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Abstract

In the paper we prove a normality criterion for a family of meromorphic functions
which involves sharing of a non-zero finite value by certain differential polynomials
generated by the members of the family.

1. Introduction and results

Let D be a domain in the open complex plane C and § be a family of
meromorphic functions defined in ©. The family & is said to be normal in
D, in the sense of Montel, if for any sequence {f,} = &, there exists a subse-
quece {f,} converging spherically locally uniformly to a meromorphic function
or oo.

Let f and g be two meromorphic functions and a € C. If f and g have the
same set of a-points, then we say that f and g share the value a IM (ignoring
multiplicities).

In 1998 Y. F. Wang and M. L. Fang [9] proved the following result.

THEOREM A [9]. Let k,n(=k + 1) be positive integers and f be a transcen-
dental meromorphic function. Then (f ”)(k) assumes every finite non-zero value in-

finitely often.
Following normality criterion corresponds to Theorem A.

THEOREM B [8]. Let § be a family of meromorphic functions defined in a
domain © and k,n(> k + 3) be positive integers. If (f")(k> # 1 for every f e,
then & is normal.

In 2009 Y. T. Li and Y. X. Gu [4] improved Theorem B in the following
manner.
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THeOREM C [4]. Let § be a family of meromorphic funclwns ina domam D,
k,n(=k + 2) be positive integers and a € C\{0}. If (" )& and (g")*® share the
value a IM in D for each pair of functions f,g€ §, then § is normal.

In [4] it is shown that Theorem C does not hold for n =k + 1. So it is an
interesting problem to investigate the situation under which the condition n =
k 4+ 1 can be accommodated. In this direction we prove the following theorem.

THEOREM 1.1. Let § be a family of meromorphic functions defined in a
domain D, ae C\{0} and k, n be positive integers such that n>1 if k=1 and
n>2ifk>2. Iff”(fk“)(k and g"(g k“) " share the value a IM in D for each
pair of functions f,g e §, then § is normal.

Following corollary immediately follows from Theorem 1.1.

COROLLARY 1.1. Let & be a family of meromorphic functions defined in a
domain D, a e C\{0} and k, n be positive integers such that n>1 if k=1 and
n>2if k22 If f”(fk+l) #a for every e, then § is normal.

Remark 1.1.  If the members of & have no simple zero, then Theorem 1.1 and
Corollary 1.1 hold for n=1 and k > 2.

Remark 1.2.  Considering the family § = {e"™ :m=1,2,3,...} and the do-
main ® = {z: |z| < 1} we can verify that a # 0 is essential for Theorem 1.1 and
Corollary 1.1.

2. Lemmas

In this section we present some necessary lemmas.

Lemma 2.1 {p. 101 [7], [6]}. Let & be a family of meromorphic functions in a
domain © < C. If § is not normal in D, then there exist

(i) a number r with 0 <r <1,

(ii) points z; satisfying |z;| <,

(iii) functions f; € §,

(iv) positive numbers p; — 0 as j — o,
such that fi(z; + p;{) — (C) as j— oo locally spherically uniformly, where g is a
non-constant meromorphic function in C with g ({) < g (0) = 1. In particular, g
has order at most 2.

A differential polynomial P of a meromorphlc function f is defined by
P(z) =31, ¢;(2), where ¢,(z) = o(z) [/ O(fm(z)) 7, where o;(z) # 0 are small
functions of f and Sj’s are non- negatlve integers. The numbers d(P)=
maxi <<y Z Y oS and d(P) = min; <<, Z ?_oSi are respectively called the degree
and the lower degree of the differential polynormal P.

LemMa 2.2 [3]. Let [ be transcendental and meromorphic and P be a non-
constant differential polynomial of f such that d(P) > 1. Then
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0+1 _ T

T(r.f) < N(V,O;f)+d(P)_lN(V»a;P)JrS(V?f),

—dp) -1
where Q =max; <<y Zf:1 JSij-

Lemma 2.3 [2, 5]. Let f be a transcendental meromorphic function and
ae C\{0}. Then f"f" has infinitely many a-points, where n(>2) is an integer.

LemMMmA 2.4. Let [ be a transcendental meromorphic function and k, n be
positive integers such that n>1if k=1 and n>2 if k=2 Then f"(fk“)(k)
assumes every value a € C\{0} infinitly often.

Proof. Without loss of generality we may choose a=1. Let P=
£ O If k=1, then P =2f""'f" assumes the value 1 infinitely often
by Lemma 2.3.

