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INVARIANTS OF AMPLE LINE BUNDLES ON PROJECTIVE

VARIETIES AND THEIR APPLICATIONS, I*yz

Yoshiaki Fukuma

Abstract

Let X be a projective variety of dimension n defined over the field of complex

numbers and let L1; . . . ;Ln�i be ample line bundles on X , where i is an integer with

0a ia n. In this paper, first, we define some invariants called the ith sectional

H-arithmetic genus, the ith sectional geometric genus and the ith sectional arithmetic

genus of ðX ;L1; . . . ;Ln�iÞ. These are considered to be a generalization of invariants

which have been defined in our previous papers. Moreover we investigate some basic

properties of these, which are used in the second part and the third part of this work.

Introduction

Let X be a projective variety of dimension n which is defined over the field
of complex numbers and let L be an ample line bundle on X . Then the pair
ðX ;LÞ is called a polarized variety. Moreover if X is smooth, then ðX ;LÞ is
called a polarized manifold.

At present, the following three invariants of ðX ;LÞ are well-known.
(1) The degree Ln.
(2) The sectional genus gðLÞ, which is defined by

gðLÞ :¼ 1þ 1

2
ðKX þ ðn� 1ÞLÞLn�1:

(Here KX denotes the canonical line bundle of X .)
(3) The D-genus DðLÞ, which is defined by

DðLÞ :¼ nþ Ln � h0ðLÞ:
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Concerning classifications of polarized manifolds by using these invariants, the
following results are obtained.

(1) The case of the degree.
A classification of ðX ;LÞ such that L is very ample with Ln a 11 has
been obtained by Weil [27] for the case where Ln a 3, by Swinnerton
Dyer [25] for the case where Ln ¼ 4, by Okonek [21], [22], [23], [24] and
Ionescu [15], [16] for the case where Ln a 8, by Fania-Livorni [2], [3] for
the case where nb 3 and Ln ¼ 9; 10, and by Besana-Biancofiore [1] for
the case where nb 3 and Ln ¼ 11.

(2) The case of the sectional genus.
If L is ample in general, then it is proved that gðLÞ is non-negative and a
classification of ðX ;LÞ with 0a gðLÞa 2 has been obtained by Fujita [4],
[5], [6] for the case where gðLÞa 2 and Ionescu [17] for the case where
gðLÞa 1.

(3) The case of the D-genus.
In this case, we can prove that DðLÞb 0 and a classification of ðX ;LÞ
with DðLÞa 2 has been obtained (see [6] in detail).

By using the above results, various interesting results about polarized
manifolds are obtained and applied to another researches. But there is a limit
to study polarized manifolds by using only above three invariants.

So, in order to study polarized manifolds more deeply, for every integer i
with 0a ia n, the author introduced new invariants of ðX ;LÞ. Let i be an
integer with 0a ia n. In [7], [8] and [10], we proposed invariants of ðX ;LÞ, the
ith sectional geometric genus giðX ;LÞ, the ith sectional arithmetic genus pi

aðX ;LÞ
and the ith sectional H-arithmetic genus wH

i ðX ;LÞ. (See Definition 1.3.) Here we
note that the ith sectional geometric genus is thought to be a generalization of the
degree and the sectional genus of polarized manifolds (see Remark 1.3 (2) and (3)).

Here we recall the reason why giðX ;LÞ (resp. pi
aðX ;LÞ, wH

i ðX ;LÞ) is called
the ith sectional geometric genus (resp. the ith sectional arithmetic genus, the ith
sectional H-arithmetic genus) of ðX ;LÞ. Let ðX ;LÞ be a polarized manifold of
dimension nb 2 with BsjLj ¼ j, where BsjLj is the base locus of the complete
linear system jLj. Let i be an integer with 1a ia n. Let Xn�i be the trans-
versal intersection of general n� i members of jLj. In this case Xn�i is a smooth
projective variety of dimension i. Then we can prove that giðX ;LÞ ¼ hiðOXn�i

Þ
(resp. pi

aðX ;LÞ ¼ paðXn�iÞ, wH
i ðX ;LÞ ¼ wðOXn�i

Þ), that is, giðX ;LÞ (resp. pi
aðX ;LÞ,

wH
i ðX ;LÞ) is the geometric genus (resp. the arithmetic genus, the H-arithmetic

genus (see Remark 1.2)) of Xn�i.
Furthermore, by this consideration, the ith sectional geometric genus (resp.

the ith sectional arithmetic genus, the ith sectional H-arithmetic genus) is expected
to have properties similar to those of the geometric genus (resp. the arithmetic
genus, the H-arithmetic genus) of i-dimensional projective manifolds (see [8,
Section 3]).

On the other hand, let L1; . . . ;Ln be ample line bundles on X and let F be
a coherent sheaf on X . In [19], Kleiman defined the intersection number
ðL1 � � �Ln;FÞ by using the coe‰cient of polynomial wðLnt1

1 n � � �nLntn
n nFÞ.
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If L1 ¼ � � � ¼ Ln ¼ L and F ¼ OX , then ðL � � �L;OX Þ is the degree of ðX ;LÞ.
Namely ðL1 � � �Ln;FÞ is a generalization of the degree. So the author thought
that we can generalize the ith sectional invariants of polarized varieties.

In this paper, we define new invariants of ðX ;L1; . . . ;Ln�i;FÞ, where X is a
projective variety, L1; . . . ;Ln�i are line bundles on X and F is a coherent sheaf
on X . In particular, we treat the ith sectional H-arithmetic genus

wH
i ðX ;L1; . . . ;Ln�i;FÞ;

the ith sectional geometric genus

giðX ;L1; . . . ;Ln�i;FÞ
and the ith sectional arithmetic genus

pi
aðX ;L1; . . . ;Ln�i;FÞ

of ðX ;L1; . . . ;Ln�i;FÞ, and we will study some properties of these when
L1; . . . ;Ln�i are ample.

Here we explain the meaning of invariants introduced in this paper. Let
X be a smooth projective variety of dimension n and set F ¼ OX and let
L1; . . . ;Ln�i be ample line bundles on X , where i is an integer with 1a ia n.
Assume that BsjLjj is empty for every j with 1a ja n� i. Then by the Bertini
theorem, there exists a smooth member Xj A jLjj for any j such that Y :¼
X1 V � � �VXn�i is a smooth projective variety of dimension i. Then

wH
i ðX ;L1; . . . ;Ln�i;OX Þ ¼ wðOY Þ;
giðX ;L1; . . . ;Ln�i;OX Þ ¼ hiðOY Þ

and
pi
aðX ;L1; . . . ;Ln�i;OX Þ ¼ paðY Þ:

This is the reason why we call these invariants the ith sectional H-arithmetic
genus, the ith sectional geometric genus and the ith sectional arithmetic genus of
ðX ;L1; . . . ;Ln�i;OX Þ. In particular if L ¼ L1 ¼ � � � ¼ Ln�i, then

wH
i ðX ;L; . . . ;L;OX Þ ¼ wH

i ðX ;LÞ;
giðX ;L; . . . ;L;OX Þ ¼ giðX ;LÞ

and
pi
aðX ;L; . . . ;L;OX Þ ¼ pi

aðX ;LÞ:
So these invariants are generalization of the invariants introduced in [7] and [10].

The purpose of this work is to give fundamental results about these
invariants which will become cornerstones for further investigation of polarized
manifolds, and to give some applications by using these invariants. Results in
this work will be used in order to investigate various problems about polarized
manifolds.

This work consists of three parts. This paper is the first part. The contents
of the first part are the following.
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In section 1, we remind the definition of the ith sectional H-arithmetic genus,
the ith sectional geometric genus and the ith sectional arithmetic genus of
polarized varieties and we pick up some definitions and results which are used in
this paper.

In section 2, first of all, for every integer i with 0a ia n we will define the
ith sectional H-arithmetic genus

wH
i ðX ;L1; . . . ;Ln�i;FÞ;

the ith sectional geometric genus

giðX ;L1; . . . ;Ln�i;FÞ
and the ith sectional arithmetic genus

pi
aðX ;L1; . . . ;Ln�i;FÞ

for any multi-prepolarized variety ðX ;L1; . . . ;Ln�iÞ and any coherent sheaf F
on X . Next we will study some fundamental and general properties of these.
Furthermore we will calculate these invariants of some multi-polarized manifolds,
which often appear in the adjunction theory, and F ¼ OX . In this section we
also give an explicit formula of wH

i ðX ;L1; . . . ;Ln�i;EÞ, giðX ;L1; . . . ;Ln�i;EÞ and
pi
aðX ;L1; . . . ;Ln�i;EÞ for multi-quasi-polarized manifolds ðX ;L1; . . . ;Ln�iÞ and

vector bundles E by using intersection numbers.
In the second part [11] and the third part [12], we will investigate some

properties of these invariants more deeply for the case where i ¼ 1 and 2, and
give some applications of these invariants. See [11] and [12] for further details.

The author would like to thank the referee for giving some useful comments
and pointing out some typos.

Notation and Conventions
We say that X is a variety if X is an integral separated scheme of finite

type. In particular X is irreducible and reduced if X is a variety. Varieties are
always assumed to be defined over the field of complex numbers. In this article,
we shall study mainly a smooth projective variety. The words ‘‘line bundles’’
and ‘‘Cartier divisors’’ are used interchangeably. Sometimes the tensor products
of line bundles are denoted additively.
OðDÞ: invertible sheaf associated with a Cartier divisor D on X .
OX : the structure sheaf of X .
wðFÞ: the Euler-Poincaré characteristic of a coherent sheaf F.
hiðFÞ :¼ dim HiðX ;FÞ for a coherent sheaf F on X .
hiðDÞ :¼ hiðOðDÞÞ for a divisor D.
DjC : the restriction of D to C.
jDj: the complete linear system associated with a divisor D.
KX : the canonical divisor of a smooth projective variety X .
qðX Þ (or q): the irregularity h1ðOX Þ of a smooth projective variety X .
kðDÞ: the Iitaka dimension of a Cartier divisor D on X .
kðXÞ: the Kodaira dimension of X .
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Pn: the projective space with dim X ¼ n.
Qn: a quadric hypersurface in Pnþ1.
PY ðEÞ: the P r�mþ1-bundle associated with a locally free sheaf E of rank r over an
m-dimensional variety Y .
HðEÞ: the tautological invertible sheaf of PY ðEÞ.
@ (or ¼): linear equivalence.
1: numerical equivalence.
PicðXÞ: the Picard group of X .
For a real number m and a non-negative integer n, let

½m�n :¼ mðmþ 1Þ � � � ðmþ n� 1Þ if nb 1;

1 if n ¼ 0:

�
½m�n :¼

mðm� 1Þ � � � ðm� nþ 1Þ if nb 1;

1 if n ¼ 0:

�
Then for n fixed, ½m�n and ½m�n are polynomials in m whose degree are n.

