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ON INDIRECT SINGULAR POINTS FOR

MEROMORPHIC FUNCTIONS

Nan Wu and Zu-Xing Xuan*

Abstract

By using the potential theory and Pólya peaks, we will investigate the indirect

singular points of meromorphic functions. This is a continuous work of M. Tsuji.

1. Introduction and results

We assume that the reader is familiar with the basic Nevanlinna notations.
For example,

N lÞðr;W; f ¼ aÞ ¼
ð r
r0

nlÞðt;W; f ¼ aÞ
t

dt;

where W ¼ fz : aa arg za b; jzj < 1g. nlÞðt;W; f ¼ aÞ is the number of distinct
zeros with multiplicitya l of f ðzÞ ¼ a in WV fr0 < jzj < tg counted only once.
The lower order m and the order r of f ðzÞ:

mð f Þ ¼ lim inf
r!1�

log Tðr; f Þ

log
1

1� r

; rð f Þ ¼ lim sup
r!1�

log Tðr; f Þ

log
1

1� r

:

For a meromorphic function in jzj < 1, Tsuji [4] proved the analogue of
Biernacki-Rauch’s theorem.

Theorem 1.1. Let f ðzÞ be a meromorphic function of finite order r > 0 in
jzj < 1. Then there exist a point z0 on jzj ¼ 1 and a line J through z0, directed
inward of jzj < 1, which may coincide with the tangent of jzj ¼ 1 at z0 and satisfied
the following condition.

Let o be any small angular domain, which contains J and is bounded by two
lines through z0 and gðzÞ be a meromorphic function in jzj < 1 and fznð f ¼ g;oÞg
be zero points of f ðzÞ ¼ gðzÞ in o, multiple zeros being counted only once.
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(i) If gðzÞ is of order < r, then

Snð1� jznð f ¼ g;oÞjÞrþ1�e ¼ y; e > 0;

with at most two exceptions for g.
(ii) If f ðzÞ is of divergence type and

Ð 1
0 Tðr; gÞð1� rÞr�1

dr < y, then

Snð1� jznð f ¼ g;oÞjÞrþ1 ¼ y;

with at most two exceptions for g.

The point z0 in Theorem 1.1 is called the indirect singular point. In this
paper, we will prove the existence of singular points dealing with multiple values
for f ðzÞ with 0a rð f Þay. For the positive order case, we will prove Theorem
1.2.

Theorem 1.2. Let f ðzÞ be a meromorphic function with the order 0 < ray
and the lower order 0a m < y defined in jzj < 1. Then there exist a point z0 on
jzj ¼ 1 and a line J through z0, directed inward of jzj < 1, which may coincide with
the tangent of jzj ¼ 1 at z0 and satisfied the following condition.

Let o be any small angular domain, which contains J and is bounded by
two lines through z0 and gðzÞ be a meromorphic function in jzj < 1 with Tðr; gÞ ¼
oðTðr; f ÞÞ as r ! 1�, and lðb 3Þ be a positive integer. Then

lim sup
r!1�

N lÞðr;o; f ¼ gÞ
Tðr; f Þ > 0;ð1:1Þ

with two possible exceptions for g, and z0 is called an indirect T point of f ðzÞ
dealing with multiple value.

Next, we consider some subclass of order zero. Suppose that f ðzÞ satisfies
the following

lim sup
r!1�

Tðr; f Þ

log
1

1� r

¼ y; and lim sup
r!1�

log Tðr; f Þ

log
1

1� r

¼ 0:ð1:2Þ

Set X ¼ log
1

1� r
. By Valiron’s results (see [3]), there exists a type function

WðX Þ, which has a non-decreasing and positive continuous derivative W 0ðX Þ,
and satisfies

(1) Tðr; f ÞaWðXÞ, and there exists a sequence Xn ¼ log
1

1� rn
! y

ðn ! yÞ, such that 1
2WðXnÞ < Tðrn; f Þ,

lim
X!y

WðX Þ
X

¼ y;
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(2)
W 0ðXÞ
WðX Þ tending to 0 decreasingly,

