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A NEWTON-LIKE METHOD IN BANACH SPACES

UNDER MILD DIFFERENTIABILITY CONDITIONS

Dharmendra K. Gupta and Pradip K. Parida

Abstract

The aim of this paper is to discuss the convergence of a third order Newton-like

method for solving nonlinear equations F ðxÞ ¼ 0 in Banach spaces by using recurrence

relations. The convergence of the method is established under the assumption that

the second Fréchet derivative of F being o-continuous given by kF 00ðxÞ � F 00ðyÞka
oðkx� ykÞ, x; y A W, where o be a nondecreasing function on Rþ and W any open

set. This o-continuity condition is milder than the usual Lipschitz/Hölder continuity

condition. To get a priori error bounds, a family of recurrence relations based on two

parameters depending on the operator F is also derived. Two numerical examples are

worked out to show that the method is successful even in cases where Lipschitz/Hölder

continuity condition fails but o-continuity condition is satisfied. In comparison to the

work of Wu and Zhao [15], our method is more general and leads to better results.

1. Introduction

Let F : WJX ! Y be a nonlinear operator on an open convex subset W of
a Banach space X with values in a Banach space Y. The most well known
second order iterative methods used to solve FðxÞ ¼ 0 are Newton’s method and
it’s variants. The Kantorovich theorem [10, 14], provides su‰cient conditions to
ensure convergence of these methods. A lot of research [4, 5, 8, 15] has been
carried out to provide improvements in these methods, their applications and
convergence. Third order one point iterative methods [2, 4, 5] are used in many
applications. They can also be used in sti¤ systems [11], where a quick
convergence is required. A very restrictive condition of one point iteration
of order N is that they depend explicitly on the first N � 1 derivatives of F . All
these higher order derivatives are very di‰cult to compute. Multi point third
order iterative methods [6, 7, 12, 15, 16] use information at a number of points
have also gained importance recently.
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Wu and Zhao [15] have studied the convergence of a third order Newton-like
iterative method for solving FðxÞ ¼ 0. This method involves only the value of F
and it’s first derivative F 0 is given by

yn ¼ xn � F 0ðxnÞ�1
FðxnÞ

xnþ1 ¼ xn �
F 0ðxnÞ þ F 0ðynÞ

2

� ��1

FðxnÞ

9>>=
>>;ð1Þ

The convergence of this method is established by using majorizing functions.
They studied it’s semilocal convergence under the assumption that F 00 is Lipschitz
continuous. We shall consider iterative method (1) and establish it’s convergence
based on recurrence relations under weaker continuity conditions. Hernández
and Salanova [9], Hernández [7] studied the convergence of Chebyshev’s method
and second derivative free version Chebyshev’s method by using recurrence
relations under Hölder continuity condition on F 00. Ye and Li [16], studied the
convergence of Euler-Halley method under similar conditions. However, the
Lipschitz/Hölder continuity condition on the second derivative of F may be
violated in many problems.

Example. Consider the following nonlinear integral equation of mixed type
[3]:

F ðxÞðsÞ ¼ xðsÞ þ
Xm
i¼1

ð b
a

kiðs; tÞliðxðtÞÞ dt� uðsÞ; s A ½a; b�

where �y < a < b < y, u, li, and ki, for i ¼ 1; 2; . . . ;m are known functions and
x is a continuous function.

If l 00i ðxðtÞÞ is ðLi; piÞ-Hölder continuous in W, Li b 0, pi A ð0; 1� for
i ¼ 1; 2; . . . ;m, then we have

kF 00ðxÞ � F 00ðyÞka
Xm
i¼1

Likx� ykpi ; x; y A W:

Here, F 00 is not Hölder continuous, when sup-norm is used.
Recently, Ezquerro and Hernández [2] and Hernández and Romero [8]

considered the more generalized condition

kF 00ðxÞ � F 00ðyÞkaoðkx� ykÞ; x; y A W:ð2Þ
where oðxÞ is a nondecreasing continuous real function for x > 0, such that
oð0Þb 0, on F 00 to study the semilocal convergence of Halley’s method and a
family of third order iterative method respectively.

In this paper, the convergence of a third order Newton-like method (1)
for solving nonlinear equations FðxÞ ¼ 0 is discussed. The convergence of the
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method is established by using recurrence relations under the assumption that the
second Fréchet derivative of F satisfy the o-continuity condition given by (2).
This o-continuity condition is milder than the usual Lipschitz/Hölder continuity
condition. A family of recurrence relations based on two constants depending
on the operator F is derived to establish a priori error bounds. Two numerical
examples are worked out to show that the method is successful even in cases
where Lipschitz/Hölder continuity condition fails. In comparison to the work of
Wu and Zhao [15], our method is more general and leads to better results.