For any non-negative integer n,

n! :¼ ½n�n if nb 1;

1 if n ¼ 0:

�
Assume that m and n are integers with nb 0. Then we put

m

n

� �
:¼ ½m�n

n!

We note that
m

n

� �
¼ 0 if 0am < n, and

m

0

� �
¼ 1.

1. Preliminaries for the first part

Here we will give some definitions and results which are used in this paper.

Definition 1.1. Let X be a complex projective variety of dimension n, and
let L1; . . . ;Lk be line bundles (resp. ample line bundles, nef and big line bundles)
on X . Then ðX ;L1; . . . ;LkÞ is called a multi-prepolarized (resp. multi-polarized,
multi-quasi-polarized ) variety of type k. If k ¼ 1, then it is called a prepolarized
(resp. polarized, quasi-polarized ) variety.

If X is smooth, then ðX ;L1; . . . ;LkÞ is called a multi-prepolarized (resp.
multi-polarized, multi-quasi-polarized) manifold of type k.

Notation 1.1. Let ðX ;LÞ be a prepolarized variety of dimension n. Then
the Euler-Poincaré characteristic wðtLÞ is a polynomial in t of at most total degree
n. We set

wðtLÞ ¼
Xn
j¼0

wjðX ;LÞ ½t�
j

j!
:
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Definition 1.2. Let ðX ;LÞ be a quasi-polarized variety of dimension n.
(1) The degree Ln of ðX ;LÞ is defined by Ln :¼ wnðX ;LÞ.
(2) The sectional genus gðLÞ of ðX ;LÞ is defined by gðLÞ :¼ 1� wn�1ðX ;LÞ.

Remark 1.1. If X is smooth, then by the Riemann-Roch theorem we see
that

gðLÞ ¼ 1þ 1

2
ðKX þ ðn� 1ÞLÞLn�1:

Remark 1.2. Let X be a projective variety of dimension n. Then

wðOX Þ :¼
Xn
i¼0

ð�1Þ ihiðOX Þ

is called the arithmetic genus of X in the sense of Hirzebruch. In this paper, we
also call this wðOX Þ the H-arithmetic genus of X .

Definition 1.3 ([7], [8], [10]). Let ðX ;LÞ be a polarized variety of dimen-
sion n and let i be an integer with 0a ia n.

(1) The ith sectional H-arithmetic genus wH
i ðX ;LÞ is defined by the following:

wH
i ðX ;LÞ ¼ wn�iðX ;LÞ:

(2) The ith sectional geometric genus giðX ;LÞ is defined by the following:

giðX ;LÞ ¼ ð�1Þ iðwn�iðX ;LÞ � wðOX ÞÞ þ
Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ:

(3) The ith sectional arithmetic genus pi
aðX ;LÞ is defined by the following:

pi
aðX ;LÞ ¼ ð�1Þ iðwn�iðX ;LÞ � h0ðOX ÞÞ:

Remark 1.3. (0) Since X is a complex projective variety, we have

h0ðOX Þ ¼ 1. Hence pi
aðX ;LÞ ¼ ð�1Þ iðwn�iðX ;LÞ � 1Þ.

(1) Since wjðX ;LÞ A Z for every integer j with 0a ja n, by definition we get
wH
i ðX ;LÞ A Z, giðX ;LÞ A Z, and pi

aðX ;LÞ A Z for every integer i with
0a ia n.

(2) If i ¼ 0, then g0ðX ;LÞ ¼ wH
0 ðX ;LÞ ¼ Ln and p0aðX ;LÞ ¼ Ln � 1.

(3) If i ¼ 1, then

wH
1 ðX ;LÞ ¼ 1� gðLÞ;
g1ðX ;LÞ ¼ gðLÞ;

p1aðX ;LÞ ¼ gðLÞ:

(4) If i ¼ n, then
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wH
n ðX ;LÞ ¼ wðOX Þ;
gnðX ;LÞ ¼ hnðOX Þ;
pn
a ðX ;LÞ ¼ ð�1ÞnðwðOX Þ � 1Þ:

Definition 1.4. Let ðX ;L1; . . . ;LkÞ be an n-dimensional multi-polarized
manifold of type k, where k is a positive integer. Then ðX ;L1; . . . ;LkÞ is
called a scroll (resp. quadric fibration, Del Pezzo fibration) over a normal variety
W if there exists a fiber space f : X ! W such that dim W ¼ n� k þ 1 (resp.
n� k, n� k � 1) and KX þ L1 þ � � � þ Lk ¼ f �ðAÞ for an ample line bundle A
on W . We say that a polarized manifold ðX ;LÞ is a scroll (resp. quadric
fibration, Del Pezzo fibration) over a normal variety Y with dim Y ¼ m if there
exists a surjective morphism with connected fibers f : X ! Y such that
KX þ ðn�mþ 1ÞL ¼ f �ðAÞ (resp. KX þ ðn�mÞL ¼ f �ðAÞ, KX þ ðn�m� 1ÞL
¼ f �ðAÞ) for some ample line bundle A on Y .

Definition 1.5. Let k be a positive integer.
(1) Let ðX ;L1; . . . ;LkÞ and ðY ;A1; . . . ;AkÞ be n-dimensional multi-polarized

manifolds of type k. Then ðX ;L1; . . . ;LkÞ is called a simple blowing up
of a multi-polarized manifold ðY ;A1; . . . ;AkÞ of type k if there exists a
blowing up p : X ! Y at a point y A Y such that Lj ¼ p�ðAjÞ � E and
EjE GOPn�1ð�1Þ for every integer j with 1a ja k, where E ffi Pn�1 is
the exceptional e¤ective divisor.

(2) A multi-polarized manifold ð ~XX ;fL1L1; . . . ;fLkLkÞ of type k is called a reduction
of ðX ;L1; . . . ;LkÞ if there exists a birational morphism

p : ðX ;L1; . . . ;LkÞ ! ð ~XX ;fL1L1; . . . ;fLkLkÞ

such that p is a composite of simple blowing ups and ð ~XX ;fL1L1; . . . ;fLkLkÞ is
not simple blowing up of another multi-polarized manifold of type
k. This p is called the reduction map.

Remark 1.4. Let ðX ;L1; . . . ;LkÞ be a multi-polarized manifold of type k,
where k is an integer with 1a ka n� 1.

(1) If ðX ;L1; . . . ;LkÞ is not a simple blowing up of another multi-polarized
manifold of type k, then we regard ðX ;L1; . . . ;LkÞ as a reduction of itself. Then
there always exists a reduction of ðX ;L1; . . . ;LkÞ.

(2) Let ðM;A1; . . . ;AkÞ be a reduction of ðX ;L1; . . . ;LkÞ. Let f be its
reduction map. Assume that Lj is spanned for every integer j with 1a ja k.
Then by Bertini’s theorem there exist Yj A jLjj such that Yj and Xj are smooth
for every integer j with 1a ja k, where Xj :¼ Y1 V � � �VYj. Let Nj :¼ fðYjÞ
and Mj :¼ fðXjÞ. Then Nj A jAjj, and Mj and Nj are smooth. Furthermore
ðMj;Ajþ1jMj

; . . . ;AkjMj
Þ is a reduction of ðXj;Ljþ1jXj

; . . . ;LkjXj
Þ for every integer

j with 1a ja k � 1.
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Definition 1.6 (See e.g. [13, Chapter 3, 3.2 Chern Classes]). Let X be a
smooth projective variety of dimension n, and let E be a vector bundle of rank r
on X .

(1) The Chern polynomial ctðEÞ is defined by the following.

ctðEÞ :¼
Xr
i¼0

ciðEÞti:

(2) If the Chern polynomial of E is factored as follows

ctðEÞ ¼ Pr
i¼1ð1þ aitÞ;

then a1; . . . ; ar are called Chern roots of E.
(3) The Chern character chðEÞ of E is defined by the formula:

chðEÞ :¼
Xr
i¼1

expðaiÞ;

where expðaiÞ :¼ eai . We denote chðEÞl as the lth part of chðEÞ. For example
chðEÞ0 ¼ r, chðEÞ1 ¼ c1ðEÞ, chðEÞ2 ¼ ð1=2Þðc1ðEÞ2 � 2c2ðEÞÞ, and so on.

Remark 1.5. Let X be as in Definition 1.6. Let E and E 0 be vector
bundles on X . Then

chðEnE 0Þ ¼ chðEÞ chðE 0Þ:

Proposition 1.1. Let x0 ¼ 1 and let xi be an indeterminate of weight i for
every integer i with ib 1. For any non-negative integer k, there exist unique
polynomials of weight k, Tk A Q½x1; . . . ; xk�, such that the following properties hold:

(1) T0 ¼ 1.
(2) For any formal power series

Py
i¼0 xit

i, we set

tdt
Xy
i¼0

xit
i

 !
¼
Xy
k¼0

Tkðx1; . . . ; xkÞtk;

where t is an indeterminate.
If

Xy
i¼0

xit
i ¼

Xy
i¼0

yit
i

 ! Xy
i¼0

zit
i

 !
;

then

tdt
Xy
i¼0

xit
i

 !
¼ tdt

Xy
i¼0

yit
i

 ! !
tdt

Xy
i¼0

zit
i

 ! !
:
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(3) For the linear expression 1þ xt,

tdtð1þ xtÞ ¼ xt

1� expð�xtÞ ;

where expð�xtÞ :¼ e�xt.

Proof. See [14, Chapter I, §1]. r

Definition 1.7. (1) Polynomials Tk A Q½x1; . . . ; xk� in Proposition 1.1 is
called the Todd polynomial of weight k.

(2) Let X be a smooth projective variety and let F be a vector bundle on
X . Let ctðFÞ ¼

P
ib0 ciðFÞti be the Chern polynomial of F. We set

tdtðFÞ ¼ td
X
ib0

ciðFÞti
 !

¼
Xy
k¼0

Tkðc1ðFÞ; . . . ; ckðFÞÞtk;

where t is an indeterminate. Furthermore, we set

tdðFÞ :¼
Xy
k¼0

Tkðc1ðFÞ; . . . ; ckðFÞÞ:

Then tdðFÞ (resp. Tkðc1ðFÞ; . . . ; ckðFÞÞ) is called the Todd class of F (resp.
Todd polynomial of weight k of F).

(3) Let X be a smooth projective variety. Then we set

TkðX Þ :¼ Tkðc1ðTX Þ; . . . ; ckðTX ÞÞ;
where TX is the tangent bundle of X .