Let k>2. Then d(P)=n+k+1 and Q=k in Lemma 2.2. So by
Lemma 2.2 we get

T, f) < ST N00) 4 N 1 P) 4500, )
and so
n—1 |
mT(r,f) < n+kN(r’1’P)+S(r’f)’
which shows that P assumes the value 1 infinitely often. This proves the
lemma. O

» the number

A . .
Let RZE be a rational function. We denote by (R)

deg(A) — deg(B). Using the Laurent expansion around co we can easily obtain
the following lemma (or see the proof of Lemma 6 of [10]).

LemmA 2.5. If (R), <0, then (R®) = (R),, —k.

o0

A
LEMMA 2.6. Let R= 5 be rational and B be non-constant. Then (R®) <
(R),, — k.

Proof. We consider the following cases.
Case 1. Let (R),, <0. Then the lemma follows from Lemma 2.5.
CaSE 2. Let (R),, =0. Then we can write
P
2.1 R=c+ L
(2.1) ¢t g

where ¢ is a non-zero constant and p is a polynomial with deg(p) < deg(B).
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Since deg(A4) = deg(B) > deg(p), we get

22) @m ) (%)v

So from (2.1), (2.2) and Lemma 2.5 we obtain

(R¥), = <(§>(k)> - (%)@ k< (%)m —k=(R), —k

CastE 3. Let (R), >0. Then we can express R as follows

(2.3) R:amz’”+~~~+alz+ao+§,
where ag,ai,...,anm-1,a,(# 0) are constants, m is a positive integer and p is a

polynomial with deg(p) < deg(B).
We now further consider the following subcases.

SuBcAse 3.1. Let k> m. Since (%) < 0, by Lemma 2.5 we get from (2.3)

0

(R®), = <<§>(k)> - (%)w —k < (R), —k.

SuBcast 3.2. Let k=m. Then (R),, =m=k. By Lemma 2.5 we get

(2.4) <<§>(k)>m = (g)@ —k < —k <0.

® p
% :é’ where P, Q are polynomials. From (2.4) we get
deg(P) < deg(Q) and so deg(a,,Om!+ P) = deg(Q). Hence

(k)
®),, = LA Py _ (@mOmi+ P
(RY),, = (amm! + <B> > = <amm! + Q)oc = ( 0 >Oc

o0

—0=k—k=(R), —k

0

We put

Subcast 3.3. Let k <m. Then (R),

(2.5) ((%)Uc))m = (%L —k < —k<0.

NG
We put (L) =
e pu (B>

=m and by Lemma 2.5 we get

P
0’ where P, Q are polynomials. From (2.5) we see that
deg(P) < deg(Q) and so
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deg{(%z’"—k—k---—kk!)Q—i—P] = degK(mLm]i)!Z"’_k—&-~-+k!) Q]

Therefore
(k)
w0y @ kg (P
(R™),, <(m_k)!z + 4k + B
!
(%z"’_k—&-“-—i—k!)Q—i—P
a 0
=m-—k
This proves the lemma. ]

Lemma 2.7. Let f be a non- constant rational function, k, n be positive
integers and a € C\{0}. Then ["(f k‘H) has at least two distinct a-points.

Proof. We consider the following cases.
Case 1. Suppose f"(f k+1)(k) has exactly one a-point.

First we suppose that f is a non-constant polynomial. We set f"(f k“)

—a:A(z—ZO) where A4 is a non-zero constant and / 1s a positive integer
satisfying />n+ (k+1—k)=n+1>2_Then [f(f1)* N = Al(z — z)" .
Since a zero of f is a zero of f"(f "“)U‘) of multiplicity at least 2, it is also
a zero of [/"(f*1)®]’ Since [/7(f*1)¥)]’ has exactly one zero at zy and f is
a non- constant polynomlal it follows that z, is a zero of f and so is a zero of
i k“) , which is a contradiction. Therefore f is a non-polynomial rational
function. We set

A (Z _ OC])ml (Z _ O(z)mz . (Z _ OCX)mS
(Z —ﬂl)nl (Z _ﬁz)nz . (Z _ﬂt)n, 5

where A(# 0) is a constant and my,my, ..., mg, ny,ny, ..., n, are positive integers.
We put

N s ! !
M:(k+1)2mj, M’:an,-, N:(kJrl)Zni and N’:nZn[.
J=1 J=1 i=1 =1

From (2.6) we get

(2.6) f(2) =

(Z*OC )ml(kJrl)( — . .
(27) fk+l (Z) = Ak+l (Z _ﬁll)nl(k+l ( ﬁ )nz(k+l . (Z _ﬁt)”z(]H‘I)
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and so