The paper is organized as follows. In section 2, three real sequences are
constructed and their properties are studied. The recurrence relations for our
third order Newton-like method are derived in section 3. The convergence
analysis based on these recurrence relations of the method is given in section 4.
In section 5, some numerical examples are worked out and the results obtained
are compared with the results of [15] for a particular case. Finally, conclusions
form the section 6.

2. Construction of real sequences fang, fbng and fcng and their
properties

In this section, we shall discuss the construction of three real sequences and
study their properties in order to study the convergence of the iterative method
(1) for solving the nonlinear operator equation

FðxÞ ¼ 0:ð3Þ
Let F be twice Fréchet di¤erentiable operator in W and BLðY;XÞ be the set of
bounded linear operators from Y into X. It is assumed that G0 ¼ F 0ðx0Þ�1 A
BLðY;XÞ exists at some point x0 A W and the following conditions hold on F .

C1: kF 0ðx0Þ�1ka b;

C2: kF 0ðx0Þ�1
F ðx0Þka h;

C3: kF 00ðxÞkaM; Ex A W;

C4: kF 00ðxÞ � F 00ðyÞkaoðkx� ykÞ; Ex; y A W; where o : Rþ ! Rþ
is a continuous and non-decreasing function such that oð0Þb 0;

C5: There exists a continuous and non-decreasing function
h : ½0; 1� ! Rþ such that; oðtxÞa hðtÞoðxÞ; with t A ½0; 1� and
x A Rþ:

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð4Þ

Note that the above condition C5 of (4) does not involve any restriction, since as
a consequence of o is non-decreasing function, there always exists a function h
such that hðtÞ ¼ 1. We can consider hðtÞ ¼ supx>0 oðtxÞ=oðxÞ to sharpen the
error bounds for a particular case. The above condition C4 of (4) is milder than
the Lipschitz/Hölder continuity condition as this condition reduced to Lipschitz
and Hölder condition, if we consider oðxÞ ¼ Nx and oðxÞ ¼ Nxp, p A ð0; 1�,
respectively.
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Let a0 ¼ Mbh, b0 ¼ bhoðhÞ be two parameters. For n A Zþ, let us define
three real sequences

cn ¼ f ðanÞgðan; bnÞ; anþ1 ¼ an f ðanÞcn; bnþ1 ¼ bn f ðanÞcnhðcnÞð5Þ

where

f ðxÞ ¼ ð2� xÞ=ð2� 3xÞð6Þ

gðx; yÞ ¼ xð4� xÞð3� xÞ
ð2� xÞ2

þ Ky

" #
; K A Rþð7Þ

Let r0 be the smallest positive zero of the polynomial rðxÞ ¼ �x3 þ 16x2 �
24xþ 4, then r0 ¼ 0:1905960896 . . . . We shall now establish a number of
properties of the sequences fang, fbng and fcng. This will require the following
lemma.

Lemma 1. Let f and g be functions defined by equations (6) and (7)
respectively, then for x A ð0; r0�

(i) f is increasing and f ðxÞ > 1,
(ii) g is increasing in both arguments for y > 0,
(iii) f ðdxÞ < f ðxÞ and gðdx; dyÞ < dgðx; yÞ, for d A ð0; 1Þ.

Proof. The proof is simple and hence omitted.

Lemma 2. Let f and g be functions defined by equations (6) and (7)
respectively and hðtÞa 1, Et A ½0; 1�. Let us define a function

FðxÞ ¼ ð�x3 þ 16x2 � 24xþ 4Þ
Kð2� xÞ2

ð8Þ

If a0 A ð0; r0� and 0a b0 aFða0Þ, then
(i) cn f ðanÞa 1,
(ii) fang, fbng, fcng are decreasing and an < 1, cn < 1 En.

Proof. Now from definitions of f and g, we have

cn f ðanÞ ¼ f ðanÞ2gðan; bnÞa 1

or i¤ ;
2� an

2� 3an

� �2
anð4� anÞð3� anÞ

ð2� anÞ2
þ Kbn

 !
a 1

or i¤ ; bn a
ð�a3n þ 16a2n � 24an þ 4Þ

Kð2� anÞ2
¼ FðanÞ
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Induction will be used to prove the lemma. Now for 0 < a0 a r0,
0a b0 aFða0Þ, from above one can easily conclude that c0 f ða0Þa 1. Thus
from equation (5), we obtain

a1 ¼ a0 f ða0Þc0 a a0 < 1;

and as f ðxÞ > 1 in ð0; r0� and hðtÞa 1, Et A ½0; 1�, we have

b1 ¼ b0 f ða0Þc0hðc0Þa b0 f ða0Þc0 a b0

Hence
c1 ¼ f ða1Þgða1; b1Þa f ða0Þgða0; b0Þ ¼ c0 < c0 f ða0Þa 1:

Let the statements hold for n ¼ k. Then since f and g are increasing functions,
we get

akþ1 ¼ ak f ðakÞck a ak < 1:

Also as f ðxÞ > 1 in ð0; r0� and hðtÞa 1, Et A ½0; 1�, we have

bkþ1 ¼ bk f ðakÞckhðckÞa bk f ðakÞck a bk:

and
ckþ1 ¼ f ðakþ1Þgðakþ1; bkþ1Þa f ðakÞgðak; bkÞ ¼ ck < 1:

Also

ckþ1 f ðakþ1Þ ¼ f ðakþ1Þ2gðakþ1; bkþ1Þa f ðakÞ2gðak; bkÞ ¼ ck f ðakÞa 1

Hence, by induction it holds for all n. This proves the Lemma 2. r

Lemma 3. Let us suppose a0 A ð0; r0Þ and 0 < b0 < Fða0Þ. Define g ¼
a1=a0, then for nb 1 we have,

(i) an a g2
n�1

an�1 a g2
n�1a0, where inequality strictly hold for nb 2,

(ii) bn < g2
n�1

bn�1 < g2
n�1b0,

(iii) cn < g2
n

=f ða0Þ

Proof. We will prove (i) and (ii) by induction. Since a1 ¼ ga0 and a1 < a0
from lemma 2(i), we get g < 1. By lemma 1(i) and lemma 2(i),

b1 ¼ b0 f ða0Þc0hðc0Þ ¼ b0 f ða0Þ2gða0; b0Þhðc0Þa f ða0Þ2gða0; b0Þb0 ¼ gb0

Suppose (i) and (ii) hold for n ¼ k, then

akþ1 ¼ ak f ðakÞck ¼ ak f ðakÞ2gðak; bkÞ

< g2
k�1

ak�1 f ðg2
k�1

ak�1Þ2gðg2
k�1

ak�1; g
2k�1

bk�1Þ

< g2
k�1

ak�1 f ðak�1Þ2g2
k�1

gðak�1; bk�1Þ ¼ g2
k

ak

Also as f ðxÞ > 1 in ð0; r0Þ,

bkþ1 ¼ bk f ðakÞckhðckÞa bk f ðakÞck ¼ bk
akþ1

ak
< g2

k

bk
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So

akþ1 < g2
k

ak < g2
k

g2
k�1 � � � g20a0 ¼ g2

kþ1�1a0:

and

bkþ1 < g2
k

bk < g2
k

g2
k�1 � � � g20b0 ¼ g2

kþ1�1b0:

Hence by induction the statements (i) and (ii) hold true.
Again

cn ¼ f ðanÞgðan; bnÞ < f ðg2 n�1a0Þgðg2
n�1a0; g

2 n�1b0Þ < g2
n�1f ða0Þgða0; b0Þ

¼ g2
n

=f ða0Þ

as g ¼ a1=a0 ¼ f ða0Þ2gða0; b0Þ. Hence (iii) holds. r

3. Recurrence relations

In this section, we shall derive the recurrence relations for the iterative
method given by (1) under the assumptions given in previous section.

Now

MkG0k ky0 � x0kaMbh ¼ a0

By our assumption, y0 exists as G0 ¼ F 0ðx0Þ�1 exists. Thus

I � G0
F 0ðy0Þ þ F 0ðx0Þ

2

����
���� ¼ G0

F 0ðx0Þ � F 0ðy0Þ
2

����
����a 1

2
MkG0k kx0 � y0ka

a0

2
< 1

Hence by Banach’s theorem [10],
F 0ðy0Þ þ F 0ðx0Þ

2

� ��1

F 0ðx0Þ exists and

F 0ðy0Þ þ F 0ðx0Þ
2

� ��1

F 0ðx0Þ
�����

�����a 1

1� 1
2MkG0k kx0 � y0k

a
2

2� a0

Thus

kx1 � x0ka
2

2� a0
ky0 � x0k

and

kx1 � y0ka kx1 � x0k þ kx0 � y0ka
4� a0

2� a0
ky0 � x0k

Also

kG0k ky0 � x0koðky0 � x0kÞa bhoðhÞ ¼ b0

We shall now establish the following inequalities for nb 1:
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ðIÞ kGnk ¼ kF 0ðxnÞ�1ka f ðan�1ÞkGn�1k;
ðIIÞ kyn � xnk ¼ kGnFðxnÞka cn�1kyn�1 � xn�1k;
ðIIIÞ MkGnk kyn � xnka an;

ðIVÞ kxnþ1 � xnka 2=ð2� anÞkyn � xnk;
ðVÞ kxnþ1 � ynka ð4� anÞ=ð2� anÞkyn � xnk;
ðVIÞ kGnk kyn � xnkoðkyn � xnkÞa bn;

9>>>>>>>>>>=
>>>>>>>>>>;

ð9Þ

The following lemma will be used for this purpose.