Remark 1.6. For a formal power series
Py

k¼0 pkt
k, the Todd polynomial

of weight 1 (resp. 2 and 3) T1ðp1Þ (resp. T2ðp1; p2Þ and T3ðp1; p2; p3Þ) is the
following:

T1ðp1Þ ¼
1

2
p1:

T2ðp1; p2Þ ¼
1

12
ðp2 þ p21Þ:

T3ðp1; p2; p3Þ ¼
1

24
p1p2:

T4ðp1; p2; p3; p4Þ ¼
1

720
ð�p41 þ 4p21p2 þ 3p22 þ p1p3 � p4Þ:

(See [14, Chapter I].)

Theorem 1.1 (Hirzebruch-Riemann-Roch). Let X be a smooth complete
variety and let E be a locally free sheaf on X. Then
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wðEÞ ¼
ð
X

chðEÞ tdðTX Þ;

where TX is the tangent bundle of X , chðEÞ (resp. tdðTX Þ) is the Chern character
of E (resp. the Todd class of TX ), and

Ð
X

denotes the degree of the zero-
dimensional component of ðchðEÞ tdðTX ÞÞV ½X �.

Proof. See [14, Chapter IV]. r

Notation 1.2. Let X be a smooth projective variety of dimension n and let
i be an integer with 1a ia n� 1. Let L1; . . . ;Ln�i be nef and big line bundles
on X . Assume that BsjLjj ¼ j for every integer j with 1a ja n� i. Then by
Bertini’s theorem, for every integer j with 1a ja n� i, there exists a general
member Xj A jLjjXj�1

j such that Xj is a smooth projective variety of dimension
n� j. (Here we set X0 :¼ X .)

2. Definitions and fundamental properties

Notation 2.1. Let X be a projective variety of dimension n, let i be an
integer with 0a ia n� 1, and let L1; . . . ;Ln�i be line bundles on X . Let F be
a coherent sheaf on X and let s ¼ dim SuppðFÞ. Then wðLt1

1 n � � �nLtn�i

n�i nFÞ
is a polynomial in t1; . . . ; tn�i of total degree at most s. We note that sa n. So
we can write wðLt1

1 n � � �nLtn�i

n�i nFÞ uniquely as follows.

wðLt1
1 n � � �nLtn�i

n�i nFÞ

¼
Xn
p¼0

X
p1b0;...;pn�ib0
p1þ���þpn�i¼p

wp1;...;pn�i
ðL1; . . . ;Ln�i;FÞ

� t1 þ p1 � 1

p1

� �
� � � tn�i þ pn�i � 1

pn�i

� �
:

Remark 2.1. Let X be a complete algebraic scheme, let L1; . . . ;Lu

be invertible sheaves on X , and let F be a coherent sheaf on X . Let
s :¼ dim SuppðFÞ. Then wðLt1

1 n � � �nLtu
u nFÞ is a numerical polynomial in

t1; . . . ; tu of at most total degree s and can be written as follows.

wðLt1
1 n � � �nLtu

u nFÞ

¼
Xn
p¼0

X
p1b0;...;pub0
p1þ���þpu¼p

wp1;...;puðL1; . . . ;Lu;FÞ t1 þ p1 � 1

p1

� �
� � � tu þ pu � 1

pu

� �
:

Definition 2.1. Let X be a projective variety of dimension n, let i be an
integer with 0a ia n, and let L1; . . . ;Ln�i be line bundles on X . Let F be a
coherent sheaf on X .
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(1) The ith sectional H-arithmetic genus wH
i ðX ;L1; . . . ;Ln�i;FÞ is defined by

the following:

wH
i ðX ;L1; . . . ;Ln�i;FÞ ¼

w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i

ðL1; . . . ;Ln�i;FÞ if 0a ia n� 1;

wðFÞ if i ¼ n:

8<:
(2) The ith sectional geometric genus giðX ;L1; . . . ;Ln�i;FÞ is defined by the

following:

giðX ;L1; . . . ;Ln�i;FÞ ¼ ð�1Þ iðwH
i ðX ;L1; . . . ;Ln�i;FÞ � wðFÞÞ

þ
Xn�i

j¼0

ð�1Þn�i�j
hn�jðFÞ:

(3) The ith sectional arithmetic genus pi
aðX ;L1; . . . ;Ln�i;FÞ is defined by the

following:

pi
aðX ;L1; . . . ;Ln�i;FÞ ¼ ð�1Þ iðwH

i ðX ;L1; . . . ;Ln�i;FÞ � h0ðFÞÞ:

Remark 2.2. (1) We can prove that wp1;...;pn�i
ðL1; . . . ;Ln�i;FÞ is an integer

for every non-negative integers p1; . . . ; pn�i with 0a p1 þ � � � þ pn�i a n
(see Theorem 2.1 and Theorem 2.2). So in particular we see that

wH
i ðX ;L1; . . . ;Ln�i;FÞ; giðX ;L1; . . . ;Ln�i;FÞ; and pi

aðX ;L1; . . . ;Ln�i;FÞ

are integers (see also Corollary 2.2).
(2) We set

wH
i ðX ;L1; . . . ;Ln�iÞ :¼ wH

i ðX ;L1; . . . ;Ln�i;OX Þ;
giðX ;L1; . . . ;Ln�iÞ :¼ giðX ;L1; . . . ;Ln�i;OX Þ;

pi
aðX ;L1; . . . ;Ln�iÞ :¼ pi

aðX ;L1; . . . ;Ln�i;OX Þ:

(3) If i ¼ 0, then

wH
0 ðX ;L1; . . . ;LnÞ ¼ g0ðX ;L1; . . . ;LnÞ ¼ p0aðX ;L1; . . . ;LnÞ þ 1 ¼ L1 � � �Ln:

(4) If i ¼ 1, then g1ðX ;L1; . . . ;Ln�1Þ ¼ p1aðX ;L1; . . . ;Ln�1Þ.
(5) If i ¼ n, then for any coherent sheaf F on X we get

wH
n ðX ;FÞ ¼ wðFÞ;
gnðX ;FÞ ¼ hnðFÞ;

pn
a ðX ;FÞ ¼ ð�1ÞnðwðFÞ � h0ðFÞÞ:

Hence if F ¼ OX , then
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wH
n ðX ;OX Þ ¼ wðOX Þ;
gnðX ;OX Þ ¼ hnðOX Þ;

pn
a ðX ;OX Þ ¼ ð�1ÞnðwðOX Þ � h0ðOX ÞÞ:

(6) We note that we can define wH
i ðX ;L1; . . . ;Ln�i;FÞ, giðX ;L1; . . . ;Ln�i;FÞ

and pi
aðX ;L1; . . . ;Ln�i;FÞ on any complete algebraic scheme (see Re-

mark 2.1 and Definition 2.1).

Lemma 2.1. Let X be a projective variety of dimension n and let L be a line
bundle on X. Let i be an integer with 0a ia n� 1 and let p be an integer with
n� ia p. Then

wp1;...;pn�i
ðL; . . . ;L;OX Þ ¼ wpðX ;LÞ

for any non-negative integers p1; . . . ; pn�i with p1 þ � � � þ pn�i ¼ p.

Proof. We set t :¼ t1 þ � � � þ tn�i. If we can prove that

1

p!
tðtþ 1Þ � � � ðtþ p� 1Þ ¼

X
p1b0;...;pn�ib0
p1þ���þpn�i¼p

t1 þ p1 � 1

p1

� �
� � � tn�i þ pn�i � 1

pn�i

� �
;

then

wðLt1 n � � �nLtn�iÞ
¼ wðLtÞ

¼
Xn
p¼0

wpðLÞ
p!

tðtþ 1Þ � � � ðtþ p� 1Þ

¼
Xn
p¼0

X
p1b0;...;pn�ib0
p1þ���þpn�i¼p

wpðLÞ
t1 þ p1 � 1

p1

� �
� � � tn�i þ pn�i � 1

pn�i

� �
:

Hence by the definition of wp1;...;pn�i
ðL; . . . ;L;OX Þ we get the assertion. So

we will prove the above equality.

First we prove the following.

Claim 2.1. ½t1 þ t2�p ¼
Pp

k¼0

p

k

� �
½t1�k½t2�p�k.

Proof. (See [20, Chapter 1, Excercise 1.42 (i)].)Xp
k¼0

p

k

� �
½t1�k½t2�p�k ¼

Xp
k¼0

p!
t1 þ k � 1

k

� �
t2 þ p� k � 1

p� k

� �
¼ p!

Xp
k¼0

t1 � 1þ k

k

� �
t2 þ p� 1� k

p� k

� �
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¼ p!
t1 þ t2 þ p� 1

p

� �
¼ ½t1 þ t2�p: r

By using this formula, we have

tðtþ 1Þ � � � ðtþ p� 1Þ
¼ ½t�p

¼ ½t1 þ � � � þ tn�i�p

¼
Xp
p1¼0

p

p1

� �
½t1�p1 ½t2 þ � � � þ tn�i�p�p1

¼
Xp
p1¼0

p

p1

� �
½t1�p1

Xp�p1

p2¼0

p� p1

p2

� �
½t2�p2 ½t3 þ � � � þ tn�i�p�p1�p2

 !
¼ � � �

¼
Xp
p1¼0

p

p1

� �
½t1�p1

 Xp�p1

p2¼0

p� p1

p2

� �
½t2�p2

 
� � �

�
Xp�p1�����pn�i�2

pn�i�1¼0

p� p1 � � � � � pn�i�2

pn�i�1

� �
½tn�i�1�pn�i�1 ½tn�i�pn�i

 !!!

¼
X

p1b0;...;pn�ib0
p1þ���þpn�i¼p

p!
½t1�p1
p1!

� � � ½tn�i�pn�i

pn�i!

¼ p!
X

p1b0;...;pn�ib0
p1þ���þpn�i¼p

t1 þ p1 � 1

p1

� �
� � � tn�i þ pn�i � 1

pn�i

� �
:

Therefore we get the assertion. r

By Corollary 2.1 below we see that the above notion is a generalization of the
sectional H-arithmetic (resp. geometric, arithmetic) genus of polarized varieties.

Corollary 2.1. Let X be a projective variety of dimension n and let L be a
line bundle on X. Let i be an integer with 0a ia n. Then

wH
i ðX ;L; . . . ;LÞ ¼ wH

i ðX ;LÞ;
giðX ;L; . . . ;LÞ ¼ giðX ;LÞ;
pi
aðX ;L; . . . ;LÞ ¼ pi

aðX ;LÞ:

In general we get the following theorem.
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Theorem 2.1. Let X be a projective variety of dimension n. Let L1; . . . ;Lq

be line bundles on X , where q is a positive integer, and let F be a coherent sheaf
on X. Then we write wðLt1

1 n � � �nL
tq
q nFÞ as follows:

wðLt1
1 n � � �nLtq

q nFÞ

¼
Xn
u¼0

X
w1b0;...;wqb0
w1þ���þwq¼u

ww1;...;wq
ðL1; . . . ;Lq;FÞ t1 þ w1 � 1

w1

� �
� � �

tq þ wq � 1

wq

� �
:

Then

ww1;...;wq
ðL1; . . . ;Lq;FÞ ¼ wH

n�wðqÞðL1; . . . ;L1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
w1

; . . . ;Lq; . . . ;Lq|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
wq

;FÞ;

where wðqÞ :¼
Pq

j¼1 wj.

