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ON THE EXISTENCE OF T DIRECTION OF MEROMORPHIC
FUNCTION CONCERNING MULTIPLE VALUES*

ZHAO-JUN WU AND DAO-CHUN SUN

Abstract

In this paper, by using Ahlfors’ theory of covering surface, the existence of T
direction of meromorphic function concerning multiple values is obtained. Results are
obtained extending the previous results due to Guo, Zheng, Ng in Bull. Austral. Math.
Soc., 69 (2004), 277-287. Moreover, we give an affirmative answer to the question by
Wang and Gao in Bull. Austral. Math. Soc., 75 (2007), 459-468.

1. Introduction and main results

In this paper, meromorphic function always means a function meromorphic in
the whole complex plane. Assume that basic definitions, theorems and standard
notations of the Nevanlinna theory for meromorphic function (see [3] or [15]) are
known. The singular direction of meromorphic function f(z) is one of main
objects of value distribution theory. Since Julia introduced the concept of Julia
direction and showed its existence for a meromorphic function in 1919, several
types of singular directions have been introduced and studied. In 1928, Valiron
[9] introduced the concept of Borel direction and established its existence for
meromorphic function. After that, Q. L. Hiong, A. Rauch, M. Tsuji, C. T.
Chuang, L. Yang and G. H. Zhang etc investigated the properties of Borel
direction, the details can be found in Chuang [1] and Yang [15]. Recently, J. H.
Zheng [18] introduced a new singular direction, namely the T direction and its
existence has been established by H. Guo, J. H. Zheng and T. W. Ng in [2].
However, it was not discussed whether there exists a T direction concerning
multiple values. In this paper, we investigate this problem.

Suppose that E is a measurable subset of C, let

2
i (_1re o
S(E7f)_ﬂJE<(l+|f(z)|2)> r dodr, re”.
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When E ={zeC,|z| <r}, we denote S(E,f)=S(r,f) and

1) = [ 2 ar,
0 t
where T'(r, f) is the Ahlfors-Shimizu characteristic function. Deonte the follow-

ing angular domain by
Q(0,e) = {zeC,largz — 0] < ¢}.

When E is a sector {ze C,|z| <r}NQ(0,¢), we denote S(E, ) = S(r,Q(0,¢), f)
and

T(r,Q0,¢), f) = Jw 0

0 t

For any ae C,, and a # o, let n(r,0,¢,a) be the number of zeros, counted
according to their multiplicities, of f(z) — « in the sector {z € C,|z| < r} NQ(0,¢),
and n')(r,0,¢,a) be the number of zeros with multiplicities < /, of f(z) — a in the
sector {ze€ C,|z| <r}NQ(0,¢), where / is any positive integer. Similarly, note
the number of poles of f by n(r,0,e ) and n')(r,0,e, ). Deonte

N(r, 0, , a) _ J I’l(t, H, &, a) —tn(O,H, g, a)
0

dt +n(0,0,¢,a) log r;

rol) 4D
NO(r,0,¢,a) :J n')(t,0,¢e,a) —n"(0,0,¢,a) di +n"(0,0,2,a) log r.

0 t

In addition, we also need the notations (see [17])

V2 " (re'V d (te
P gy, gy [P

v (L [/ (re¥)[7) L1+ |1 (e™)]7)

Following J. H. Zheng’s definitions of T direction of f(z) (see [18]), we give the
following definition.

L) = |

DeriNiTION 1. We call J :arg z = 0 the T direction of f(z), provided that
given any a € C,,, possibly with exception of at most two values of «, for any
positive number ¢ < 7, we have

lims N(r,0,¢,a)
u —
o T 1)

We call J : arg z = 6 the T direction of f(z) concerning multiple values, provided

> 0.

. . . . 2142
that given any a € C,, possibly with exception of at most [%] values of a,
for any positive number ¢ < 7, we have

r—oo T(ra f)

where [x] implies the maximum integer number which does not exceed x.