Lemma 4. Let the sequences fxng and fyng are generated by (1). Then
En A Zþ, we have

Fðxnþ1Þ ¼
ð1
0

F 00ðyn þ tðxnþ1 � ynÞÞð1� tÞ dtðxnþ1 � ynÞ2ð10Þ

þ 1

2

ð1
0

F 00ðxn þ tðyn � xnÞÞ dtðyn � xnÞðxnþ1 � ynÞ

� 1

2

ð1
0

F 00ðxn þ tðyn � xnÞÞ dtðyn � xnÞ2

þ
ð 1
0

F 00ðxn þ tðyn � xnÞÞð1� tÞ dtðyn � xnÞ2

Using Taylor’s method one can easily prove the above lemma.
The conditions (I)–(VI) can be proved by induction. Assume that x1 A W,

then

kI � G0F
0ðx1ÞkaMkG0k kx0 � x1kaMb

2

2� a0
ky0 � x0ka

2a0
2� a0

< 1

Hence, by Banach’s theorem, G1 ¼ F 0ðx1Þ�1 exists and

kG1ka
kG0k

1�MkG0k kx0 � x1k
a

kG0k
1� 2a0=ð2� a0Þ

¼ f ða0ÞkG0kð11Þ

Also����
ð1
0

F 00ðx0 þ tðy0 � x0ÞÞð1� tÞ dtðy0 � x0Þ2

� 1

2

ð 1
0

F 00ðx0 þ tðy0 � x0ÞÞ dtðy0 � x0Þ2
����

a

ð1
0

F 00ðx0 þ tðy0 � x0ÞÞð1� tÞ dtðy0 � x0Þ2 �
1

2
F 00ðx0Þðy0 � x0Þ2

����
����

þ 1

2

ð1
0

F 00ðx0 þ tðy0 � x0ÞÞ dtðy0 � x0Þ2 �
1

2
F 00ðx0Þðy0 � x0Þ2

����
����
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a

ð1
0

½F 00ðx0 þ tðy0 � x0ÞÞ � F 00ðx0Þ�ð1� tÞ dt
����

���� ky0 � x0k2

þ 1

2

ð1
0

½F 00ðx0 þ tðy0 � x0ÞÞ � F 00ðx0Þ� dt
����

���� ky0 � x0k2

a

ð1
0

oðtky0 � x0kÞð1� tÞ dtky0 � x0k2 þ
1

2

ð1
0

oðtky0 � x0kÞ dtky0 � x0k2

a

ð1
0

hðtÞð1� tÞ dtoðky0 � x0kÞky0 � x0k2

þ 1

2

ð1
0

hðtÞ dtoðky0 � x0kÞky0 � x0k2

¼ Koðky0 � x0kÞky0 � x0k2

where K ¼
Ð 1
0 hðtÞð1� tÞ dtþ 1

2

Ð 1
0 hðtÞ dt

Hence equation (10) leads us,

kFðx1Þka
M

2
kx1 � y0k2 þ

M

2
ky0 � x0k kx1 � y0k þ Koðky0 � x0kÞky0 � x0k2

aM
ð4� a0Þð3� a0Þ

ð2� a0Þ2
ky0 � x0k2 þ Koðky0 � x0kÞky0 � x0k2

From this, we get

kG1F ðx1Þka kG1k kF ðx1Þkð12Þ

a f ða0ÞkG0k
"
M

ð4� a0Þð3� a0Þ
ð2� a0Þ2

ky0 � x0k2

þ Koðky0 � x0kÞky0 � x0k2
#

a f ða0Þ
a0ð4� a0Þð3� a0Þ

ð2� a0Þ2
þ Kb0

" #
ky0 � x0k

¼ f ða0Þgða0; b0Þky0 � x0k ¼ c0ky0 � x0k

Now

MkG1k ky1 � x1kaMkG0k f ða0Þc0ky0 � x0ka a0 f ða0Þc0 ¼ a1ð13Þ

As G1 ¼ F 0ðx1Þ�1 exists, so y1 exists. Hence,

I � G1
F 0ðy1Þ þ F 0ðx1Þ

2

����
����a 1

2
MkG1k kx1 � y1ka

a1

2
< 1
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So by Banach’s theorem,
F 0ðy1Þ þ F 0ðx1Þ

2

� ��1

F 0ðx1Þ exists and

F 0ðy1Þ þ F 0ðx1Þ
2

� ��1

F 0ðx1Þ
�����

�����a 1

1� 1
2MkG1k kx1 � y1k

a
2

2� a1

Thus,

kx2 � x1ka
2

2� a1
ky1 � x1kð14Þ

and

kx2 � y1ka kx2 � x1k þ kx1 � y1ka
4� a1

2� a1
ky1 � x1kð15Þ

Again

kG1k ky1 � x1koðky1 � x1kÞa kG0k f ða0Þc0ky0 � x0koðc0ky0 � x0kÞð16Þ
a f ða0Þc0hðc0ÞkG0k ky0 � x0koðky0 � x0kÞ
a b0 f ða0Þc0hðc0Þ ¼ b1

For n ¼ 1 the conditions (I)–(VI) follows from equations (11)–(16) respectively.
Now considering these conditions hold for n ¼ k and xk A W, proceeding similarly
one can easily prove that these conditions also hold for n ¼ k þ 1. Hence, by
induction they hold for all n.