(Z _ OC])ml<k+1)7k(Z _ 2))‘)12(1(74*1)7/( . (Z _

o
(= — p) Dk (g ymER Rk g ynlkD ok 9(2),

28) (HY =

where ¢ is a polynomial.
From (2.6) and (2.8) we get

(29 s(H

— A" (Z_al) z

m (n+k+1)—k
[j ( — pPr ¢ ny(n+k+1)+ g(z)
(Z 1)nl(l‘l k l) k(Z ﬁ )’12(’l+k+1) R (Z ﬁ[) ,( k l) k

my (n+k+1)—k my(nt+k+1)—k
2) 2( ) (2 — ) ( )

= ﬂ? SaY7
q
where p;, ¢q; are polynomials.

Since f"(f k“)(k) has exactly one a-point at zj, say, we get from (2.9)

(2.10)  fr(rH®

B B(z - Z())l

=a+ (Z . ﬁl)nl(n+k+l)+k(z . Bz)nz(n+k+l)+k . (Z . ﬂt)n,(n+k+l)+k
D1
q’

where B is a non-zero constant and / is a positive integer.
From (2.9) and (2.10) we obtain respectively

@.11) @y

(Z . OCl)ml(nJrkJrl)fkfl (Z . a2)mz(n+k+1)fkfl L (Z _ )m.‘(nJrkJrl)fkfl
s

(z— ﬁl)nl(HkHHkH(z — [)’2)"2("+k+1)+k+1 iz )m(n+k+1)+k+1
t

z —

X gl(Z)
and

(2.12) [f"(fhHWY

(z — 20) " ga2(2)
(z - ﬁl)nl(HkHHk+1 (z— /)’2)"2<”+k+1>+k+1 oz =P )m(n+k+1)+k+1 5
t

where ¢;, g» are polynomials.
From (2.7) and (2.8) we get

(f*N,=M-N and ((f*")") =M —N—(s+ 1)k + deg(y).
Since by Lemms 2.6 ((f**")®) < (/%) —k, we get
(2.13) deg(g) < k(s+1—1).
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From (2.9) and (2.11) we obtain
(2.14) (Y = M4+ M — ks + deg(g) — (N + N’ + ki)
and
(2.15)  (f"(FYOY = M+ M — (k+1)s + deg(g1) — {N + N+ (k + 1)}
By Lemma 2.6 we see that

(2.16) D)L < (M), -1
Hence from (2.13)—(2.16) we get
(2.17) deg(gy) <deg(g) +t+s—1<k(s+t—1)+s+1—1

= (k+1)(s+1—1).

Now we consider the following sub-cases.

SuBcasg 1.1. Let / < N+ N'+kt. From (2.10) we see that deg(p;) = deg(q).
From (2.9) and (2.13) we get

deg(q1) = N + N’ + kt = deg(p)) = M + M’ — ks + deg(g)
SM+M —ks+k(s+t—1)=M+ M +kt—k.
Hence (M+M')—(N+N')>k and so (n+k+ 1)[(m +my+-- +my)—
(m+m+---+n)] >k This implies (m +my+---+mg) — (n+n+---+n)
>1. So (f), =1 and hence (f*!) >k +1. Therefore we can express f**!
as follows

fk+]:ClmZm—f—"'-l-CllZ-F(l()-l-%,

where ay,ay,...,a,1,a,(# 0) are constants, m(> k + 1) is an integer, p and B
are polynomials with deg(p) < deg(B). Since m > k, by Subcase 3.3 of the proof
of Lemma 2.6 we get

(2.18) (D), = (), —k=k+1-k=1.
Since (f), =1, from (2.18) we see that (f”(fk“)(k))% >n+ 1, which by
(2.9) contradicts the fact that deg(p;) = deg(q1).

SuBcase 1.2. Let [>N+N'+kt. Then from (2.10) we see that
(f”(f"“)(k>)m > 0. We now verify that m; +my+---+mg>n+m+---+n
and so

(2.19) M>N and M' >N’
If m+m+---+mg<n+mn+---+n, then (f), <0, (f"),, <0 and
(1%, <o0.

Hence by Lemma 2.6 we get

D) = )+ (D) <04 (5, k= —k <0,
a contradiction.
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From (2.10) and (2.12) we respectively get
(W), =1— (N+N'+ki) and
(NI =114 deg(gn) — (N + N' +kt) — 1.