>0,
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Note that the T direction of meromorphic function concerning multiple
. . S . 21 +2
values is a refinement of the ordinary T direction since [% — 2 as [ — oo.
For the existence of T direction of meromorphic function f(z), H. Guo, J. H.
Zheng and T. W. Ng [2] proved the following Theorem

THEOREM A. Let f(z) be a meromorphic function and satisfy

(1) lim sup M =
r—00 10g r

Then f(z) must have a T direction.

Theorem A was conjectured by J. H. Zheng [18]. In this paper, we shall
study the existence of T direction of f(z) concerning multiple values and prove
the following Theorem.

THEOREM 1. Let f(z) be a meromorphic function and satisfy (1), then there
at least exists a T direction of f(z) concerning multiple values.

The following example shows that any smaller number cannot replace
21+ 2
[T—i_] (=4,3) when / = 1,2 in the definition of T directions concerning multiple

values.

Example. Consider the Weierstrass p-function p(z) given by the differential
equation

{9' (@) =4{p(z)* -1},

which has the three cube roots of unity e?™/3 (k =0,1,2) and oo as completely

ramified values, in fact, all these four values are double. Hence this is our desired
example for /= 1.
A simple calculation gives its derivative p’(z) satisfies the equation

") = Tl + 4 = (6 (0)

so that it assumes three values +2i and oo with multiplicity three. This is an
example for / =2.

2. Some lemmas

Our proof requires Ahlfors’ theory of covering surface. We firstly introduce
the following notations (see Tsuji [8]).

In this paper, the Riemann sphere of diameter 1 is denoted by K. Let F be
a finite covering surface of Fj, and consist of a finite number of sheets and be
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bounded by a finite number of analytic Jordan curves {A;} (some of which may
reduce to single points), and the spherical distance between any two circular
curves A; and A; is d(A;,A;) > 6 € (0,1). The part of the boundary of F, which
does not lie above the boundary of Fj, is called the relative boundary of F, and
denote its spherical length by L. Let D be a domain on F,, whose boundary
consists a finite number of points or analytic closed Jordan curves, and F(D) be
the part of F, which lies above D. We denote the spherical area of F, F(D) and
Fy by |F|, |F(D)| and |Fy|, respectively. We put
|F| _ED)I

s=11 " sy =
m SP) =g

Under the above notation, we have the following Ahlfors covering Theorem.
LemmA 1 (see Tsuji [8]). For any finite covering surface F of Fy, we have

L
S—-SD)| < h—,
S = S(D)| <y

where h > 0 is a constant which depends on Fy only.

Recently, D. C. Sun [6] has proved a precise version of Lemma 1 and proved

2n .
that 7 = 5 where 0 <0 < % is a constant.

LemMA 2 (see Sun [7]). Let F be a simply connected finite covering surface of
a the unite sphere K, and {D,} be q(>2) disjoint spherical disks on K, where the
spherical distance of any pair of {D,} is at least 6. Let n, be the number of simply
connected islands (see Tsuji (8], P252) in F(D,), then

q
C
va > (¢—-2)S—-3L,
v=1 0
where L is the length of the relative boundary of F and C is a constant.

LemMmA 3. Let F be a simply connected finite covering surface of a sphere
20+ 2 0
surface K, D, be q<>[ ;r disjoint spherical disks with radius 3 on K and
without a pair of {D,} such that their spherical distance is less than 0, nl) be the
number of simply connected islands in F(D,), which are consisted of not more than
| sheets, then

q
St (-2 2)s - C00,
v=1 lo

L is the length of the relative boundary of F.
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Proof. 1Tt is easy to verify that
ny=n) +n' S(D,)=n" + 1+ 1)n!

)

where n' be the number of simply connected islands in F(D,), which are consisted
of not less than /+ 1 sheets. Hence,

S(D,) = (I + 1)(n" +nly — i) = (14 V)n, — In).
, . . o’
Since the spherical area of D, is |D,| > R It follows from Lemma 1 that,

S+?S_?L > S(D,) = (I+ )n, — In".