(3) WðX þ log hÞ < KðhÞWðXÞ, W 0ðX þ log hÞ < KðhÞW 0ðXÞ, where KðhÞ
is a constant dependent on h,

lim
r!1�

W log
h

1� r

� �

W log
1

1� r

� � ¼ 1; for any h > 1:

Theorem 1.3. Let w ¼ f ðzÞ be a meromorphic function in jzj < 1 and satisfy
(1.2). Then there exist a point z0 A fjzj ¼ 1g, and a line J through z0, directed
inward of the unit disk, which may coincide with the tangent of jzj ¼ 1 at z0 and
satisfying the following condition.

Let o be any small angular domain, which contains J and is bounded by two
lines through z0 and gðzÞ be a meromorphic function in jzj < 1 with Tðr; gÞ ¼ Oð1Þ,
lðb 3Þ be a positive integer. Then

lim sup
r!1�

N lÞðr;o; f ðzÞ ¼ gÞ
Tðr; f Þ > 0;

with at most two possible exceptions for gðzÞ.

Theorem 1.4. Let w ¼ f ðzÞ be a meromorphic function in jzj < 1 and satisfy
(1.2). Then there exists a point z0 A fjzj ¼ 1g, and a line J through z0, directed
inward of the unit disk, which may coincide with the tangent of jzj ¼ 1 at z0 and
satisfying the following:

Let o be any small angular domain, which contains J and is bounded by
two lines through z0 and gðzÞ be a meromorphic function in jzj < 1 with Tðr; gÞ ¼

o W log
1

1� r

� �� �
, lðb 3Þ be a positive integer. Then

lim sup
r!1�

log nlÞðr;o; f ¼ gÞ

log W log
1

1� r

� �
þ log

1

1� r

¼ 1;ð1:3Þ

with at most two possible exceptions for gðzÞ, where W log
1

1� r

� �
is the type

function of Tðr; f Þ, and z0 is called an indirect maximum type Borel point of f ðzÞ
dealing with multiple value.

2. Some lemmas

First, we recall the Ahlfors-Shimuzi characteristic function of f ðzÞ defined in
the sector W.
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Sðr;W; f Þ ¼ 1

p

ð r
r0

ð b
a

j f 0ðteiyÞj2

ð1þ j f ðteiyÞjÞ2
t dtdy;

Tðr;W; f Þ ¼
ð r
r0

Sðt;W; f Þ
t

dt:

We write Sðr;W; f Þ ¼ Sðr; f Þ and Tðr;W; f Þ ¼ Tðr; f Þ when W ¼ fz : 0a arg z <
2pg.

Now we give some lemmas which will be used in the proof of the theorems.

Lemma 2.1 ([2]). Let f ðzÞ be a meromorphic function in jzj < R, a1; a2; . . . ; aq
ðqb 3Þ be q di¤erent points on ĈC and the spherical distance between any two points
in them jai; ajjb d, d A

�
0; 12
�
, lðb 3Þ be a positive integer. Then for any r A ð0;RÞ,

we have

q� 2� 2

l

� �
Sðr; f Þa

Xq
j¼1

nlÞðR; ajÞ þ A
R

R� r
;

where A is a constant number.

Combing Lemma 2.1 with [5], we can prove Lemmas 2.2–2.4. For the
completeness, we give the proof of Lemma 2.2.

Lemma 2.2. Let f ðzÞ be meromorphic in jzj < 1 and DHD0 be two angular
domains (see figure 1), each of which is bounded by two lines, through z ¼ 1, which
do not touch jzj ¼ 1 and DðrÞ, D0ðrÞ be the part of D, D0, which lies in r0 a jzja
r < 1 respectively, where r0 b

1
2 is so chosen that the circle jzj ¼ r0 meets the both

sides of D and D0, lðb 3Þ be a positive integer. Then we have

q� 2� 2

l

� �
Sðr;D; f Þa 3

Xq
j¼1

nlÞ rþ 3

4
; ai;D0

� �
þO log

1

1� r

� �
;

q� 2� 2

l

� �
Tðr;D; f Þa 21

Xq
j¼1

N lÞ rþ 3

4
; ai;D0

� �
þOð1Þ:

Figure 1
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Proof. Let rn ¼ 1� 1� r0

2n
ðn ¼ 1; 2; . . .Þ and for nb 2, Dn be the part of

D, which lies in rn�1 a jzja rn and D0
n be that of D0, which lies in rn�2 a jzja

rnþ1 and

Sn ¼
1

p

ð ð
Dn

j f 0ðzÞj
1þ j f ðzÞj2

 !2

r drdy:ð2:1Þ

Let N 0
n be the number of zero points of

Qq
i¼1ð f ðzÞ � aiÞ in D0

n , multiple zeros
being counted a l.

We map D0
n conformally on jzj < 1, such that the point zn jznj ¼

rn þ rn�1

2

� �
on the bisector of D becomes z ¼ 0, then the image of Dn is contained in
jzj < k < 1, where k is a constant, independent of n.

If we apply Lemma 2.1, then ðq� 2� 2=lÞSn < N 0
n þ K (K ¼ constÞ, so that

q� 2� 2

l

� �Xm
n¼2

Sn a
Xm
n¼2

N 0
n þ Km ¼

Xm
n¼2

N 0
n þO log

1

1� rm

� �
:ð2:2Þ

Since
Pm

n¼2 Sn ¼ Sðrm;DÞ � Sðr1;DÞ and D0
n overlap at most 3-times,Pm

n¼2 N
0
n a 3

Pq
i¼1 n

lÞðrmþ1;D0; aiÞ, so that by (2.2),

q� 2� 2

l

� �
Sðrn;D; f Þa 3

Xq
i¼1

nlÞðrnþ1;D0; aiÞ þO log
1

1� rn

� �
:

If rm�1 a ra rm, then Sðr;D; f ÞaSðrm;D; f Þ and rmþ1 ¼
rm�1 þ 3

4
a

rþ 3

4
,

hence

q� 2� 2

l

� �
Sðr;D; f Þa 3

Xq
i¼1

nlÞ rþ 3

4
;D0; ai

� �
þO log

1

1� r

� �
;ð2:3Þ

so that

q� 2� 2

l

� �
Tðr;D; f Þa 12

Xq
i¼1

ððrþ3Þ=4

t0

nlÞðt;D0; aiÞ
4t� 3

dtþOð1Þ; t0 ¼
r0 þ 3

4
b

7

8
:

Since 4t� 3b
4t

7
, if tb 7=8, we have

q� 2� 2

l

� �
Tðr;D; f Þa 21

Xq
i¼1

N lÞ rþ 3

4
;D0; ai

� �
þOð1Þ:ð2:4Þ r

Lemma 2.3. Let f ðzÞ be meromorphic in jzj < 1 and DHD0 be two sectors,
as shown in the figure 2, where 0 < r0 < r < 1 DðrÞ, D0ðrÞ be the part of D, D0,

which lies in r0 a jzja r < 1 respectively, where r0 ¼
1þ r

2
, lðb 3Þ be a positive

integer. Then
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q� 2� 2

l

� �
Sðr;D; f Þa 9

Xq
j¼1

nlÞ rþ 3

4
; ai;D0

� �
þO

1

1� r

� �
;

q� 2� 2

l

� �
Tðr;D; f Þa 63

Xq
j¼1

N lÞ rþ 3

4
; ai;D0

� �
þO log

1

1� r

� �
:

Lemma 2.4. Let f ðzÞ be meromorphic in jzj < 1 and DHD0 be two domains,
as shown in the figure 3

D : jarg zj < a; D0 : jarg zj < a0 ða < a0Þ:

Let DðrÞ, D0ðrÞ be the part of D, D0, which lies in jzja r < 1 respectively, lðb 3Þ
be a positive integer. Then

q� 2� 2

l

� �
Sðr;D; f Þa 9

Xq
j¼1

nlÞ rþ 3

4
; ai;D0

� �
þO

1

1� r

� �
;

q� 2� 2

l

� �
Tðr;D; f Þa 63

Xq
j¼1

N lÞ rþ 3

4
; ai;D0

� �
þO log

1

1� r

� �
:

Figure 2

Figure 3
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The following lemma is applicable in the discussion of angular distribution of
a meromorphic function dealing with small functions.