4. Convergence analysis

The following theorem will establish the convergence of the sequence fxng
and give a priori error bounds for it. Let us denote g ¼ a1=a0, D ¼ 1=f ða0Þ,

R ¼ 2

ð2� a0Þð1� gDÞ , Bðx0;RhÞ ¼ fx A X : kx� x0k < Rhg and Bðx0;RhÞ ¼

fx A X : kx� x0kaRhg.

Theorem 1. Let F satisfy the conditions given in (4). Suppose 0 < a0 a r0
and 0a b0 aFða0Þ hold, where r0 be the smallest positive zero of the polynomial
rðxÞ ¼ �x3 þ 16x2 � 24xþ 4 and FðxÞ is the function defined by equation (8). If
Bðx0;RhÞJW, then starting from x0, the sequence fxng defined by method
(1) converges to a solution x� of the equation (3) with R-order at least 2
and xn, yn and x� belonging Bðx0;RhÞ where x� is the unique solution in
Bðx0; 2=ðMbÞ � RhÞVW.

Furthermore, the error bounds on x� is given by

kx� � xnka
2g2

n�1

ð2� g2
n�1a0Þ

Dn

ð1� g2
n
DÞ hð17Þ
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Proof. It is su‰cient to show that fxng is a Cauchy sequence in order to
prove fxng is convergent.

We have b0 ¼ Fða0Þ ¼ 0 and c0 f ða0Þ ¼ 1 for a0 ¼ r0. Hence from (5),
an ¼ an�1 ¼ � � � ¼ a0, cn ¼ cn�1 ¼ � � � ¼ c0 and bn ¼ bn�1 ¼ � � � ¼ b0 ¼ 0:

Now from (9), we have

kyn � xnka cn�1kyn�1 � xn�1k ¼ c0kyn�1 � xn�1ka � � � a cn0ky0 � x0k ¼ Dnh

and

kxnþ1 � xnka
2

2� an
kyn � xnka

2

2� a0
Dnh

Thus

kxmþn � xmka kxmþn � xmþn�1k þ � � � þ kxmþ1 � xmkð18Þ

a
2

2� a0
½Dmþn�1 þ � � � þ Dm�h ¼ 2Dm

2� a0

1� Dn

1� D

� �
h

Hence if we take m ¼ 0, xn A Bðx0;RhÞ. Similarly one can prove that
yn A Bðx0;RhÞ. Also as D ¼ 1=f ða0Þ < 1, from (18) one can conclude that
fxng is a Cauchy sequence.

Let 0 < a0 < r0 and b0 < Fða0Þ. Now from (9) and lemma 3(iii), for nb 1,
we have

kyn � xnka cn�1kyn�1 � xn�1ka � � � a ky0 � x0k
Yn�1

j¼0

cj <
Yn�1

j¼0

ðg2 j

DÞh

¼ g2
n�1Dnh;

where g ¼ a1=a0 < 1 and D ¼ 1=f ða0Þ < 1. Hence

kxmþn � xmka kxmþn � xmþn�1k þ � � � þ kxmþ1 � xmk

a
2

2� amþn�1
kymþn�1 � xmþn�1k þ � � � þ 2

2� am
kym � xmk

<
2

2� amþn�1
g2

mþn�1�1Dmþn�1hþ � � � þ 2

2� am
g2

m�1Dmh

<
2Dm

2� am
½g2mþn�1�1Dn�1 þ � � � þ g2

m�1�h

<
2g2

m�1Dm

2� g2
m�1a0

½g2m½2 n�1�1�Dn�1 þ � � � þ g2
m½2�1�Dþ 1�h

By Bernoulli’s inequality, for every real number x > �1 and every integer kb 0,
we have ð1þ xÞk � 1b kx. Thus

kxmþn � xmk <
2g2

m�1Dm

ð2� g2
m�1a0Þ

1� g2
mnDn

ð1� g2
m
DÞ hð19Þ
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For m ¼ 0, we obtain

kxn � x0k <
2

2� a0

1� gnDn

1� gD
h < Rhð20Þ

Hence xn A Bðx0;RhÞ. Also yn A Bðx0;RhÞ, is evident from the following result.