Adding two sides of the above expression from 1 to ¢, we have

9qh !
aS+=5 L+IZ >(1+1)> n.
v=1 v=1
Combining Lemma 2 and the above expression, Lemma 3 follows. O

LemmA 4. Suppose that f(z) is a meromorphic function and {a,} are

21+ 2
q(> {7}) distinct points on K and without a pair of {a,} such that their
20

spherical distance is less than 6 + 3 Let m{) be the number of zeros of f(z) — ay,
which are consisted of not more than | multiplicities, then

1 2 C+ 9qh

")
2—=]S—
2z <q 1) 1o’

. . . . .0
Proof. Let D, be a spherical disk with the center a, with radius 3 on K.
By Lemma 1, we have

q
Znﬂ) = (q—2—2>S— C+39th.
v=1 ! lo

Note that nLl,)(Dv) < np(av), whenever a, in the island of D, or in the peninsula of
D,. Therefore, Lemma 4 follows. O

We are now in the position to establish our key Lemma by using Lemma 4.

LemMmA 5. Let f(z) be meromorphic in the complex plane. If {a,} are
21 +2
q(> {%}) distinct points on K, then we have
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4 2 H?

(2) (q -2- ?) S(r,Q0,0), 1) < Zn/)(r, 0,0,a,) + 3 log r
(4-2-3)0-0)

v=1

+(0-2-7)s0.20.0.)

+ HL(1,0 — 8,0+ 68) + HL(r,0 — 5,0 + )

(3) (q —2- %) T(r,Q0,9),f) < iNl)(r, 0.5.a) + 2“;2 .
(q_2_7>(5—¢)

+(0-2-7)r0.00.0.1)

l
+ HL(1,0 —0,0+0) logr+ x(r,0 —0,0+9)

+ (q—2—g>S(1,Q(0,(p),f) log r

Jorany ¢, 0 < ¢ <9, where H is a constant depending only on a,, v=1,2,...q and
(1,0 —0,0+9)
x(r,0—0,0+0) = Hfl—d

Proof. Put D, ={zeC,1<|z|] <r}NQ(H,¢) and Fy=K — {a,}. Using
Lemma 4, we have

q

(423150 200.0).) - S(1.00.0).1)] < 3 "(0,0.0.0) + HLO)

v=1

C +9qh
16

where H = , which depends only on Fy, i.e. only on @,, v =1,2,...¢, and

L(r)=L(r,0 —9,0+¢)+ L(1,0 — 9,0+ ¢) + L(r,0 — ¢) + L(r,0 + ¢)
<L(r,0-06,0+06)+L(1,0—0,0+0)+ L(r,0 —¢)+ L(r,0+¢)

Hence
2
(4) (q—2—7>[S(r7Q(9,(p),f) S(1,9(0,9), f Zn (r,0,0,a,)

— HL(r,0 —6,0+96) — HL(1,0 — 6,04 96) < H[L(r,0 — ¢) + L(r, 0 + ¢)]

Denote the left expression of (4) by A(r,¢), thus
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d(A(}’,(p)) 2 d[S(r,Q(H,go),f)—S(LQ(&(p),f)]
i =(i-2-7) do |

/
We claim the fact

2n d(A(r,p))

9 -

In fact, it follows from the definition of L(r,) and Schwarz’s inequality that

(5) [L(r,0 — ¢) + L(r,0 + ¢)]* < log 7.

[L(r,0—¢)+L(r,0+(p)]2

— Jr |f/(tei(t‘)—(ﬂ))| i 2 N Jr‘ |f/(lei(0+¢))| i 2

=2\ e (L 1 @) )

< 2nd[S(}’,Q(07 (p)vf) - S(17Q(01 (p)vf)]
de

_ 2n d(A(r, 9)) log r.