Lemma 2.5. Let wðzÞ, giðzÞ ði ¼ 1; 2; 3; 4Þ be meromorphic in jzj < 1. Set

f ðzÞ ¼ g1ðzÞwðzÞ þ g2ðzÞ
g3ðzÞwðzÞ þ g4ðzÞ

:

Let DHD0 be two sectors defined in Lemma 2.2. Then

Sðr;D; f Þa 27S
rþ 63

64
;D0;w

� �
þO

ððrþ127Þ=128

0

Tðr; gÞ
ð1� rÞ2

dr

 !
;

where Tðr; gÞ ¼
P4

i¼1 Tðr; giÞ.
The same relation holds, if DHD0 are sectors of Lemma 2.3, where 27 should

be replaced by 729.

3. Proof of the theorems

We introduce for the first time the Pólya peaks for a TðrÞ in ð0; 1Þ.

Definition 3.1. A sequence of positive numbers frng is called a sequence of
Pólya peaks for TðrÞ of order b (outside a set E) provided that there exist four
sequence fr 0ng, fr 00n g, feng and fe 0ng such that

(1) rn B E, 0 < r 0n < rn < r 00n < 1, r 0n ! 1�,
1� r 0n
1� rn

! y,
1� rn

1� r 00n
! y, en ! 0,

e 0n ! 0 ðn ! yÞ;

(2) lim infn!y
log TðrnÞ

log
1

1� rn

b b;

(3) TðtÞ < ð1þ enÞ
1� rn

1� t

� �b

TðrnÞ, t A ½r 0n; r 00n �;

(4) TðtÞaKTðrnÞ
1� rn

1� t

� �b�e 0n

, 0 < ta r 00n and for a positive constant K .

Lemma 3.1. Let TðrÞ be a non-negative and non-decreasing continuous

function in ð0; 1Þ with 0a mðTÞ ¼ lim inf r!y
log TðrÞ

log
1

1� r

< y and 0 < rðTÞ ¼

lim supr!y
log TðrÞ

log
1

1� r

ay. Then for arbitrary finite and positive number b
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satisfying ma ba l and a set F with
Ð
F

dt

1� t
< y, there exists a sequence of the

Pólya peaks of order b outside F.

Proof. Zheng [6] proved that for a non-negative and non-decreasing func-

tion TðrÞ in 0 < r < y with 0a mðTÞ ¼ lim inf r!y
log TðrÞ
log r

< y and 0 < rðTÞ ¼

lim supr!y
log TðrÞ
log r

ay. Then for arbitrary finite and positive number b

satisfying ma ba l and a set F with finite logarithmic measure, that isÐ
F

dt

t
< y, there exists a sequence of the Pólya peaks of order b outside F .

For our purpose, we set t ¼ 1

1� r
A ð0;þyÞ for r A ð0; 1Þ. Then using

Zheng’s result to the function TðrÞ ¼ T 1� 1

t

� �
implies the lemma. r

The following lemma comes from Gao [1].

Lemma 3.2 [1]. Let f be meromorphic in jzj < 1 of zero order satisfying
(1.2). Then we have

lim sup
r!1�

log Tðr; f Þ

log W log
1

1� r

� � ¼ lim sup
r!1�

log Sðr; f Þ

log W log
1

1� r

� �
þ log

1

1� r

¼ 1;ð3:1Þ

and there exists a arg z ¼ y, such that for any e > 0, we have

lim sup
r!1�

log Sðr;ZeðyÞ; f Þ

log W log
1

1� r

� �
þ log

1

1� r

¼ 1:ð3:2Þ

Lemma 3.3. Let f be meromorphic in jzj < 1 and satisfy (1.2). Then there
exists a half line arg z ¼ y, such that for each e > 0 small enough, we have

lim sup
r!1�

Tðr;ZeðyÞ; f Þ

W log
1

1� r

� � > 0;

where ZeðyÞ ¼ fz : y� e < arg z < yþ eg.

