it satisfies the automorphy

Ek � 1

t

� �
¼ tkEkðtÞ

and the corresponding zeta function is given by

Lðs;EkÞ ¼ zðsÞzðs� k þ 1Þ:

We consider EkðtÞ as the principal Eisenstein series of weight k for k A Cnf0g in
general, where ‘‘principal’’ indicates the ‘‘principal character.’’ It seems to be an
interesting problem to see the automorphy of EkðtÞ, that is, to calculate

RkðtÞ ¼ Ek � 1

t

� �
� tkEkðtÞ

concretely. We know the result in the following cases:
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(1) RkðtÞ ¼ 0 for each even integer kb 4,

(2) R2ðtÞ ¼ � t

4pi
.

From these results we obtain

E6ðiÞ ¼ 0

and

E2ðiÞ ¼ � 1

8p
:

In other words,

Xy
n¼1

n5

e2pn � 1
¼ 1

504

and

Xy
n¼1

n

e2pn � 1
¼ 1

24
� 1

8p

as noted by Ramanujan. We remark that the case (2) is shown from the
transformation formula

h � 1

t

� �
¼

ffiffiffi
t

i

r
hðtÞ

for the Dedekind h-function. It would be a non-trivial problem to investigate
RkðtÞ for k A Cnf0g in general.

In papers [K2] [KK5] we proved

lim
t!1

RkðtÞ ¼
ð�1ÞkBk�1

2pi

and its higher dimensional analogue for each positive integer k, where Bk is the
Bernoulli number.

In the previous paper we examined the case k ¼ 1, where

E1ðtÞ ¼ � 1

4
þ
Xy
n¼1

dðnÞqn ¼ � 1

4
þ
X

m;nb1

qmn

and

R1ðtÞ ¼ E1 � 1

t

� �
� tE1ðtÞ:

We notice that this k is the only one case when Lðs;EkÞ has the double pole; in
fact Lðs;E1Þ ¼ zðsÞ2 has the double pole at s ¼ 1.
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In this paper we calculate boundary values at all cusps M=N as
follows:

Theorem 1. Let M;Nb 1 be integers which are coprime. It holds that

lim
t!M=N
ImðtÞ>0

E1 � 1

t

� �
� tE1ðtÞ

� �
¼ i

2N

X
m¼0;...;M�1
n¼0;...;N�1
ðm;nÞ0ð0;0Þ

m

M
� n

N

����
���� cot p

m

M
� n

N

����
����

� �
þ i

2pN
:

This is a generalization of the previous result obtained in [K1] recalled in
Section 2.

Acknowledgement. Both authors would like to express their profound grat-
itude to their Mentor Professor Tsuneo Kanno (June 4, 1928–March 11, 2011)
for his indicating the way for many years.

2. Preliminary propositions

In this section we prepare some facts which will be used in the proof of our
theorems.

We first recall the properties of the multiple sine function. In the previous
paper [K1] we proved the following facts.

Proposition 1. (i) Let N be a positive integer. Then R1ðtÞ has the

following transcendental numbers as boundary values at cusps N and
1

N
.

(1) lim
t!N

R1ðtÞ ¼
1

2i

1

N

X½N=2�

k¼1

ðN � 2kÞ cot pk

N

� �
� 1

p

 !
:

(2) lim
t!1=N

R1ðtÞ ¼
1

2Ni

1

N

X½N=2�

k¼1

ðN � 2kÞ cot pk

N

� �
� 1

p

 !
:

(ii) For ImðtÞ > 0

R1ðtÞ ¼
t3=2

8p2i
S 00
2 ð0; ð1; tÞÞ:

We recall the following facts which were proved in [KK1].

Proposition 2
(i) (periodicity)

Srðxþ oi;oÞ ¼ Srðx;oÞSr�1ðx;oðiÞÞ�1;

where oðiÞ ¼ ðo1; . . . ;oi�1;oiþ1; . . . ;orÞ:
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(ii) (homogeneity)

Srðcx; coÞ ¼ Srðx;oÞ
for c > 0.