)

Noting A(r,p) is an increasing function of ¢, we see that then there exists a
0o > 0, such that A(r,p) > 0, when ¢ > dy; and A(r,p) <0, when ¢ <dy. For
¢ > do, by (4) and (5),

log r

A )P < H(L(r 0 9) + L(r.0+ g))? < 2 o log Vd(Ac(z; )
(¢-2-7)
ie.
2nH? d(A(r,p))

Integrating each side of the inequality leads to

s 2
(5—(/):Jd¢)s 27”;1 log r
’ (q—2—7>A(h<ﬂ)
Thus
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On the case of ¢ <dJy, then the above inequality is obvious valid because of
A(r,p) <0. Replacing A(r,p) in the above inequality by its explicit expression,
we see that (2) is established. Therefore

/

2 q ) 7ZH2 2
q_2_? T(V,Q(O,(ﬂ),f)SZN (r’0a57a0)+ 2 lOg r
o=l (q—Z— )(5—0))

+(0-2-7)r0.20.0.1)

2 X
. (q—2—7)5(1,9(0, 9). f) logr
+HL(1,0 —0,0+0) logr+ x(r,0 —0,0+9)

L(1,0—6,0+0)
t

where x(r,0 —9,0+06) =H [| dt. O

LemMMA 6 (Zhang [17]). Under the condition of Lemma 5, we have

"L(t,0 — 3,0 +6)
1 t

X(r,ﬁ—&,@—i—é):HJ dt

< H\/207S(r,Q(0,9), f) log r

or
(6) 2(r,0 = 6,0 +6) < H\/20nT (r,Q(0.6), f) log T(r,Q(0,9), f)
with at most one exceptional set Es of r, where Ejs consists of a series of intervals

and satisfies

1 1
< .
L}nog S e T a0, )~ "

LemMa 7 (Li and Gu [5]). Suppose that W(r) is a nonnegative increasing
Sunction in (1,00) and satisfies
Y(r) _

lim su
r%oop 10g2 r

1 |
Then for any set E < (1,00) such that IEWgr dr < 3 e have

¥
lim sup (;)
r—o;re(l,o0)—E log” r

= 0.
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3. Proof of Theorem 1

Proof. Firstly, we prove the following statement. Let m (m >4) be a

2 —-1)2
fixed positive integer, 6y = 0,60, = r ey O = M,@,ﬂ =6,. We put

2n mn m n .
A(G;) = z|\argz—0\<— , D) = z\|argz—9,-|<% , i=0,1,...,

m—1; A0,) = A(0), A"(Hm)zA"(HO). Then among these m angular
domains {A(#;)}, there is at least an angular domain A(6;) such that the

relative expression
. NO(r, A(0)),a)
l 9 L)y
) lrrrls;;lp T(r,w) >0,

21 +2 . .
holds for all ae C, with at most {%} exceptions. Otherwise, for any

21 +2 > .
angular domain A(0;) (1 <i<m), we have ¢q= {;—} + 1 distinct points
a (j=1,2,...,9) in C,, such that
m—1 q

(8) ZZN’ Oi1),al,,) = o(T(r,w)).
i=0 j=I1

Applying Lemma 5 to A%(0;41), A(0i41), we have

(9-2-7) 7022000

q .
< > N, A0i11), al,y) + O(log® 1) + x(r, A(0:11)),
j:

Noting T'(r, f) :Zi’gl T(r,A°(0i+1),f) and adding two sides of the above
expression from i =0 to m — 1, we can obtain

®  (¢-2-3)70:0)

m—1 m—1

q
< Y Y N AOin),al,) + Oog® r) + > x(r, A0:1)).
i=0 j= i=0

—

For any i, there exists a r;, the inequality T(r, A°(041), f) > €3 would bold for
r > r;, while the inequality (3) does not look appropriate here. Put Exc,,,) is
the set of r which consists of a series of intervals and satisfies