Proof. We consider

wðLs1
1 n � � �nL

sw1
1|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

w1

nL
sw1þ1

2 n � � �nL
sw1þw2

2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
w2

n � � �nL
swðq�1Þþ1
q n � � �nL

swðqÞ
q|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

wq

nFÞ:

Then

wðLs1
1 n � � �nL

sw1
1 nL

sw1þ1

2 n � � �nL
sw1þw2

2 n � � �nL
swðq�1Þþ1
q n � � �nL

swðqÞ
q nFÞ

¼
Xn
u¼0

X
r1b0;...; rwðqÞb0
r1þ���þrwðqÞ¼u

wr1;...; rwðqÞ ðL1; . . . ;L1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
w1

; . . . ;Lq; . . . ;Lq|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
wq

;FÞ

� s1 þ r1 � 1

r1

� �
� � �

swðqÞ þ rwðqÞ � 1

rwðqÞ

� �
:

Here we set
tj :¼ swð j�1Þþ1 þ swð j�1Þþ2 þ � � � þ swð jÞ;

where wð0Þ :¼ 0. Then by Claim 2.1 for every j with 1a ja q

½tj �wj ¼
Xwj

rwð j�1Þþ1¼0

wj

rwð j�1Þþ1

� �
½swð j�1Þþ1�rwð j�1Þþ1 ½swð j�1Þþ2 þ � � � þ swð jÞ�wj�rwð j�1Þþ1

¼
Xwj

rwð j�1Þþ1¼0

wj

rwð j�1Þþ1

� �
½swð j�1Þþ1�rwð j�1Þþ1

�
 Xwj�rwð j�1Þþ1

rwð j�1Þþ2¼0

wj � rwð j�1Þþ1

rwð j�1Þþ2

� �
½swð j�1Þþ2�rwð j�1Þþ2

� ½swð j�1Þþ3 þ � � � þ swð jÞ�wj�rwð j�1Þþ1�rwð j�1Þþ2

!
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¼ � � �

¼ ðwjÞ!
X

rwð j�1Þþ1b0;...; rwð jÞb0
rwð j�1Þþ1þ���þrwð jÞ¼wj

½swð j�1Þþ1�rwð j�1Þþ1

ðrwð j�1Þþ1Þ!
� � �

½swð jÞ�rwð jÞ
ðrwð jÞÞ!

¼ ðwjÞ!
X

rwð j�1Þþ1b0;...; rwð jÞb0
rwð j�1Þþ1þ���þrwð jÞ¼wj

swð j�1Þþ1 þ rwð j�1Þþ1 � 1

rwð j�1Þþ1

� �
� � �

swð jÞ þ rwð jÞ � 1

rwð jÞ

� �
:

Hence if rwð j�1Þþ1 þ � � � þ rwð jÞ ¼ wj for every j with 1a ja q, then

ww1;...;wq
ðL1; . . . ;Lq;FÞ ¼ wr1;...; rwðqÞ ðL1; . . . ;L1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

w1

; . . . ;Lq; . . . ;Lq|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
wq

;FÞ:

In particular,

ww1;...;wq
ðL1; . . . ;Lq;FÞ ¼ w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}

wðqÞ

ðL1; . . . ;L1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
w1

; . . . ;Lq; . . . ;Lq|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
wq

;FÞ:

Therefore we get the assertion. r

For a given projective variety X and line bundles L1; . . . ;Ln�i, we can
calculate the ith sectional H-arithmetic genus, the ith sectional geometric genus
and the ith sectional arithmetic genus by the following theorem and corollaries.

Here we give the following notation which is used below.

Notation 2.2. We set

Sð jÞu ¼ fðp1; . . . ; pjÞ j pm A Z; 0a pm a 1;afm j pm ¼ 1g ¼ ug:

Theorem 2.2. Let X be a projective variety of dimension n, and let i be an
integer with 0a ia n� 1. Let L1; . . . ;Ln�i be line bundles on X , and let F be a
coherent sheaf on X. Then for any integer j with 0a ja n� i

ð�1Þ j
X

ðq1;...;qn�iÞ ASðn�iÞj

wq1;...;qn�i
ðL1; . . . ;Ln�i;FÞ

¼
Xj

u¼0

ð�1Þ j�u n� i � u

j � u

� � X
ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

8<:
9=;:

Proof. By using the equation in Notation 2.1 and taking sums of
wðL�p1

1 n � � �nL
�pn�i

n�i nFÞ for any ðp1; . . . ; pn�iÞ A Sðn� iÞj we get the following.

Xj

r¼0

ð�1Þ j�r n� i � j þ r

r

� � X
ðq1;...;qn�iÞ ASðn�iÞj�r

wq1;...;qn�i
ðL1; . . . ;Ln�i;FÞ

8<:
9=;ð1Þj

¼
X

ðp1;...;pn�iÞ ASðn�iÞj

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ:
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We prove this theorem by induction on j. If j ¼ 0, then this is true. Assume
that the equation is true for ja k � 1 with an integer k with 1a ka n� i. We
consider the case where j ¼ k. Then by (1)j we get

Xk
r¼0

ð�1Þk�r n� i � k þ r

r

� � X
ðq1;...;qn�iÞ ASðn�iÞk�r

wq1;...;qn�i
ðL1; . . . ;Ln�i;FÞ

8<:
9=;ð1Þk

¼
X

ðp1;...;pn�iÞ ASðn�iÞk

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ:

Let p be an integer with 1a pa k. By induction hypothesis we get

ð�1Þk�p n� i � k þ p

p

� � X
ðq1;...;qn�iÞ ASðn�iÞk�p

wq1;...;qn�i
ðL1; . . . ;Ln�i;FÞð2Þ

¼
Xk�p

u¼0

(
ð�1Þk�p�u n� i � u

k � p� u

� �

�
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ
)

� n� i � k þ p

p

� �
:

Here we note that

ð�1Þ0 n� i � k þ 0

0

� �
¼ 1:

By (1)k and (2) we see that

ð�1Þk
X

ðq1;...;qn�iÞ ASðn�iÞk

wq1;...;qn�i
ðL1; . . . ;Ln�i;FÞ

¼
X

ðp1;...;pn�iÞ ASðn�iÞk

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

�
Xk
p¼1

(
ð�1Þk�p n� i � k þ p

p

� �

�
X

ðq1;...;qn�iÞ ASðn�iÞk�p

wq1;...;qn�i
ðL1; . . . ;Ln�i;FÞ

)
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¼
X

ðp1;...;pn�iÞ ASðn�iÞk

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

�
Xk
p¼1

"Xk�p

u¼0

(
ð�1Þk�p�u n� i � u

k � p� u

� �

�
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ
)

� n� i � k þ p

p

� �#
¼

X
ðp1;...;pn�iÞ ASðn�iÞk

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

�
Xk
q¼1

Xq
p¼1

ð�1Þq�p n� i � k þ p

p

� �
n� i � k þ q

q� p

� �( )

�
X

ðp1;...;pn�iÞ ASðn�iÞk�q

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ:

Claim 2.2.

Xq
p¼1

ð�1Þq�p n� i � k þ p

p

� �
n� i � k þ q

q� p

� �
¼ ð�1Þq�1 n� i � k þ q

q

� �
:

Proof of this claim. First we get

n� i � k þ p

p

� �
n� i � k þ q

q� p

� �
¼ ðn� i � k þ pÞ!

ðn� i � kÞ!p! � ðn� i � k þ qÞ!
ðn� i � k þ pÞ!ðq� pÞ!

¼ q!

ðq� pÞ!p!�
ðn� i � k þ qÞ!
ðn� i � kÞ!q!

¼ q

q� p

� �
n� i � k þ q

q

� �
:

Hence Xq
p¼1

ð�1Þq�p n� i � k þ p

p

� �
n� i � k þ q

q� p

� �

¼
Xq
p¼1

ð�1Þq�p q

q� p

� �
n� i � k þ q

q

� �
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¼ n� i � k þ q

q

� �Xq
p¼1

ð�1Þq�p q

q� p

� �

¼ ð�1Þq�1 n� i � k þ q

q

� �
:

This completes the proof of Claim 2.2. r

Hence

ð�1Þk
X

ðq1;...;qn�iÞ ASðn�iÞk

wq1;...;qn�i
ðL1; . . . ;Ln�i;FÞ

¼
X

ðp1;...;pn�iÞ ASðn�iÞk

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

þ
Xk
q¼1

8<:ð�1Þq n� i � k þ q

q

� �

�
X

ðp1;...;pn�iÞ ASðn�iÞk�q

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

9=;
¼
Xk
q¼0

ð�1Þq n� i � k þ q

q

� � X
ðp1;...;pn�iÞ ASðn�iÞk�q

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

8<:
9=;

¼
Xk
u¼0

ð�1Þk�u n� i � u

k � u

� � X
ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

8<:
9=;:

Hence we get the assertion. r

Corollary 2.2. Let X be a projective variety of dimension n, and let i be an
integer with 0a ia n� 1. Let L1; . . . ;Ln�i be line bundles on X. Then

wH
i ðX ;L1; . . . ;Ln�i;FÞ

¼
Xn�i

u¼0

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

8<:
9=;;

giðX ;L1; . . . ;Ln�i;FÞ

¼ ð�1Þ i
Xn�i

u¼0

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

8<:
9=;� wðFÞ

0@ 1A
þ
Xn�i

j¼0

ð�1Þn�i�j
hn�jðFÞ;
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and

pi
aðX ;L1; . . . ;Ln�i;FÞ

¼ ð�1Þ i
Xn�i

u¼0

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

8<:
9=;� h0ðFÞ

0@ 1A:
Proof. By Theorem 2.2 for j ¼ n� i, we get

ð�1Þn�iw1;...;1ðL1; . . . ;Ln�i;FÞ

¼
Xn�i

u¼0

ð�1Þn�i�u
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

8<:
9=;:

Hence

w1;...;1ðL1; . . . ;Ln�i;FÞ

¼
Xn�i

u¼0

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nFÞ

8<:
9=;:

So we get the assertion by definition. r

Remark 2.3. By Corollary 2.2, we see that

wH
i ðX ;Ls1

1 ; . . . ;L
sn�i

n�i ;FÞ

ðresp: giðX ;Ls1
1 ; . . . ;L

sn�i

n�i ;FÞ and pi
aðX ;Ls1

1 ; . . . ;L
sn�i

n�i ;FÞÞ
is a polynomial of s1; . . . ; sn�i.