Proof. Suppose the lemma fails, that is, for any y A ½0; 2pÞ, there exists
ey > 0

Tðr;ZeðyÞ; f Þ ¼ o W log
1

1� r

� �� �
:
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There exist a finite number of the radials arg z ¼ yj ð j ¼ 1; 2; . . . ;mÞ and eyj > 0,
such that

½0; 2pÞJ 6
m

i¼1

ðyi � eyi ; yi þ eyiÞ:

Tðr; f Þa
Xm
i¼1

Tðr;ZeðyiÞ; f Þ ¼ o W log
1

1� r

� �� �
:

This leads a contradiction with (3.1). r

Using the same method we also have the following lemma.

Lemma 3.4. Let f be meromorphic in jzj < 1. Then for any sequence
frng ! 1�, there exists a arg z ¼ y, for each e > 0 small enough,

lim sup
n!y

Tðrn;ZeðyÞ; f Þ
Tðrn; f Þ

> 0:

Now we are in position to prove Theorem 1.2.

Proof of Theorem 1.2. In view of Lemma 3.4, there exists a direction
L : arg z ¼ y0, for each small enough e > 0, we have

lim sup
n!y

Tðrn;Zeðy0Þ; f Þ
Tðrn; f Þ

> 0:ð3:3Þ

We assume that y0 ¼ 0 and denote the sector: jarg zj < d, jzj < 1 by the
letter D. L1, L2 denote the half lines arg z ¼ d and arg z ¼ �d respectively,

and x0 ¼ eid 0 < d <
p

2

� �
is the intersection point of L1 and the unit circle. We

draw two lines L3, L4 through z ¼ 1 directly inward of the unit disk and

symmetric with respect to the real axis, making an angle <
p

2
with the negative

real axis. Point a is the intersection point of L1 and L3. Let W be the angular
domain, bounded by these two lines and we denote the common part of W and D
by the same letter W. Then D consists of three parts: D ¼ WþW 0 þW 00, where
W 0 bounded by L1, L3 and the unit circle, W 00 bounded by L2, L4 and the unit
circle (see figure 4). Then one of the following holds

lim sup
n!y

Tðrn;W; f Þ
Tðrn; f Þ

> 0; lim sup
n!y

Tðrn;W 0; f Þ
Tðrn; f Þ

> 0; lim sup
n!y

Tðrn;W 00; f Þ
Tðrn; f Þ

> 0:
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Case 1. First we suppose

lim sup
n!y

Tðrn;W; f Þ
Tðrn; f Þ

> 0:ð3:4Þ

By dividing the angular domain W into 2n equal parts by lines through z ¼ 1,
we see that there exists a line J A W through z ¼ 1, such that for any small
angular domain o, which contains J and is bounded by two lines through
z ¼ 1,

lim sup
n!y

Tðrn;o; f Þ
Tðrn; f Þ

> 0:ð3:5Þ

Let oHo1 Ho0 be three angular domains, whose common vertex is at z ¼ 1.
Let giðzÞ ði ¼ 1; 2; 3Þ be three meromorphic functions in jzj < 1, such that
Tðr; giÞ ¼ oðTðr; f ÞÞ.

Hence if we put Tðr; gÞ ¼
P3

i¼1 Tðr; giÞ, then Tðr; gÞ ¼ oðTðr; f ÞÞ. We put

wðzÞ ¼ f ðzÞ � g1ðzÞ
f ðzÞ � g3ðzÞ

g2ðzÞ � g3ðzÞ
g2ðzÞ � g1ðzÞ

; f ðzÞ ¼ h1ðzÞwðzÞ þ h2ðzÞ
h3ðzÞwðzÞ þ h4ðzÞ

;

then Tðr; hiÞ ¼ OðTðr; gÞÞ ði ¼ 1; 2; 3; 4Þ. In view of Lemma 2.5, we have

Tðrn;o; f Þa const:T
rn þ 63

64
;o1;w

� �
þO

ð rn
0

ððrþ127Þ=128

0

Tðt; gÞ
ð1� tÞ2

dtdr

 !
;