kynþ1 � x0ka kynþ1 � xnþ1k þ kxnþ1 � xnk þ � � � þ kx1 � x0k

a kynþ1 � xnþ1k þ
2

2� an
kyn � xnk þ � � � þ 2

2� a0
ky0 � x0k

<
2

2� anþ1
kynþ1 � xnþ1k þ � � � þ 2

2� a0
ky0 � x0k

< � � � < 2

2� a0

1� gnþ1Dnþ1

1� gD
h < Rh

Taking limit n ! y as in (18) and (20), we get x� A Bðx0;RhÞ. Now we have to
show that x� is a solution of FðxÞ ¼ 0. We have kFðxnÞka kF 0ðxnÞk kGnF ðxnÞk
and the sequence fkF 0ðxnÞkg is bounded as

kF 0ðxnÞka kF 0ðx0Þk þMkxn � x0k < kF 0ðx0Þk þMRh:

Now taking limit n ! y we get Fðx�Þ ¼ 0 as F is continuous.
To show the uniqueness of the zero x�, let us consider y� be another root of

(3) in Bðx0; 2=ðMbÞ � RhÞVW. Then

0 ¼ Fðy�Þ � Fðx�Þ ¼
ð 1
0

F 0ðx� þ tðy� � x�ÞÞ dtðy� � x�Þ

We have y� ¼ x�, if the operator P ¼
Ð 1
0 F

0ðx� þ tðy� � x�ÞÞ dt is invertible.
From

kI � G0Pk ¼ kG0ðF 0ðx0Þ � PÞk ¼ G0

ð1
0

½F 0ðx� þ tðy� � x�ÞÞ � F 0ðx0Þ� dt
����

����
aMb

ð1
0

kx� þ tðy� � x�Þ � x0k dt

aMb

ð1
0

ð1� tÞkx� � x0k þ tky� � x0k dt

<
Mb

2
Rhþ 2

Mb
� Rh

� �
¼ 1;

and by Banach’s theorem [10], P is invertible. r

5. Numerical examples

In this section, two numerical examples are worked out for demonstrating
the e‰cacy of the existence and uniqueness theorem given in the previous section.
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Example 1. Let X ¼ C½a; b� be the space of continuous functions on ½a; b�
and consider the problem of finding the solutions of nonlinear integral equations
FðxÞ ¼ 0 of mixed type [3], given by

F ðxÞðsÞ ¼ xðsÞ � f ðsÞ � l

ð b
a

Gðs; tÞ½xðtÞ2þp þ xðtÞ3� dt; p A ð0; 1�; l A Rð21Þ

where f , x are continuous functions such that f ðsÞ > 0, s A ½a; b�, and the Kernel
G is continuous and nonnegative in ½a; b� � ½a; b�.

Solution. For the solution of the problem, we have taken the norm as sup-
norm and Gðs; tÞ as the Green’s function

Gðs; tÞ ¼ ðb� sÞðt� aÞ=ðb� aÞ; ta s;

ðs� aÞðb� tÞ=ðb� aÞ; sa t;

�

Now in order to apply the existence and uniqueness theorem of the previous
section to this problem, we compute the scalars M, b, h and the function oðxÞ.
The first and second derivatives of F can easily be obtained and given by

F 0ðxÞuðsÞ ¼ uðsÞ � l

ð b
a

Gðs; tÞ½ð2þ pÞxðtÞ1þp þ 3xðtÞ2�uðtÞ dt; u A W

F 00ðxÞðuvÞðsÞ ¼ �l

ð b
a

Gðs; tÞ½ð1þ pÞð2þ pÞxðtÞp þ 6xðtÞ�ðuvÞðtÞ dt; u; v A W

For p A ð0; 1Þ, we must note here that the second derivative F 00 does not satisfy
the Lipschitz/Hölder continuity condition, as

kF 00ðxÞ � F 00ðyÞk

¼ l

ð b
a

Gðs; tÞ½ð1þ pÞð2þ pÞðxðtÞp � yðtÞpÞ þ 6ðxðtÞ � yðtÞÞ� dt
����

����
a jlj max

s A ½a;b�

����
ð b
a

Gðs; tÞ dt
���� ð1þ pÞð2þ pÞkxðtÞp � yðtÞpk þ 6kxðtÞ � yðtÞk½ �

ajlj klk½ð1þ pÞð2þ pÞkx� ykp þ 6kx� yk�; Ex; y A W;

where

klk ¼ max
s A ½a;b�

ð b
a

Gðs; tÞ dt
����

����
Thus convergence of methods depending upon lipschitz/Hölder continuity con-
dition on F 00 can not be applied. However, it satisfies the o-continuity condition
given by

kF 00ðxÞ � F 00ðyÞkaoðkx� ykÞ; Ex; y A W;
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where, oðxÞ ¼ jlj klk½ð1þ pÞð2þ pÞxp þ 6x�. This leads to oðtxÞa tpoðxÞ,
for p A ð0; 1Þ and t A ½0; 1�. Hence, hðtÞ ¼ tp, and K ¼

Ð 1
0 hðtÞð1� tÞ dtþ

1
2

Ð 1
0 hðtÞ dt ¼

pþ 4

2ðpþ 1Þðpþ 2Þ .