Corollary 2.3. Let X be a smooth projective variety of dimension n, and let
i be an integer with 0a ia n� 1. Let L1; . . . ;Ln�i be nef and big line bundles on
X. Then

wH
i ðX ;L1; . . . ;Ln�iÞ

¼ wðOX Þ þ
Xn�i

u¼1

ð�1Þnþu
X

ð p1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ

8<:
9=;;

giðX ;L1; . . . ;Ln�iÞ

¼
Xn�i

u¼1

ð�1Þn�i�u
X

ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ

8<:
9=;

þ
Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ;
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and

pi
aðX ;L1; . . . ;Ln�iÞ

¼ ð�1Þ i
0@Xn�i

u¼1

ð�1Þnþu
X

ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ

8<:
9=;

þ wðOX Þ � h0ðOX Þ

1A:

Proof. By the Kawamata-Viehweg vanishing theorem (see [18] and [26]), we
get

wðL�p1
1 n � � �nL

�pn�i

n�i Þ ¼ ð�1Þnh0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ
for any ðp1; . . . ; pn�iÞ A Sðn� iÞu with 1a u.

If u ¼ 0, then Sðn� iÞ0 ¼ fð0; . . . ; 0Þg. Hence ð�1Þ0
P

ðp1;...;pn�iÞ ASðn�iÞ0 wðL�p1
1 n � � �nL

�pn�i

n�i Þ ¼ wðOX Þ. Hence

Xn�i

u¼0

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i Þ

8<:
9=;

¼ wðOX Þ þ
Xn�i

u¼1

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i Þ:

So we get the assertion by Corollary 2.2. r

Remark 2.4. This corollary is a generalization of [7, Theorem 2.3].

Here we calculate ith sectional invariants of some multi-polarized manifolds
which will appear in the second part [11] and the third part [12].

Example 2.1. Let X be a smooth projective variety of dimension n, and let
i be an integer with 1a ia n� 1. Let L1; . . . ;Ln�i be ample line bundles on
X .

(A) Suppose that ðX ;L1; . . . ;Ln�iÞ ¼ ðPn;OP nð1Þ; . . . ;OPnð1ÞÞ. ThenX
ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ ¼ 0

for any integer u with 1a ua n� i. Moreover

h jðOX Þ ¼
1 if j ¼ 0;

0 if jb 1:

�
Hence for every integer i with ib 1
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wH
i ðX ;L1; . . . ;Ln�iÞ ¼ 1;

giðX ;L1; . . . ;Ln�iÞ ¼ 0;

pi
aðX ;L1; . . . ;Ln�iÞ ¼ 0:

8><>:
(B) Suppose that ðX ;L1;L2; . . . ;Ln�iÞ ¼ ðPn;OPnð2Þ;OPnð1Þ; . . . ;OPnð1ÞÞ. Then
since ib 1 we get X

ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ ¼ 0

for any integer u with 1a ua n� i. Moreover

h jðOX Þ ¼
1 if j ¼ 0;

0 if jb 1:

�
Hence for every integer i with ib 1

wH
i ðX ;L1; . . . ;Ln�iÞ ¼ 1;

giðX ;L1; . . . ;Ln�iÞ ¼ 0;

pi
aðX ;L1; . . . ;Ln�iÞ ¼ 0:

8><>:
(C) Suppose that ðX ;L1;L2; . . . ;Ln�iÞ ¼ ðPn;OPnð3Þ;OPnð1Þ; . . . ;OPnð1ÞÞ. Then

X
ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ ¼
0 if ib 2 and 1a ua n� i;

0 if i ¼ 1 and 1a ua n� 2;

1 if i ¼ 1 and u ¼ n� 1:

8<:
Moreover

h jðOX Þ ¼
1 if j ¼ 0;

0 if jb 1:

�
Hence for every integer i with ib 1

wH
i ðX ;L1; . . . ;Ln�iÞ ¼

1 if ib 2;

0 if i ¼ 1;

�
giðX ;L1; . . . ;Ln�iÞ ¼

0 if ib 2;

1 if i ¼ 1;

�
pi
aðX ;L1; . . . ;Ln�iÞ ¼

0 if ib 2;

1 if i ¼ 1:

�

8>>>>>>><>>>>>>>:
(D) Suppose that ðX ;L1;L2;L3; . . . ;Ln�iÞ ¼ ðPn;OPnð2Þ;OPnð2Þ;OPnð1Þ; . . . ;
OPnð1ÞÞ. Then X

ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ

¼
0 if (ib 2 and 1a ua n� i)

or (i ¼ 1 and 1a ua n� 2Þ;
1 if i ¼ 1 and u ¼ n� 1:

8<:
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Moreover

h jðOX Þ ¼
1 if j ¼ 0;

0 if jb 1:

�
Hence

wH
i ðX ;L1; . . . ;Ln�iÞ ¼

1 if ib 2;

0 if i ¼ 1;

�
giðX ;L1; . . . ;Ln�iÞ ¼

0 if ib 2;

1 if i ¼ 1;

�
pi
aðX ;L1; . . . ;Ln�iÞ ¼

0 if ib 2;

1 if i ¼ 1:

�

8>>>>>>><>>>>>>>:
(E) Suppose that ðX ;L1; . . . ;Ln�iÞ ¼ ðQn;OQnð1Þ; . . . ;OQ nð1ÞÞ. Since ib 1, we
get X

ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ ¼ 0

for any integer u with 1a ua n� i. Moreover

h jðOX Þ ¼
1 if j ¼ 0;

0 if jb 1:

�
Hence for 1a i

wH
i ðX ;L1; . . . ;Ln�iÞ ¼ 1;

giðX ;L1; . . . ;Ln�iÞ ¼ 0;

pi
aðX ;L1; . . . ;Ln�iÞ ¼ 0:

8><>:
(F) Suppose that ðX ;L1;L2; . . . ;Ln�iÞ ¼ ðQn;OQ nð2Þ;OQnð1Þ; . . . ;OQnð1ÞÞ. ThenX

ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ

¼
0 if (ib 2 and 1a ua n� i)

or (i ¼ 1 and 1a ua n� 2Þ;
1 if i ¼ 1 and u ¼ n� 1.

8<:
Moreover

h jðOX Þ ¼
1 if j ¼ 0;

0 if jb 1:

�
Hence

wH
i ðX ;L1; . . . ;Ln�iÞ ¼

1 if ib 2;

0 if i ¼ 1;

�
giðX ;L1; . . . ;Ln�iÞ ¼

0 if ib 2;

1 if i ¼ 1;

�
pi
aðX ;L1; . . . ;Ln�iÞ ¼

0 if ib 2;

1 if i ¼ 1:

�

8>>>>>>><>>>>>>>:
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(G) Suppose that ðX ;L1; . . . ;Ln�iÞ satisfies KX þ L1 þ � � � þ Ln�i ¼ OX . ThenX
ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1L1 þ � � � þ pn�iLn�iÞ ¼
0 if 1a ua n� i � 1;

1 if u ¼ n� i:

�
Moreover

h jðOX Þ ¼
1 if j ¼ 0;

0 if jb 1:

�
(G.1)

Hence for 1a i

wH
i ðX ;L1; . . . ;Ln�iÞ ¼ 1þ ð�1Þ i;

giðX ;L1; . . . ;Ln�iÞ ¼ 1;

pi
aðX ;L1; . . . ;Ln�iÞ ¼ 1:

8><>:
Let j be an integer with 2a i þ 1a ja n� 1 and let fb1; . . . ; bn�jgH

f1; . . . ; n� ig. Here we assume that bk 0 bl for k0 l. ThenX
ðp1;...;pn� jÞ ASðn� jÞu

h0ðKX þ p1Lb1 þ � � � þ pn�jLbn� j
Þ ¼ 0

for any integer u with 1a ua n� j. By (G.1), we obtain

wH
j ðX ;Lb1 ; . . . ;Lbn� j

Þ ¼ 1;

gjðX ;Lb1 ; . . . ;Lbn� j
Þ ¼ 0;

p j
aðX ;Lb1 ; . . . ;Lbn� j

Þ ¼ 0

8><>:
for 2a i þ 1a ja n� 1 and any fb1; . . . ; bn�jgH f1; . . . ; n� ig.

(H) Let n and m be integers with nb 3 and n > mb 1. Let
ðX ;L1; . . . ;Ln�mþ1Þ be an n-dimensional scroll over a normal variety Y of
dimension m. Namely KX þ L1 þ � � � þ Ln�mþ1 ¼ F�ðHÞ, where H is an ample
line bundle on Y and F is its fibration. Let i be an integer with ibm� 1.
Then for 1a b1 < � � � < bn�i a n�mþ 1Xn�i

u¼1

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1Lb1 þ � � � þ pn�iLbn�i
Þ

¼ 0 if ma ia n� 1;

ð�1Þn�mþ1
h0ðHÞ if i ¼ m� 1:

�
Since h jðOX Þ ¼ 0 if jbmþ 1, we have

Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ ¼

0 if mþ 1a ia n� 1;

hmðOX Þ if i ¼ m;

hm�1ðOX Þ � hmðOX Þ if i ¼ m� 1:

8><>:
Therefore by Corollary 2.3
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wH
i ðX ;Lb1 ; . . . ;Lbn�i

Þ ¼ wðOX Þ if ma ia n� 1;

ð�1Þm�1
h0ðHÞ þ wðOX Þ if i ¼ m� 1;

�

giðX ;Lb1 ; . . . ;Lbn�i
Þ ¼

0 if mþ 1a ia n� 1;

hmðOX Þ if i ¼ m;

h0ðHÞ þ hm�1ðOX Þ � hmðOX Þ if i ¼ m� 1;

8><>:
pi
aðX ;Lb1 ; . . . ;Lbn�i

Þ ¼ ð�1Þ iðwðOX Þ � 1Þ if ma i;

h0ðHÞ þ ð�1Þm�1ðwðOX Þ � 1Þ if i ¼ m� 1:

(
(I) Let n and m be integers with nb 3 and mb 1. Let ðX ;L1; . . . ;Ln�mÞ be an
n-dimensional quadric fibration over a normal variety Y of dimension m.
Namely KX þ L1 þ � � � þ Ln�m ¼ F�ðHÞ, where H is an ample line bundle on
Y and F is its fibration. Let i be an integer with ibm. Then for
1a b1 < � � � < bn�i a n�mXn�i

u¼1

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1Lb1 þ � � � þ pn�iLbn�i
Þ

¼ 0 if mþ 1a ia n� 1;

ð�1Þn�m
h0ðHÞ if i ¼ m:

�
Since h jðOX Þ ¼ 0 if jbmþ 1, we haveXn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ ¼

0 if mþ 1a ia n� 1;

hmðOX Þ if i ¼ m:

�
Therefore by Corollary 2.3

wH
i ðX ;Lb1 ; . . . ;Lbn�i

Þ ¼ wðOX Þ if mþ 1a ia n� 1;

ð�1Þmh0ðHÞ þ wðOX Þ if i ¼ m;

�
giðX ;Lb1 ; . . . ;Lbn�i

Þ ¼ 0 if mþ 1a ia n� 1;

h0ðHÞ þ hmðOX Þ if i ¼ m;

�
pi
aðX ;Lb1 ; . . . ;Lbn�i

Þ ¼ ð�1Þ iðwðOX Þ � 1Þ if mþ 1a ia n� 1;

h0ðHÞ þ ð�1ÞmðwðOX Þ � 1Þ if i ¼ m:

�
(J) Let n and m be integers with nb 3 and mb 1. Let ðX ;L1; . . . ;Ln�m�1Þ be
an n-dimensional Del Pezzo fibration over a normal variety Y of dimension m.
Namely KX þ L1 þ � � � þ Ln�m�1 ¼ F�ðHÞ, where H is an ample line bundle
on Y and F is its fibration. Let i be an integer with ibmþ 1. Then for
1a b1 < � � � < bn�i a n�m� 1Xn�i

u¼1

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

h0ðKX þ p1Lb1 þ � � � þ pn�iLbn�i
Þ

¼ 0 if mþ 2a ia n� 1;

ð�1Þn�m�1
h0ðHÞ if i ¼ mþ 1:

�
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Since h jðOX Þ ¼ 0 if jbmþ 1, we have

Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ ¼ 0

if ibmþ 1. Therefore by Corollary 2.3

wH
i ðX ;Lb1 ; . . . ;Lbn�i

Þ ¼ wðOX Þ if mþ 2a ia n� 1;

ð�1Þmþ1
h0ðHÞ þ wðOX Þ if i ¼ mþ 1;

�

giðX ;Lb1 ; . . . ;Lbn�i
Þ ¼ 0 if mþ 2a ia n� 1;

h0ðHÞ if i ¼ mþ 1;

�

pi
aðX ;Lb1 ; . . . ;Lbn�i

Þ ¼ ð�1Þ iðwðOX Þ � 1Þ if mþ 2a ia n� 1;

h0ðHÞ þ ð�1Þmþ1ðwðOX Þ � 1Þ if i ¼ mþ 1:

(

Proposition 2.1. Let i and n be integers with nb 2 and 0a ia n, and let
ðX ;L1; . . . ;Ln�iÞ be an n-dimensional multi-prepolarized variety of type n� i.

(1) If dim SuppðFÞ < n� i, then

wH
i ðX ;L1; . . . ;Ln�i;FÞ ¼ 0;

giðX ;L1; . . . ;Ln�i;FÞ ¼ ð�1Þ iþ1P i�1
j¼0ð�1Þ jh jðFÞ if 1a ia n;

0 if i ¼ 0;

�
pi
aðX ;L1; . . . ;Ln�i;FÞ ¼ ð�1Þ iþ1

h0ðFÞ:

(2) wH
i ðX ;L1; . . . ;Ln�i;FÞ, giðX ;L1; . . . ;Ln�i;FÞ and pi

aðX ;L1; . . . ;Ln�i;FÞ
are symmetric with respect to L1; . . . ;Ln�i.

Proof. This is easy and we omit the proof. (See also [19, Proposition 1
and Proposition 2 in Chapter I, §2].) r

Lemma 2.2. Let X be a projective variety of dimension n and F a coherent
sheaf on X. Let i be an integer with 1a ia n� 1. Let A1, B1, L2; . . . ;Ln�i be
line bundles on X. Then

w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i

ðA1 þ B1;L2; . . . ;Ln�i;FÞ ¼ w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i

ðA1;L2; . . . ;Ln�i;FÞ

þ w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i

ðB1;L2; . . . ;Ln�i;FÞ

� w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ:
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Proof. We set

wðAs1
1 nBs2

1 nLt2
2 n � � �nLtn�i

n�i nFÞð3Þ

¼
Xn
p¼0

X
q1b0;q2b0;p2b0;...;pn�ib0

q1þq2þp2þ���þpn�i¼p

wq1;q2;p2;...;pn�i
ðA1;B1;L2; . . . ;Ln�i;FÞ

� s1 þ q1 � 1

q1

� �
s2 þ q2 � 1

q2

� �
t2 þ p2 � 1

p2

� �
� � � tn�i þ pn�i � 1

pn�i

� �
and

wððA1 nB1Þs nLt2
2 n � � �nLtn�i

n�i nFÞð4Þ

¼
Xn
p¼0

X
r1b0;p2b0;...;pn�ib0
r1þp2þ���þpn�i¼p

wr1;p2;...;pn�i
ðA1 þ B1;L2; . . . ;Ln�i;FÞ

� sþ r1 � 1

r1

� �
t2 þ p2 � 1

p2

� �
� � � tn�i þ pn�i � 1

pn�i

� �
:

Then by setting ðs1; s2; sÞ ¼ ð�1;�1;�1Þ, and comparing the above two
equalities, we obtain

w1; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ þ w0; 0; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ

� w1; 0; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ

� w0; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ

¼ �w1; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�i

ðA1 þ B1;L2; . . . ;Ln�i;FÞ

þ w0; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�i

ðA1 þ B1;L2; . . . ;Ln�i;FÞ:

Hence
w1; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

n�i

ðA1 þ B1;L2; . . . ;Ln�i;FÞ

¼ w1; 0; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ

þ w0; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ
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� w1; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ

þ w0; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�i

ðA1 þ B1;L2; . . . ;Ln�i;FÞ

� w0; 0; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ:

On the other hand, by using (3) and (4) above we see that

w1; 0; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ ¼ w1; 1; . . . ; 1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
n�i

ðA1;L2; . . . ;Ln�i;FÞ;

w0; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ ¼ w1; 1; . . . ; 1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
n�i

ðB1;L2; . . . ;Ln�i;FÞ

and

w0; 1; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�i

ðA1 þ B1;L2; . . . ;Ln�i;FÞ ¼ w0; 0; 1; . . . ; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ:

Therefore we get

w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i

ðA1 þ B1;L2; . . . ;Ln�i;FÞ

¼ w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i

ðA1;L2; . . . ;Ln�i;FÞ

þ w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i

ðB1;L2; . . . ;Ln�i;FÞ

� w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�iþ1

ðA1;B1;L2; . . . ;Ln�i;FÞ: r

Remark 2.5. If i ¼ 0 then

w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n

ðA1 þ B1;L2; . . . ;Ln;FÞ

¼ w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n

ðA1;L2; . . . ;Ln;FÞ þ w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n

ðB1;L2; . . . ;Ln;FÞ:

See [19, Proposition 2 in Chapter I, §2].

Corollary 2.4. Let X be a projective variety of dimension n and let i be
an integer with 1a ia n� 1. Let A, B, L1; . . . ;Ln�i�1 be line bundles on X.
Then
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wH
i ðX ;Aþ B;L1; . . . ;Ln�i�1Þð5Þ

¼ wH
i ðX ;A;L1; . . . ;Ln�i�1Þ þ wH

i ðX ;B;L1; . . . ;Ln�i�1Þ

� wH
i�1ðX ;A;B;L1; . . . ;Ln�i�1Þ;

giðX ;Aþ B;L1; . . . ;Ln�i�1Þð6Þ
¼ giðX ;A;L1; . . . ;Ln�i�1Þ þ giðX ;B;L1; . . . ;Ln�i�1Þ

þ gi�1ðX ;A;B;L1; . . . ;Ln�i�1Þ � hi�1ðOX Þ;

pi
aðX ;Aþ B;L1; . . . ;Ln�i�1Þð7Þ

¼ pi
aðX ;A;L1; . . . ;Ln�i�1Þ þ pi

aðX ;B;L1; . . . ;Ln�i�1Þ

þ pi�1
a ðX ;A;B;L1; . . . ;Ln�i�1Þ:

Proof. By Lemma 2.2 we get

w1;...;1ðAþ B;L1; . . . ;Ln�i�1Þ

¼ w1;...;1ðA;L1; . . . ;Ln�i�1Þ þ w1;...;1ðB;L1; . . . ;Ln�i�1Þ

� w1;...;1ðA;B;L1; . . . ;Ln�i�1Þ:
Hence by the definition of the sectional H-arithmetic genus and the sectional
arithmetic genus, we get the assertion (5) and (7).

For the sectional geometric genus, we have

giðX ;Aþ B;L1; . . . ;Ln�i�1Þ � giðX ;A;L1; . . . ;Ln�i�1Þ
� giðX ;B;L1; . . . ;Ln�i�1Þ � gi�1ðX ;A;B;L1; . . . ;Ln�i�1Þ

¼ ð�1Þ iðw1;...;1ðAþ B;L1; . . . ;Ln�i�1Þ � w1;...;1ðA;L1; . . . ;Ln�i�1Þ

� w1;...;1ðB;L1; . . . ;Ln�i�1Þ þ w1;...;1ðA;B;L1; . . . ;Ln�i�1ÞÞ

þ
Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ � 2

Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ

�
Xn�iþ1

j¼0

ð�1Þn�iþ1�j
hn�jðOX Þ

¼ �hi�1ðOX Þ:

Therefore we get the assertion (6). r

Remark 2.6. If i ¼ 0, then

g0ðX ;Aþ B;L1; . . . ;Ln�1Þ
¼ g0ðX ;A;L1; . . . ;Ln�1Þ þ g0ðX ;B;L1; . . . ;Ln�1Þ:
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Lemma 2.3. Let X be a projective variety of dimension n and let F, F 0 and
F 00 be coherent sheaves on X such that the following is exact:

0 ! F 0 ! F ! F 00 ! 0:

Let i be an integer with 0a ia n� 1. Let L1;L2; . . . ;Ln�i be line bundles on
X. Then

wðLt1
1 n � � �nLtn�i

n�i nFÞ ¼ wðLt1
1 n � � �nLtn�i

n�i nF 0Þ
þ wðLt1

1 n � � �nLtn�i

n�i nF 00Þ
and

wðFÞ ¼ wðF 0Þ þ wðF 00Þ:

Proof. This is easy and we omit the proof. r

Corollary 2.5. Let X be a projective variety of dimension n, and let F, F 0

and F 00 be coherent sheaves on X such that the following is exact:

0 ! F 0 ! F ! F 00 ! 0:

Let i be an integer with 0a ia n� 1. Let L1;L2; . . . ;Ln�i be line bundles on
X. Then

wH
i ðX ;L1; . . . ;Ln�i;FÞ

¼ wH
i ðX ;L1; . . . ;Ln�i;F

0Þ þ wH
i ðX ;L1; . . . ;Ln�i;F

00Þ
and

pi
aðX ;L1; . . . ;Ln�i;FÞ

¼ pi
aðX ;L1; . . . ;Ln�i;F

0Þ þ pi
aðX ;L1; . . . ;Ln�i;F

00Þ

þ ð�1Þ iðh0ðF0Þ þ h0ðF00Þ � h0ðFÞÞ:

Lemma 2.4. Let X be a projective variety of dimension n, i an integer with
0a ia n� 1 and L1;L2; . . . ;Ln�i line bundles on X. Assume that there exists an
e¤ective divisor D A jL1j. Then

w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i

ðL1;L2; . . . ;Ln�i;OX Þ ¼ w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i�1

ðL2jD; . . . ;Ln�ijD;ODÞ:

Proof. We consider the following exact sequence.