Oi41)

J 1 dr < 1 <1
— dar -
Eaoy 70 S log T(r, 80(01). 1)~ 3m

Let ro = max{r;,1 =1,2,...,m}, we have for any i, T(ro, A%0i11), f) > e,
then
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m—1
1 1
dr < E ~ < z.
JU;HUIEAU((]I,+IJ r log r i=0 log T(r7 A0(9141)’ f) 3

Applying Lemma 7, we have

lim sup 5
r—oo;re(l,00)—E log r

where E = UZBIEA"(Hf+1)- Therefore, there exists a sequence 7, € (1,0) — E,
such that

(10) fim L) _

n—o0 log2 v

It follows from (6), (9) and (10) that <q2%> < 0. Hence {2]#} +1<

2142
.l . . 2n

exists an angular domain A(6,,) = {z| larg z — 6, < ;} such that for any a, we

have

This is a contradiction. Hence for an arbitrary positive integer m, there

N
11 lim sup —————m0 )
(11) m sup T /)

21+2 . . .
except for [7] exceptions at most. Choosing subsequence of {6, }, still

denote it {0,}, we assume that 0, — 0p. Put L:argz=20y, then L is a T
direction that is stated in Theorem 1.
In fact, for any ¢ (0 <& <n/2), when m is sufficiently large, we have
A(0y) = Q(0p,e). By (11), we have
Nl)(r 0o, ¢, a) N/)(r AOn), a)
limsup —————=>— > limsup —————-"—~=
F— o0 T(V,f) r—00 T(raf)

>0

. 2142 . .
hold for any ae C, with at most {%] possible exceptional values of a.

Hence Theorem 1 holds in this case. O

4. Concluding remarks

Let w=w(z) be a v-valued algebroid function defined by the irreducible
equation

(12) A ()W + Ay ()W -+ Ao(2)w =0,

where A4;(z) (j=0,1,2,...,v) are entire functions without any common zero
point. The single valued domain of definition of w(z) is a v-sheeted covering of
the z-plane, a Riemann surface, denoted by R.. It is denoted by Z that the point
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in R. whose projection in the z-plane is z. The part of R., which covers a disk
|z| <r, is denoted by |Z| <r. For any a € C,, put

1 ("n(t,a) —n(0,a) n(0,a)
N(r,a)ffjo ; dt + .

1
N og 1,

1 . .
m(r,w) = — log®|w(re™®)| do, z = re®
() = 53 | g e a0, ,
where n(r,a) is the number of zeros, counted according to their multiplicities, of

N . .
w(z) —a in |Z] <r. When a = oo, we consider —— instead of w(z) —a. Let

w(z)
T(r,w) =m(r,w)+ N(r,w).
The Ahlfors-Shimizu characteristic may be written as

EJ’M dt == To(r,w) = T(r,w) + O(1),
vV Jo t

2
1 W) W
S(r,w) = nJLsr(l + |w(z)|2> dw.

In this paper, the Ahlfors-Shimizu characteristic is the same as the 7'(r,w)
without difference. In general, suppose that E is a subset of R,, we denote

2
1 ALY
S("’E’W)nJJE<1+|W(z)|2> "

where

and
T(r,E,w)= lJ S E,w) dt.
VJ]o t
The order and lower order of the algebroid function w(z) are denoted by
7= limsup BTN i g 102 70 w)
rew log r r—o log r

We define an angular domain A(6y,0) = {z|largz — Oy| <}, 0 < 0y < 2=,
0<o< g The part of R. which lies over A(6,0) is denoted by A(6y,0). Let

n(r,0o,0,a) (or #(r,00,6,a)) be the number of distinct zeros w(z) —a in
A(0o,0) N{|Z| < r}, counting multiplicities (or ignoring multiplicities). Put

Jrn(l, 0o,0,a) —n(0, 09,6, a)
0 t

1
N(V, 00757 (1) =

S dt +n(0,6y,9,a) log r.