(iii) (di¤erential equation)

S 0
r

Sr

ðxÞ ¼ ð�1Þr�1p
x� 1

r� 1

� �
cotðpxÞ:

(iv)

S1ðx;oÞ ¼ 2 sin
px

o

� �
:

(v)

S2ðo1; ðo1;o2ÞÞ ¼
ffiffiffiffiffiffi
o2

o1

r
;

S2ðo2; ðo1;o2ÞÞ ¼
ffiffiffiffiffiffi
o1

o2

r
:

We define the multiple cotangent function as

Cotrðx;oÞ ¼
S 0
r

Sr

ðx;oÞ:

We put

Cot2ðxÞ ¼ Cot2ðx; ð1; 1ÞÞ ¼
S 0
2

S2
ðxÞ:

Lemma 1

Cot2ðxÞ ¼ pð1� xÞ cotðpxÞ:

Lemma 2

Cot2ðx; ðM;NÞÞ ¼ 1

MN

X
k¼0;...;N�1
l¼0;...;M�1

Cot2
x

MN
þ k

N
þ l

M

� �
:

Proof. By [KK2] we have

S2ðx; ðM;NÞÞ ¼
Y

k¼0;...;N�1
l¼0;...;M�1

S2
x

MN
þ k

N
þ l

M

� �
:

Its logarithmic derivative gives the result. r
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By Proposition 2(ii), it is easy to see that

Lemma 3

Cot2ðcx; ðco1; co2ÞÞ ¼
1

c
Cot2ðx; ðo1;o2ÞÞ:

3. Results

Theorem 2. For ImðtÞ > 0, it holds that

c1;1ð1; tÞ ¼
2iffiffiffi
t

p E1 � 1

t

� �
� tE1ðtÞ

� �
:

Proof. By Proposition 1(ii), we have

S 00
2 ð0; ð1; tÞÞ ¼

8p2i

t3=2
E1 � 1

t

� �
� tE1ðtÞ

� �
:

On the other hand, we already know the fact in our previous paper ([KK3]
Section 2) that

S 0
2ð0; ð1; tÞÞ ¼

2pffiffiffi
t

p :

The result follows by (1.2). r

Theorem 3 (r ¼ 2)

c1;1ðo1;o2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
o1o2

p

p
Cot2ðo1; ðo1;o2ÞÞ

¼
ffiffiffiffiffiffiffiffiffiffiffi
o1o2

p

p
Cot2ðo2; ðo1;o2ÞÞ:

Proof. In the previous paper [K1, p. 399], we proved

S 00
2 ð0; ð1; tÞÞ ¼

4pffiffiffi
t

p � S
0
2

S2
ðt; ð1; tÞÞ:ð3:1Þ

Hence

Cot2ðt; ð1; tÞÞ ¼
S 0
2

S2
ðt; ð1; tÞÞ

¼
ffiffiffi
t

p

4p
S 00
2 ð0; ð1; tÞÞ

¼
ffiffiffi
t

p

4p
S 0
2ð0; ð1; tÞÞ

2
c1;1ð1; tÞ
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by (1.2). The fact that

S 0
2ð0; ð1; tÞÞ ¼

2pffiffiffi
t

p

leads to the result. r

Theorem 4 (r ¼ 2). Let M;Nb 1 be coprime integers. It holds that

c1;1ðM;NÞ ¼ � 1ffiffiffiffiffiffiffiffiffi
MN

p
X

m¼0;...;M�1
n¼0;...;N�1
ðm;nÞ0ð0;0Þ

m

M
� n

N

����
���� cot p

m

M
� n

N

����
����

� �
� 1

p
ffiffiffiffiffiffiffiffiffi
MN

p :

Proof. Putting x ¼ M in Lemma 2, it follows that

Cot2ðM; ðM;NÞÞ ¼ 1

MN

X
k¼0;...;N�1
l¼0;...;M�1

Cot2
1þ k

N
þ l

M

� �

under the convention that when ðk; lÞ ¼ ðN � 1; 0Þ, we interpret

Cot2ð1Þ ¼ lim
x!1

Cot2ðxÞ ¼ lim
x!1

pð1� xÞ cotðpxÞ ¼ lim
x!1

pð1� xÞ cosðpxÞ
sinðpxÞ ¼ �1:

Taking Theorem 3 into account, we have

c1;1ðM;NÞ

¼
ffiffiffiffiffiffiffiffiffi
MN

p

p
Cot2ðM; ðM;NÞÞ

¼ 1

p
ffiffiffiffiffiffiffiffiffi
MN

p
X

k¼0;...;N�1
l¼0;...;M�1

Cot2
1þ k

N
þ l

M

� �

¼ 1ffiffiffiffiffiffiffiffiffi
MN

p
X

k¼0;...;N�1
l¼0;...;M�1

ðk; lÞ0 ðN�1;0Þ

1� k þ 1

N
� l

M

� �
cot p

k þ 1

N
þ l

M

� �� �
� 1

p
ffiffiffiffiffiffiffiffiffi
MN

p

¼ � 1ffiffiffiffiffiffiffiffiffi
MN

p
X

m¼0;...;M�1
n¼0;...;N�1
ðm;nÞ0ð0;0Þ

m

M
� n

N

����
���� cot p

m

M
� n

N

����
����

� �
� 1

p
ffiffiffiffiffiffiffiffiffi
MN

p

by putting k þ 1 ¼ N � n. r

4. Proof of Theorem 1

From the results in the preceding section, we extend Proposition 1(i) to
arbitrary positive rational numbers M=N as follows.
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Proof of Theorem 1. We compute

lim
t!M=N
ImðtÞ>0

E1 � 1

t

� �
� tE1ðtÞ

� �
¼ lim

t!M=N
ImðtÞ>0

ffiffiffi
t

p

2i
c1;1ð1; tÞ ðby Theorem 2Þ

¼
ffiffiffiffiffiffi
M

p

2i
ffiffiffiffiffi
N

p c1;1ðN;MÞ ðby Theorem 0ðiiÞÞ:

Theorem 4 leads to the result. r

5. Relation between Coe‰cients

Theorem 5. It holds that

c1;2ð1; tÞ ¼ c2;1ð1; tÞ ¼ � 1

8
c1;1ð1; tÞ2 �

1

16
tþ 1

t

� �
for t A Cnð�y; 0�.

Proof. Put

Skðu1; . . . ; urÞ ¼ S
ðkÞ
rþ1ð0; ðu1; . . . ; ur; 1ÞÞ

for kb 0. By [KK6, Theorem 4], we have

S3ðtÞ ¼
3

4
S2ðtÞ2S1ðtÞ�1 � 1

8
tþ 1

t

� �
S1ðtÞ3:

From the fact that

SkðtÞ ¼ S
ðkÞ
2 ð0; ð1; tÞÞ;

the basic identity (1.3) and (1.2) leads to

c1;2ð1; tÞ ¼ c2;1ð1; tÞ ¼
S3ðtÞS1ðtÞ �S2ðtÞ2

2S1ðtÞ4

¼ S3ðtÞ
2S1ðtÞ3

� S2ðtÞ2

2S1ðtÞ4

and that

c1;1ð1; tÞ ¼
S2ðtÞ
S1ðtÞ2

:

By combining these identities we have

c1;2ð1; tÞ ¼ c2;1ð1; tÞ ¼
S3ðtÞ
2S1ðtÞ3

� 1

2
c1;1ð1; tÞ2

¼ 1

2

3

4

S2ðtÞ2

S1ðtÞ4
� 1

8
tþ 1

t

� � !
� 1

2
c1;1ð1; tÞ2

117formal group laws for multiple sine functions and applications



¼ 3

8
c1;1ð1; tÞ2 �

1

16
tþ 1

t

� �
� 1

2
c1;1ð1; tÞ2

¼ � 1

8
c1;1ð1; tÞ2 �

1

16
tþ 1

t

� �
: r
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