0 ! Lt1�1
1 nLt2

2 n � � �nLtn�i

n�i ! Lt1
1 nLt2

2 n � � �nLtn�i

n�i

! Lt1
1 nLt2

2 n � � �nLtn�i

n�i n j�ðODÞ ! 0;

where j : D ,! X is a closed embedding. On the other hand,
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wðLt1
1 nLt2

2 n � � �nLtn�i

n�iÞ � wðLt1�1
1 nLt2

2 n � � �nLtn�i

n�iÞð8Þ

¼
Xn
p¼0

X
p1b0;...;pn�ib0
p1þ���þpn�i¼p

wp1;...;pn�i
ðL1; . . . ;Ln�i;OX Þ

� t1 þ p1 � 1

p1

� �
� � � tn�i þ pn�i � 1

pn�i

� �

�
Xn
p¼0

X
p1b0;...;pn�ib0
p1þ���þpn�i¼p

wp1;...;pn�i
ðL1; . . . ;Ln�i;OX Þ

� t1 þ p1 � 2

p1

� �
t2 þ p2 � 1

p2

� �
� � � tn�i þ pn�i � 1

pn�i

� �

¼
Xn
p¼0

X
p1b0;p2b0...;pn�ib0
p1þp2þ���þpn�i¼p

wp1;p2;...;pn�i
ðL1;L2; . . . ;Ln�i;OX Þ

� t1 þ p1 � 2

p1 � 1

� �
t2 þ p2 � 1

p2

� �
� � � tn�i þ pn�i � 1

pn�i

� �
:

Here we note that

wðLt1
1 nLt2

2 n � � �nLtn�i

n�i n j�ðODÞÞ

¼ wð j�ðð j �L1Þ t1 n ð j �L2Þ t2 n � � �n ð j �Ln�iÞ tn�iÞÞ

¼ wððL1jDÞ
t1 n ðL2jDÞ

t2 n � � �n ðLn�ijDÞ
tn�iÞ:

By Remark 2.1 we can write wððL1jDÞ
t1 n ðL2jDÞ

t2 n � � �n ðLn�ijDÞ
tn�iÞ as

wððL1jDÞ
t1 n ðL2jDÞ

t2 n � � �n ðLn�ijDÞ
tn�iÞð9Þ

¼
Xn�1

p¼0

X
qb0;p2b0...;pn�ib0
qþp2þ���þpn�i¼p

wq;p2;...;pn�i
ðL1jD;L2jD; . . . ;Ln�ijD;ODÞ

� t1 þ q� 1

q

� �
t2 þ p2 � 1

p2

� �
� � � tn�i þ pn�i � 1

pn�i

� �
:

By (8) and (9), we get

w1;1;...;1ðL1;L2; . . . ;Ln�i;OX Þ ¼ w0;1;...;1ðL1jD;L2jD; . . . ;Ln�ijD;ODÞ:

On the other hand,
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wððL2jDÞ
t2 n � � �n ðLn�ijDÞ

tn�iÞð10Þ

¼
Xn�1

p¼0

X
p2b0...;pn�ib0
p2þ���þpn�i¼p

wp2;...;pn�i
ðL2jD; . . . ;Ln�ijD;ODÞ

� t2 þ p2 � 1

p2

� �
� � � tn�i þ pn�i � 1

pn�i

� �
:

By putting t1 ¼ 0 in (9), we obtain

w0;1;...;1ðL1jD;L2jD; . . . ;Ln�ijD;ODÞ ¼ w1;...;1ðL2jD; . . . ;Ln�ijD;ODÞ:
Therefore we get the assertion. r

Theorem 2.3. Let n and i be integers such that nb 2 and 1a ia n� 1.
Let ðX ;L1; . . . ;Ln�iÞ be an n-dimensional multi-polarized manifold of type ðn� iÞ.

(1) Assume that BsjL1j ¼ j. Then

wH
i ðX ;L1; . . . ;Ln�iÞ ¼ wH

i ðX1;L2jX1
; . . . ;Ln�ijX1

Þ;

giðX ;L1; . . . ;Ln�iÞ ¼ giðX1;L2jX1
; . . . ;Ln�ijX1

Þ;

pi
aðX ;L1; . . . ;Ln�iÞ ¼ pi

aðX1;L2jX1
; . . . ;Ln�ijX1

Þ:

(Here X1 A jL1j is a smooth member.)
(2) Assume that BsjLj j ¼ j for every integer j with 1a ja n� i. We use

Notation 1.2. Then

wH
i ðX ;L1; . . . ;Ln�iÞ ¼ wiðOXn�i

Þ;

giðX ;L1; . . . ;Ln�iÞ ¼ hiðOXn�i
Þ;

pi
aðX ;L1; . . . ;Ln�iÞ ¼ paðXn�iÞ:

Proof. (1) By Lemma 2.4 we get

w1;...;1ðL1; . . . ;Ln�i;OX Þ ¼ w1;...;1ðL2jX1
; . . . ;Ln�ijX1

;OX1
Þ:

Hence

wH
i ðX ;L1; . . . ;Ln�iÞ ¼ wH

i ðX1;L2jX1
; . . . ;Ln�ijX1

Þ
and

pi
aðX ;L1; . . . ;Ln�iÞ ¼ ð�1Þ iðwH

i ðX ;L1; . . . ;Ln�iÞ � 1Þ

¼ ð�1Þ iðwH
i ðX1;L2jX1

; . . . ;Ln�ijX1
Þ � 1Þ

¼ pi
aðX1;L2jX1

; . . . ;Ln�ijX1
Þ:

By the Lefschetz theorem h jðOX Þ ¼ h jðOX1
Þ for every integer j with 0a ja i � 1.

Therefore
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ð�1Þ iwðOX Þ �
Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ

¼ ð�1Þ iwðOX1
Þ �

Xn�1�i

j¼0

ð�1Þn�1�i�j
hn�1�jðOX1

Þ:

Hence

giðX ;L1; . . . ;Ln�iÞ ¼ giðX1;L2jX1
; . . . ;Ln�ijX1

Þ:

So we get the assertion (1).
(2) By assumption and (1) above, we obtain

wH
i ðX ;L1; . . . ;Ln�iÞ ¼ wH

i ðXn�i�1;Ln�ijXn�i�1
Þ:

On the other hand, by [10, Remark 2.1 (4)] we see that wH
i ðXn�i�1;Ln�ijXn�i�1

Þ ¼
wðOXn�i

Þ. Hence we get the first equality in (2).
By the Lefschetz theorem, we get h jðOX Þ ¼ h jðOXn�i

Þ for every j with
0a ja i � 1. Therefore

ð�1Þ iwðOX Þ �
Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ

¼ ð�1Þ iwðOXn�i�1
Þ �

X1
j¼0

ð�1Þ1�j
hiþ1�jðOXn�i�1

Þ:

Hence

giðX ;L1; . . . ;Ln�iÞ ¼ giðXn�i�1;Ln�ijXn�i�1
Þ:

On the other hand, by [7, Remark 2.5 (i)] we see that giðXn�i�1;Ln�ijXn�i�1
Þ ¼

hiðOXn�i
Þ. So we get the second equality in (2).

Finally

pi
aðX ;L1; . . . ;Ln�iÞ ¼ ð�1Þ iðwH

i ðX ;L1; . . . ;Ln�iÞ � 1Þ

¼ ð�1Þ iðwðOXn�i
Þ � 1Þ

¼ paðXn�iÞ:

So we get the third equality in (2). r

Proposition 2.2. Let X be a projective variety of dimension n, and let i be
an integer with 0a ia n� 1. Let L1; . . . ;Ln�i, A and B be line bundles on X.

(1) If L1 is numerically equivalent to zero, then w1;...;1ðL1; . . . ;Ln�i;OX Þ ¼ 0.
(2) If A is numerically equivalent to B, then

w1;...;1ðA;L2; . . . ;Ln�i;OX Þ ¼ w1;...;1ðB;L2; . . . ;Ln�i;OX Þ:
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Proof. (1) Since

wðLnt1
1 nLnt2

2 n � � �nLntn�i

n�i Þ ¼ wðLnt2
2 n � � �nLntn�i

n�i Þ;

we get the assertion.
(2) By assumption there exists a Cartier divisor D on X such that A ¼ BþD

and D is numerically equivalent to zero. By Lemma 2.2 and (1) above, we obtain

w1;...;1ðA;L2; . . . ;Ln�i;OX Þ

¼ w1;...;1ðBþD;L2; . . . ;Ln�i;OX Þ

¼ w1;...;1ðB;L2; . . . ;Ln�i;OX Þ þ w1;...;1ðD;L2; . . . ;Ln�i;OX Þ

� w1;...;1ðB;D;L2; . . . ;Ln�i;OX Þ

¼ w1;...;1ðB;L2; . . . ;Ln�i;OX Þ:

We get the assertion. r

By Proposition 2.2, we get the following corollary.

Corollary 2.6. Let X be a projective variety of dimension n, and let i be an
integer with 0a ia n� 1. Let L1; . . . ;Ln�i, A and B be line bundles on X.