Let /i) (r, 09,6, a) be the number distinct zeros with multiplicity </ of w(z) — a in
A(0y,0)N{|z| <r}. Similarly, we can define N(r,0,0,a) and N (r,0p,6,a).
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Denote n,(r,w), (n,(r, A(0p,5),w)) by the number of the branch points of R. on
|z| <r (on the region A(6y,0)), counting the order of branch points. Denote
N, (1, w) = ljrnz(t, w) —n,(0,w) 1, (0, w)
VJo t vV
Similarly, we can define N, (r, A(0y,0),w).

For a v-valued algebroid function, its ordinary T direction is defined in the
same way as above with the corresponding characteristic and counting functions
introduced by H. Selberg for algebroid function, provided the maximum number
of exceptional values permitted here is 2v instead 2. The existence of ordinary T
direction for algebroid function has been established by one of the authors in [11]
under the condition

dt +

log r.

. T(r,
(13) lim sup (rzw) =
r—o  log”r

Most recently, Wang and Gao [10] confirms the existence of T direction
dealing with multiple values for an algebroid function w(z) under the condition
(13) and an additional condition of the lower order to be finite. Then they ask
whether it is also the case without this additional condition. Here, we shall
confirm this problem by proving the following Theorem 2.

THEOREM 2. Let w(z) be a v-valued algebroid function defined on the whole
complex plane and satisfy (13). Then there at least exists a ray L : arg z = 0 such

20142
that, for any given b € C,, possibly with the exception of at most [ ;r v] values
of b, for an arbitrary small ¢ >0 we have
N(r,0,¢,b)
1' ) b O
P T (r,w) -

for any positive integer | > 3.

In order to prove Theorem 2, we also need the following Lemma by Xuan
and Gao [13].

LemMmA 8 (Xuan and Gao [13]). Let w(z) be a v valued algebroid function
defined by (12). If a;, i=1,2,...,q (q = 3) are distinct complex numbers in C,,
then we have

(4-2-3) 70 M) 0

1, _ I+1
< ZNI)(V, ?o, 9, ai) +TN}{(V7A(¢075)7 W) + O(Ing }") + X(V7A((ﬂ0,6), W)a
i=1

for any positive integer [ >3 and any ¢, 0 < ¢ <9, where



ON THE EXISTENCE OF T DIRECTION 145

X(r,A(py,0),w) < h\/25nT(r, A(py,0),w) log rlog T (r, A(py,5),w),

outside a set Es of r at most, where h is a constant depending only on the a; and Ejs
consists of a series of intervals and satisfies

1 1
dr < .
JE,; r log r '= IOg T(V7A(§0075)5W) =
We are now in the position to prove the Theorem 2.

Proof. Firstly, we prove the following statement. Let w(z) be a v-valued

algebroid function defined by (12) on the whole complex plane and satisfies (13).
e 2 —1)2

Let m (m>4) be the positive integer, 6y = 0,0, :% N7 :M

) )

m
0 = 0p. and A(6;) = {z| larg z — 0;] < i::}, i=0,1,...,m—1; AOn) = A(0),

then among these m angular domains {A(0;)}, there is at least an angular
domain A(6;) such that the relative expression

) NO(r, A(0)),a)
(14) llll}lil}p —T(r, W) >0,

. 2 .
holds for all a € C,, with at most v} exceptions. If on the contrary, then

for any angular domain A(6;) (1 <i<m), we have g = {2172\/} + 1 distinct
points @/ (j=1,2,...,q) in C, such that

m—1 q . )
(15) NO(r, A(0i41),al,,) = o(T(r,w)).

i=0 j=1

Let o be arbitrary positive integer. Put

2ni 2wk
St Wit

01', k )
m oam

OSiSM7l,0SkSa71,H,”0:9i.