So by Lemma 26 we obtain [—1+deg(gs)— (N+N'+kt)—t<
I —(N+N'+kt)—1 and so deg(g,) <t.
Since o; # zo for i=1,2,...,s, from (2.11) and (2.12) we see that

)ml(n+k+l)—k—1 (Z _ az)n12(n+k+l)—k—l . ( ms(n+k+1)—k—1

(z—o zZ— o)
is a factor of ¢g,. Therefore
(2.20) M+ M — (k+1)s < deg(g2) < 1.
From (2.19) and (2.20) we get
M+M <t+(k+1)s
<(m+nm+---+n)+k+1)(m +m+---+my)

N/
n

!

M
<M+—
n

<M+M,
a contradiction.

SuBcase 1.3, Let [/=N+N'+kt. Then from (2.10) we see that
(_f"(_fkﬂ)(k))% < 0. We now show that m; +my +---+my <ny+ny+---+n,.
If m+m+---+mg>nm+m+---+n, then (f"), =M —-N>n and
(fk“)OO =M — N >k+1. So following the reasoning of Subcase 1.1 and using
the proof of Subcase 3.3 of Lemma 2.6 we get ((f*")®) = (/) —k>
k+1—-k=1 and so (f”(fk“)(k))OO >n+ 1, which is a contradiction.

Since o; # zp for j=1,2,...,s, from (2.11) and (2.12) we see that (z — z0)"!
is a factor of g;. So by (2.17) we get / — 1 < deg(g;) < (k+1)(s+7—1). Now

N+N' =1—kt
<k+1)(s+t—-1)+1—kt
—(k+D)s+1—k
<(k+1)(m+my+---+mg)+(m+n+---+n)—k

=M+——k
n

<N-+N'—k,

which is a contradiction.
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Case 2. Suppose f"(f k“)(k) has no a-point. Then f cannot be a polynomial
because in this case f"(f k“)(k) becomes a polynomial of degree at least
n+1. Hence f is a non-polynomial rational function. Now putting /=0
n (2.10) and proceeding as Subcase 1.1 we arrive at a contradiction. This
proves the lemma. ]

LemMma 2.8 [1].  Let f be an entire function. If the spherical derivative 7 is
bounded in C, then the order of f is at most 1.

3. Proof of Theorem 1.1

Proof. We suppose that § is not normal in ©. Then by Lemma 2.1 there
exist

i) a number r with 0 <r < 1,
ii) points z; satisfying |z;| <,
iii) functions f; e §,
iv) positive numbers p; — 0 as j — oo,
such that fi(z; + p{) — g({) as j — locally spherically uniformly, where ¢ is a
non-constant meromorphic function in C with ¢g#({) < ¢g#(0) = 1. In particular,
g has order at most 2.

We put g,(0) = fi(z +pL). Then g"()(gf™" ()M — ¢"(O)(g* ()™ as
j — oo locally spherically uniformly.

Let

(3.1) g"OG Y = a

Then ¢ is entire having no zero. So in view of Lemma 2.8 we put g({) =
exp(c{ +d), where ¢(# 0) and d are constants. Therefore from (3.1) we get

(
(
(
(

(k+ Dfc* exp{(n+k+1)cl + (n+k+1)d} = a,

which is impossible unless (n+k-+1)c=0, a contradiction. Hence
") #a.

So by Lemma 2.4 and Lemma 2.7 the function g"(C)(g“l(C))(k) has at least
two distinct a-points {, and {j, say. We now choose two circular neighbour-
hoods D; and D, of {, and {; respectively such that D;N D, =0 and D, UD;
does not contain any a-point of g (C)(gk“(C)) ®) other than ¢, and &

Now by Hurwitz’s theorem there exist two sequences of points {{;} = D,
and {{;} = D, converging to {, and {; respectively such that g/'({;)(¢g k“(Cj))(k>
=a and ¢/(()(g/ " (N =a.

By the g1ven condition for any integer m and for all j we get
Im(&)(g k+l(C,)) =a and g, ({; )(g,’ff'({ ))(k) =a. By (i) and (iv), if necessary
considering a subsequence, we see that there exists a point &, |&] <r, such that
zi+p— ¢ and z; 4+ p{f — S as j— oo So f(¢ ()™ = ¢ and since
a-points are isolated, for suﬁic1ently large j we get z; + p;(; = ¢ and z; + p;{; = ¢.
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Hence {; :ﬂ:g, which is impossible as D;N D, = (. This proves the
theorem. Pj ' O
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