By Lemma 3.1, there exists a sequence of Pólya peaks (of Tðr; f Þ) frng with
finite positive order s between m and r such that

T
tþ 127

128
; f

� �
aK

1� rn

1� t

� �s
T

rn þ 127

128
; f

� �
;

Figure 4
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for 0a ta rn. Thus we have

ð rn
0

ððrþ127Þ=128

0

Tðt; f Þ
ð1� tÞ2

dtdr ¼
ððrnþ127Þ=128

0

ð rn
128t�127

Tðt; f Þ
ð1� tÞ2

drdt

a

ððrnþ127Þ=128

0

ð1
128t�127

Tðt; f Þ
ð1� tÞ2

drdt

¼
ððrnþ127Þ=128

0

Tðt; f Þ
1� t

dt

a

ð rn
0

T
tþ 127

128
; f

� �
1� t

dt

a sKT
rn þ 127

128
; f

� �

a 2sK128sTðrn; f Þ:

Hence

Tðrn;o; f Þa const:T
rn þ 63

64
;o1;w

� �
þ oðTðrn; f ÞÞ:

In view of Lemma 2.2, we have

1� 2

l

� �
Tðrn;o; f Þa const:

X3
i¼1

N lÞ rn þ 255

256
;o0; f ¼ gi

� �
þ oðTðrn; f ÞÞ:

By noting that frng is a sequence of Pólya peaks, we have T
rn þ 255

256
; f

� �
a

KTðrn; f Þ and this implies that we have

lim sup
n!y

P3
i¼1

N lÞ rn þ 255

256
;o0; f ¼ gi

� �

T
rn þ 255

256
; f

� � > 0:

Case 2. We assume

lim sup
n!y

Tðrn;W 0; f Þ
Tðrn; f Þ

> 0:

Let x0 and a defined as before, and x1 be a point on jzj ¼ 1, which lies
symmetric to z ¼ 1 with respect to the line Ox0.

Let a0 be a point on the line Ox0, such that a ¼ a0 þ x0
2

.
Let S0, S be the sectors, defined as in the figure 5.
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Then we have

lim sup
n!y

Tðrn;S; f Þ
Tðrn; f Þ

> 0:

Using Lemma 2.3 and the method similar to Case 1, we can obtain

lim sup
r!1�

N lÞðr;S0; f ¼ gÞ
Tðr; f Þ > 0;ð3:6Þ

with at most two possible exceptions for g.

Case 3. We denote the angular magnitude of W by jWj, then 0 < jWj < p.
Let W1 JW2 J � � �J � � � be angular domains as W, such that 0 < jWnj ! p

and suppose that for n ¼ 1; 2; . . . ;

lim sup
r!1�

Tðr;Wn; f Þ
Tðr; f Þ > 0:

Without loss of generality, we assume that

lim sup
r!1�

Tðr;W 0
n; f Þ

Tðr; f Þ > 0 ðn ¼ 1; 2; . . .Þ:

Let J be the positive tangent of jzj < 1 at z ¼ 1. Then from (3.6) we see
that for each small angular domain o, which contains J,

lim sup
r!1�

N lÞðr;o; f ¼ gÞ
Tðr; f Þ > 0;

with two possible exceptions for g.
Theorem 1.2 follows.

Figure 5
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Proofs of Theorem 1.3 and Theorem 1.4. We can prove Theorem 1.3 and
Theorem 1.4 with the same method of Theorem 1.2, here we only give a sketch of
the proofs of them.