For sufficient large r, let
A,"k = {Z| |Z| <r, H/Z,k <argz < 0i,k+]}-
Then
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Define the angular domains

_ , ‘ 0. ‘
A= {z M <argz< i+1,ky T 01+1,k0+1}7
AO

2 - - 2
={z|0ix, <argz < Oip1k41} < A(Oig1).

Since A only covers A, twice, we have
1 » Ko )

m—1
1
(16) an(r, AV w) < (1 —&—&)nz(r, w).
i=0
Hence,
m— 1
(17) ZN r, A w) (1+&>N1(r,w).

Applying Lemma 8§ to Ai, A;, we have

(q -2 %) T(r, iy w)

9q
— ; 1
ZN (r, A7 aly) + H_TNZ(n A, w) + O(log” r) + X (r, A, w),

By T(r,w) = 31" T(r,A;,w) with the above inequality and (17), we obtain

a8 (4-2-7)70m
/

a. ; 1 1
< ZN”(r, A?,aljﬂ) (1 + ) JrTNX(r7 w) + O(log? r)

Applying Lemma 7, as we did in the proof of Theorem 1, we can see that there
exists a sequence r, € (1, 00) — E, such that

T(ry,
(19) lim (r2 w) = 0,

n— log”r,

here E is a set of finite measure. Noting that
(20) N,(r,w) <2(v—1)T(r,w).
From (18)—(20), we have

@-2—%)32(1%)”11@—1)
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21+2

. 21+2
Letting o — o0, we get g = {IV} +1< i

v. This contradiction results
in that for arbitrary positive integer m, there exists an angular domain
2n
A(Oy) = {z| larg z — 0, < —} such that for any a, we have
m

=
(21) lim sup N 2 (Om), @)

o T(r,w) >0,

21+ 2
except for { 7

denote it {6,,}, we assume that 6, — 6y. Put L:argz=0, then L is a T
direction as stated in Theorem 2.

In fact, for any ¢ (0 <e< m/2), when m is sufficiently large, we have
A(On) < A0y, e). By (21), we have

N (r,00,¢,a) NO(r,\(0,,),a)
1' b ™ > 1' ) mpjs
H,.Ililp T(r,w) lrgj.l@lp T(r,w)

v} exceptions at most. Choosing subsequence of {6,,}, still

>0

. 2142 . .
holds for any a € C,, with at most [ + v} possible exceptional values of a.

Hence Theorem 2 holds in this case. O

When w(z) is an algebroid function of finite and positive order growth,
Theorem 2 was obtained by Xuan and Gao [14] for />2v+ 1. Combining
Theorems 1 and 2, we pose the following question.

QuEesTION 1. Let w(z) be a v-valued algebroid function defined on the whole
complex plane and satisfies (13). Does there exist a ray L:argz=6? Such
that, for arbitrary small ¢ > 0 we have

oo P T(r,w) ’

holds for any given a € C,,, provided the maximum number ¢ of exceptional
values satisfying the following relation

4v if1=1,
3y if 1=2.
3y—1 if [ =3.
-2 ifl=4.

2v+2 ifl=2v—1.
2v+1 if [ =2v.
2v if I >2v+1.




148 ZHAO-JUN WU AND DAO-CHUN SUN

Applying the inequality was obtained by Zhang and Sun [16], Wu and Sun [12]
confirms that Question 1 is true in the case of / =1. Theorem 2 means that
Question 1 is true in the case of /> max{3,2v}. Theorem 1 means that
Question 1 is true for meromorphic function. And above all, with the p(z)

in example, the irreducible equation w' =1 —|—L or w=1+ !
p(z) ©'(2) 4
an algebroid function taking such 4v values as the v-th roots of 1 + e™/3
(k=0,1,2) and 1 with multiplicity 2, or 3v values as the v-th roots of 1 F 2 and
1 with multiplicity 3, respectively. Hence, any smaller number cannot replace
[21 +2

Tv] (=4v,3v) when /=1,2 in the Question 1.

gives us
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