It is easy to compute

kF ðx0Þka kx0 � f k þ jlj klk½kx0k2þp þ kx0k3�
and

kF 00ðxÞka jlj klk½ð1þ pÞð2þ pÞkxkp þ 6kxk�
This gives M ¼ jlj klk½ð1þ pÞð2þ pÞkxkp þ 6kxk�. Also

kI � F 0ðx0Þka jlj klk½ð2þ pÞkx0k1þp þ 3kx0k2�
Now if jlj klk½ð2þ pÞkx0k1þp þ 3kx0k2� < 1, then by Banach’s theorem [10], we
obtain

kG0k ¼ kF 0ðx0Þ�1ka 1

1� jlj klk½ð2þ pÞkx0k1þp þ 3kx0k2�
¼ b

and

kG0Fðx0Þka
kx0 � f k þ jlj klk½kx0k2þp þ kx0k3�
1� jlj klk½ð2þ pÞkx0k1þp þ 3kx0k2�

¼ h

For a ¼ 0 and b ¼ 1, we get

klk ¼ max
s A ½0;1�

ð1
0

Gðs; tÞ dt
����

���� ¼ 1=8

For l ¼ 1=3, p ¼ 1=2, f ðsÞ ¼ 1, and initial point x0 ¼ x0ðsÞ ¼ 1 in ½0; 1�, we
get kG0ka b ¼ 1:2973, kG0F ðx0Þka h ¼ 0:108108, oðhÞ ¼ 0:0784017 and b0 ¼
bhoðhÞ ¼ 0:0109957. Now we look for a domain in the form of W ¼ Bðx0;SÞ
such that

W ¼ Bðx0;SÞJC½0; 1� ¼ X

Thus, we get M ¼ MðSÞ ¼ 0:15625Sp þ 0:25S and a0 ¼ a0ðSÞ ¼ MðSÞbh ¼
0:0219138Sp þ 0:03506208S. To calculate S, from the condition of theorem 1
it is necessary that Bðx0;RhÞJW. For this it is su‰cient to check
S � ðRðSÞhþ 1Þ > 0 and Fða0ðSÞÞ � b0 > 0. Hence it is necessary that
S A ð1:1425; 4:13138Þ as is evident from fig. 1.

Also a0ðSÞ < r0 ¼ 0:1905960896, if and only if S < 4:16104. Hence if we
choose S ¼ 3, then we have W ¼ Bð1; 3Þ, M ¼ 1:3125, a0 ¼ 0:184076 and b0 ¼
0:0109957 < 0:0596816 ¼ Fð0:184076Þ. Thus the conditions of the theorem 1 is
satisfied. Hence a solution of equation (21) exists in the ball Bð1; 0:49741ÞJW
and unique in the ball Bð1; 0:6771907ÞVW:

We must also note that if we take p ¼ 1, in the equation (21), we get

F ðxÞðsÞ ¼ xðsÞ � f ðsÞ � 2l

ð b
a

Gðs; tÞxðtÞ3 dt; l A Rð22Þ
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Similarly proceeding as above one can easily find

kF 00ðxÞ � F 00ðyÞkaoðkx� ykÞ;
with oðxÞ ¼ Nx and N ¼ 12jlj klk. That is,

kF 00ðxÞ � F 00ðyÞkaNkx� yk;
Hence it satisfies the Lipschitz continuity condition. This implies that o-
continuity condition is a generalization of Lipschitz continuity condition. Now,
for l ¼ 1=3, f ðsÞ ¼ 1, and initial point x0 ¼ x0ðsÞ ¼ 1 in ½0; 1�, proceeding
similarly we obtain b ¼ 1:33333, h ¼ 0:111111, M ¼ 0:5S, N ¼ 0:5. This gives
a0 ¼ 0:07407408S, b0 ¼ 0:00823045. Similarly to calculate S, from the condition
of theorem 1 it is necessary that Bðx0;RhÞJW. For this it is su‰cient to check
S � ðRðSÞhþ 1Þ > 0 and Fða0ðSÞÞ � b0 > 0. Hence it is necessary that S A
ð1:15493; 2:5544Þ as evident from the figure 2.

Also a0ðSÞ < r0 ¼ 0:1905960896, if and only if S < 2:573047. Thus for
S ¼ 1:5, we get W ¼ Bð1; 1:5Þ, M ¼ 0:75, a0 ¼ 0:111111 and b0 ¼ 0:00823045 <
1:02883045 ¼ Fð0:111111Þ. Hence the conditions of the theorem 1 are satisfied.
Thus a solution of equation (22) exists in Bð1; 0:196209ÞJW and unique in
Bð1; 1:803791ÞVW.