Sketch of proof of Theorem 1.3. In view of Lemma 2.2, Lemma 2.3 and
Lemma 2.5, we have

1� 2

l

� �
Tðr;o; f ÞaK

X3
i¼1

N lÞ rþ 255

256
;o0; f ¼ giðzÞ

� �

þO

ð r
0

ððrþ127Þ=128

0

Tðt; gÞ
ð1� tÞ2

dtdr

 !
;

where Tðr; gÞ ¼
P3

j¼1 Tðr; gjÞ, and K is a constant.
The similar to the proof of Theorem 1.2 implies that

lim sup
r!1�

Tðr;o; f Þ

W log
1

1� r

� �� � > 0:

Since Tðr; gÞ ¼ Oð1Þ, we have

ð r
0

ððsþ127Þ=128

0

Tðt; gÞ
ð1� tÞ2

dtds ¼ O

ð r
0

ððsþ127Þ=128

0

1

ð1� tÞ2
dtds

 !

¼ O log
1

1� r

� �
¼ o W log

1

1� r

� �� �� �
:

Moreover, by the property of the type function, we have

lim sup
r!1�

P3
i¼1

N lÞ rþ 255

256
;o0; f ðzÞ ¼ giðzÞ

� �

W log
256

1� r

� �� � > 0:

Thus

lim sup
r!1�

N lÞðr;o0; f ðzÞ ¼ gðzÞÞ
Tðr; f Þ > 0

with at most two possible exceptions for g.

13singular points



Sketch of proof of Theorem 1.4. (3.2) implies that

1� 2

l

� �
Sðr;o; f ÞaK

X3
j¼1

nlÞ rþ 255

256
;o0; f ¼ ajðzÞ

� �
ð3:7Þ

þO

ððrþ127Þ=128

r0

Tðr; gÞ
ð1� rÞ2

dr

 !
:

Now we treat with the last term of (3.7)

O

ððrþ127Þ=128

r0

Tðr; gÞ
ð1� rÞ2

dr

 !
¼ o

ððrþ127Þ=128

r0

W log
1

1� r

� �
ð1� rÞ2

dr

0
BB@

1
CCA

¼ o W log
1

1� r

� �
1

1� r

� �
:

Hence,

lim sup
r!1�

X3
j¼1

log nlÞðr;o; f ðzÞ ¼ ajðzÞÞ

log W log
1

1� r

� �
þ log

1

1� r

b 1:

On the other hand,

lim sup
r!1�

X3
j¼1

log nlÞðr;o; f ðzÞ ¼ ajðzÞÞ

log W log
1

1� r

� �
þ log

1

1� r

a 1:

Thus Theorem 1.4 follows.

Acknowledgements. We would like to thank the referee for his/her many
helpful comments and suggestions on an early version of the manuscript. The
work is supported by NSF of China (Grant No. 10871108). The second author
is also supported partially by NSF of China (Grant No. 10926049) and Science
and Technology Research Program of Beijing Municipal Commission of Education.

References

[ 1 ] Z. S. Gao, On the Borel point of meromorphic function of zero order in the Circle (in

Chinese), J. of Math. Research and Exposition 14 (1994).

[ 2 ] Z. S. Gao, On the mutilple values of quasi conformal mappings (in Chinese), J. of Math.

(PRC) 19 (1999).

[ 3 ] G. P. Li, The gathering value lines of meromorphic functions (in Chinese), Wuhan University

Press, Wuhan, 2007.

[ 4 ] M. Tsuji, Borel’s direction of a meromorphic function in a unit circle, J. Math. Soc. Japan

7 (1955), 290–311.

14 nan wu and zu-xing xuan



[ 5 ] M. Tsuji, Potential theory in modern function theory, Maruzen Co. LTD., Tokyo, 1959.

[ 6 ] J. H. Zheng, Value distribution of meromorphic functions, Tsinghua University Press,

Beijing, 2010.

Nan Wu

Department of Mathematical Sciences

Tsinghua University

Beijing, 100084

P. R. China

E-mail: wunan07@gmail.com

Zu-Xing Xuan

Department of Mathematical Sciences

Tsinghua University

Beijing, 100084

P. R. China

Basic Department, Beijing Union University

No. 97 Bei Si Huan Dong Road

Chaoyang District, Beijing, 100101

P. R. China

E-mail: xuanzuxing@ss.buaa.edu.cn

15singular points