(1) If L1 is numerically equivalent to zero, then

wH
i ðX ;L1; . . . ;Ln�iÞ ¼ 0;

giðX ;L1; . . . ;Ln�iÞ ¼
0 if i ¼ 0;P i�1

j¼0ð�1Þ i�j�1
h jðOX Þ if i0 0;

�
pi
aðX ;L1; . . . ;Ln�iÞ ¼ ð�1Þ iþ1:

(2) If A is numerically equivalent to B, then

wH
i ðX ;A;L2; . . . ;Ln�iÞ ¼ wH

i ðX ;B;L2; . . . ;Ln�iÞ;
giðX ;A;L2; . . . ;Ln�iÞ ¼ giðX ;B;L2; . . . ;Ln�iÞ;

pi
aðX ;A;L2; . . . ;Ln�iÞ ¼ pi

aðX ;B;L2; . . . ;Ln�iÞ:

Proposition 2.3. Let n and i be integers with nb 2 and 0a ia n� 1. Let
ðX ;L1; . . . ;Ln�iÞ be an n-dimensional multi-polarized manifold of type ðn� iÞ.
Let ðM;A1; . . . ;An�iÞ be a reduction of ðX ;L1; . . . ;Ln�iÞ (see Definition 1.5).
Then for every integer i with 1a ia n� 1

wH
i ðX ;L1; . . . ;Ln�iÞ ¼ wH

i ðM;A1; . . . ;An�iÞ;
giðX ;L1; . . . ;Ln�iÞ ¼ giðM;A1; . . . ;An�iÞ;

pi
aðX ;L1; . . . ;Ln�iÞ ¼ pi

aðM;A1; . . . ;An�iÞ:

251invariants of ample line bundles



Proof. By definition of a reduction, we see that

h0ðKX þ L
p1
1 þ � � � þ L

pn�i

n�i Þ ¼ h0ðKM1
þ A

p1
1 þ � � � þ A

pn�i

n�i Þ

for every ðp1; . . . ; pn�iÞ A Sðn� iÞu, where i and u are integers with 1a ia n� 1
and 1a ua n� i. Hence by Corollary 2.3, we obtain the assertion. r

The following result is a generalization of [9, Theorem 2.1] for the ith
sectional geometric genus of quasi-polarized manifolds.

Theorem 2.4. Let n and i be integers with nb 2 and 0a ia n� 1. Let
ðX ;L1; . . . ;Ln�iÞ be an n-dimensional multi-quasi-polarized manifold. Let E be a
vector bundle of rank r on X. Then

wH
i ðX ;L1; . . . ;Ln�i;EÞ

¼
Xi

k¼0

X
ðt1;...; tn�iÞ ASðn�iÞþn�k

ð�1Þkþi

ðt1Þ! � � � ðtn�iÞ!
Lt1
1 � � �Ltn�i

n�i

0@ 1ARkðX ;EÞ;

giðX ;L1; . . . ;Ln�i;EÞ

¼

rL1 � � �Ln if i ¼ 0;P i
k¼0

P
ðt1;...; tn�iÞ ASðn�iÞþn�k

ð�1Þk

ðt1Þ! � � � ðtn�iÞ!
Lt1
1 � � �Ltn�i

n�i

 !
RkðX ;EÞ

þ
P i�1

j¼0ð�1Þ i�j�1
h jðEÞ if i0 0;

8>>>><>>>>:
and

pi
aðX ;L1; . . . ;Ln�i;EÞ

¼ ð�1Þ i
Xi

k¼0

X
ðt1;...; tn�iÞ ASðn�iÞþn�k

ð�1Þkþi

ðt1Þ! � � � ðtn�iÞ!
Lt1
1 � � �Ltn�i

n�i

0@ 1ARkðX ;EÞ � h0ðEÞ

0@ 1A:

Here

SðuÞþr :¼ ðt1; . . . ; tuÞ A Zlu

����Xu
j¼1

tj ¼ r and tk b 1 for any k

( )
and

RkðX ;EÞ :¼
Xk
l¼0

chðEÞlTk�lðXÞ:

Proof. First we are going to calculate wH
i ðX ;L1; . . . ;Ln�i;EÞ. By Corol-

lary 2.2, we get
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wH
i ðX ;L1; . . . ;Ln�i;EÞ

¼ wðEÞ þ
Xn�i

u¼1

ð�1Þu
X

ðp1;...;pn�iÞ ASðn�iÞu

wðL�p1
1 n � � �nL

�pn�i

n�i nEÞ

8<:
9=;:

By Theorem 1.1 and Remark 1.5,

wðL�p1
1 n � � �nL

�pn�i

n�i nEÞ ¼
ð
X

chð�L
p1
1 � � � � � L

pn�i

n�i Þ chðEÞ tdðTX Þ

¼
Xn
k¼0

ð�1Þnþk

ðn� kÞ! ðL
p1
1 þ � � � þ L

pn�i

n�i Þ
n�k

RkðX ;EÞ:

Hence

wH
i ðX ;L1; . . . ;Ln�i;EÞ

¼
Xn�i

u¼1

ð�1Þnþu
X

ð p1;...;pn�iÞ ASðn�iÞu

Xn
k¼0

ð�1Þk

ðn� kÞ! L
p1
1 þ � � � þ L

pn�i

n�i

� �n�k
RkðX ;EÞ

( )
þ wðEÞ

¼
Xn
k¼0

ð�1Þk

ðn� kÞ!
Xn�i

u¼1

ð�1Þnþu
X

ðp1;...;pn�iÞ ASðn�iÞu

L
p1
1 þ � � � þ L

pn�i

n�i

� �n�k

8<:
9=;

24 35RkðX ;EÞ

þ wðEÞ:
Here we note that if k ¼ n, then

ð�1Þk

ðn� kÞ!
Xn�i

u¼1

ð�1Þnþu
X

ðp1;...;pn�iÞ ASðn�iÞu

L
p1
1 þ � � � þ L

pn�i

n�i

� �n�k

8<:
9=;RkðX ;EÞ

¼ ð�1Þn
Xn�i

u¼1

ð�1Þnþu n� i

u

� � !
RnðX ;EÞ

¼
Xn�i

u¼1

ð�1Þu n� i

u

� �
RnðX ;EÞ

¼ �RnðX ;EÞ ¼ �wðEÞ:

Hence we can write wH
i ðX ;L1; . . . ;Ln�i;EÞ as follows.

wH
i ðX ;L1; . . . ;Ln�i;EÞ

¼
Xn�1

k¼0

X
ðt1;...; tn�iÞ ASðn�iÞn�k

aðt1; . . . ; tn�iÞLt1
1 � � �Ltn�i

n�i

0@ 1ARkðX ;EÞ;

where aðt1; . . . ; tn�iÞ A Q. Next we calculate aðt1; . . . ; tn�iÞ.
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Claim 2.3. Assume that 0a ka n� 1 and ðt1; . . . ; tn�iÞ A Sðn� iÞn�k.
Then

aðt1; . . . ; tn�iÞ ¼
0 if tj ¼ 0 for some j;

ð�1Þkþi

ðt1Þ! � � � ðtn�iÞ!
if tj b 1 for every j:

8><>:
Proof. Let ðt1; . . . ; tn�iÞ A Sðn� iÞn�k, A :¼ f j j tj b 1g, and s :¼ aA.
(1) Assume that sa n� i � 1. Then Lt1

1 � � �Ltn�i

n�i appears only in
ðLj1 þ � � � þ LjuÞ

n�k, where f j1; . . . ; jug satisfies AH f j1; . . . ; jug.
The coe‰cient of Lt1

1 � � �Ltn�i

n�i in ðLj1 þ � � � þ LjuÞ
n�k is ðn� kÞ!=ðt1! � � � tn�i!Þ.

Furthermore there are
n� i � s

u� s

� �
choices of f j1; . . . ; jug. Therefore

aðt1; . . . ; tn�iÞ ¼
ð�1Þk

ðn� kÞ!
Xn�i

u¼s

ð�1Þnþu ðn� kÞ!
t1! � � � tn�i!

n� i � s

u� s

� �

¼ ð�1Þk

t1! � � � tn�i!

Xn�i

u¼s

ð�1Þnþu n� i � s

u� s

� �
¼ 0:

(2) Assume that s ¼ n� i. Then we note that 0a ka i in this case. Then
Lt1
1 � � �Ltn�i

n�i appears only in ðL1 þ � � � þ Ln�iÞn�k and the coe‰cient of Lt1
1 � � �Ltn�i

n�i

in ðL1 þ � � � þ Ln�iÞn�k is ðn� kÞ!=ðt1! � � � tn�i!Þ. Hence

aðt1; . . . ; tn�iÞ ¼
ð�1Þk

ðn� kÞ! ð�1Þ i ðn� kÞ!
t1! � � � tn�i!

¼ ð�1Þkþi

t1! � � � tn�i!
:

So we get the assertion of this claim. r

Therefore by Claim 2.3

wH
i ðX ;L1; . . . ;Ln�i;EÞ

¼
Xn�1

k¼0

X
ðt1;...; tn�iÞ ASðn�iÞn�k

aðt1; . . . ; tn�iÞLt1
1 � � �Ltn�i

n�i

0@ 1ARkðX ;EÞ

¼
Xi

k¼0

X
ðt1;...; tn�iÞ ASðn�iÞþn�k

ð�1Þkþi

ðt1Þ! � � � ðtn�iÞ!
Lt1
1 � � �Ltn�i

n�i

0@ 1ARkðX ;EÞ:

So we get the first assertion.
Since
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giðX ;L1; . . . ;Ln�i;EÞ

:¼ ð�1Þ iwH
i ðX ;L1; . . . ;Ln�i;EÞ þ

P i�1
j¼0ð�1Þ i�j�1

h jðEÞ if i0 0;

wH
0 ðX ;L1; . . . ;Ln;EÞ if i ¼ 0;

(
and

pi
aðX ;L1; . . . ;Ln�i;EÞ ¼ ð�1Þ i wH

i ðX ;L1; . . . ;Ln�i;EÞ � h0ðEÞ
� �

;

we get the second and third assertion. r

Corollary 2.7. Let n and i be integers with nb 2 and 0a ia n� 1. Let
ðX ;L1; . . . ;Ln�iÞ be an n-dimensional multi-quasi-polarized manifold. Then

wH
i ðX ;L1; . . . ;Ln�iÞ

¼
Xi

k¼0

X
ðt1;...; tn�iÞ ASðn�iÞþn�k

ð�1Þkþi

ðt1Þ! � � � ðtn�iÞ!
Lt1
1 � � �Ltn�i

n�i

0@ 1ATkðXÞ;

giðX ;L1; . . . ;Ln�iÞ

¼

L1 � � �Ln if i ¼ 0;P i
k¼0

P
ðt1;...; tn�iÞ A Sðn�iÞþn�k

ð�1Þk

ðt1Þ! � � � ðtn�iÞ!
Lt1
1 � � �Ltn�i

n�i

 !
TkðX Þ

þ
P i�1

j¼0ð�1Þ i�j�1
h jðOX Þ if i0 0;

8>>>><>>>>:
and

pi
aðX ;L1; . . . ;Ln�iÞ

¼ ð�1Þ i
Xi

k¼0

X
ðt1;...; tn�iÞ ASðn�iÞþn�k

ð�1Þkþi

ðt1Þ! � � � ðtn�iÞ!
Lt1
1 � � �Ltn�i

n�i

0@ 1ATkðXÞ � 1

0@ 1A:

Here SðuÞþr :¼ fðt1; . . . ; tuÞ A Zlu j
Pu

j¼1 tj ¼ r and tk b 1 for any kg.

Proof. By setting E ¼ OX in Theorem 2.4, we get the assertion since
RkðX ;OX Þ ¼ TkðXÞ. r
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