Figure 1. Conditions on the parameter S

Figure 2. Conditions on the parameter S
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On comparison with results of Wu and Zhao [15], we find K ¼

M 1þ 5N

3M 2b

� �
¼ 0:83333334 and h ¼ Kbh ¼ 0:123456358025. This gives t� ¼

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2h

p

h
h ¼ 0:11897488 and t�� ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2h

p

h
h ¼ 1:6810296183. Hence

the solution of equation (22) exists in Bð1; 0:11897488ÞJW, and unique in
Bð1; 1:6810296183ÞVW, both of these are inferior to our results. �

Example 2. Let X ¼ C½0; 1� be the space of continuous functions on ½0; 1�
and let us consider the integral equations F ðxÞ ¼ 0 on X, where

F ðxÞðsÞ ¼ xðsÞ � f ðsÞ � l

ð1
0

s

sþ t
xðtÞ2þp

dt;ð23Þ

with s A ½0; 1�, x; f A X, p A ð0; 1Þ and l is a real number. These types of integral
equations are known as Fredholm type (cf. Davis [1]).

Solution. To find the solutions of these integral equations, we compute the
first and the second derivatives of F as

F 0ðxÞuðsÞ ¼ uðsÞ � lð2þ pÞ
ð1
0

s

sþ t
xðtÞ1þp

uðtÞ dt; u A W

F 00ðxÞðuvÞðsÞ ¼ �lð1þ pÞð2þ pÞ
ð1
0

s

sþ t
xðtÞpðuvÞðtÞ dt; u; v A W

We must note that for sup-norm,

kF 00ðxÞ � F 00ðyÞkaNkx� ykp; Ex; y A W;

where N ¼ jljð1þ pÞð2þ pÞ log 2. This implies

kF 00ðxÞ � F 00ðyÞkaoðkx� ykÞ; Ex; y A W;

where oðxÞ ¼ Nxp. As p is a real number in ð0; 1�, F 00 is ðN; pÞ-Hölder
continuous. Thus the used o-continuity condition is the generalization of
ðN; pÞ-Hölder continuity condition. Now it is easy to compute

kFðx0Þka kx0 � f k þ jlj log 2kx0k2þp

and
kF 00ðxÞka jljð1þ pÞð2þ pÞ log 2kxkp

Hence, M ¼ jljð1þ pÞð2þ pÞ log 2kxkp ¼ Nkxkp. Also it is easy to compute

kI � F 0ðx0Þka jljð2þ pÞ log 2kx0k1þp

If jljð2þ pÞ log 2kx0k1þp < 1, then by Banach’s theorem [10], we obtain

kG0k ¼ kF 0ðx0Þ�1ka 1

1� jljð2þ pÞ log 2kx0k1þp
¼ b
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and

kG0Fðx0Þka
kx0 � f k þ jlj log 2kx0k2þp

1� jljð2þ pÞ log 2kx0k1þp
¼ h

Now, for l ¼ 1=10, p ¼ 1=2, f ðsÞ ¼ 1, and initial point x0 ¼ x0ðsÞ ¼ 1 in the
interval ½0; 1�, we get kG0ka b ¼ 1:20961, kG0Fðx0Þka h ¼ 0:0838437, N ¼
0:25993. Now we look for a domain in the form of W ¼ Bðx0;SÞ such that

W ¼ Bðx0;SÞJC½0; 1� ¼ X

Thus M ¼ MðSÞ ¼ 0:25993Sp, a0 ¼ a0ðSÞ ¼ MðSÞbh ¼ 0:0263616Sp and b0 ¼
bhoðhÞ ¼ 0:00763322. Now to calculate S, from the condition of theorem 1, it is
necessary that Bðx0;RhÞJW. For this it is su‰cient to check S � ðRðSÞhþ 1Þ
> 0 and Fða0ðSÞÞ � b0 > 0. Hence it is necessary that S A ð1:0935; 51:8179Þ as is
evident from the figure 3.

Also a0ðSÞ < r0 ¼ 0:1905960896, if and only if S < 52:2738444. Hence if
we choose S ¼ 51, then we have W ¼ Bð1; 51Þ, M ¼ 1:85627, a0 ¼ 0:18826 and
b0 ¼ 0:00763322 < 0:02140762 ¼ Fð0:18826Þ. Thus, the conditions of the theo-
rem 1 are satisfied. Hence, a solution of equation (23) exists in Bð1; 0:4241ÞJW
and unique in the ball Bð1; 0:466624671ÞVW. �

6. Conclusions

In this paper, the convergence of a third order Newton-like method (1)
for solving nonlinear equation (3) is discussed by using recurrence relations under
the assumption that the second Fréchet derivative of F is o-continuous. This
o-continuous condition is milder than the usual Lipschitz/Hölder continuity
condition used to establish the convergence of third order Newton-like methods.
A family of recurrence relations based on two constants depending on the
operator F is derived to establish a priori error bounds. This approach is simple
and e‰cient in comparison with the work of Wu and Zhao [15]. Numerical
examples are worked out to demonstrate the e‰cacy of our method and our
results are improvement over the results of Wu and Zhao [15].

Figure 3. Conditions on the parameter S
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