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HORIZONTALLY CONFORMAL SUBMERSIONS

OF CR-SUBMANIFOLDS
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Abstract

It is shown that any horizontally conformal submersion of a CR-submanifold M of

a Kaehler manifold M onto a Kaehler manifold N is a Riemannian submersion. More-

over, if M is mixed geodesic, then it is proved that such submersion is a harmonic map.

1. Introduction

Let M be an almost Hermitian manifold with complex structure J and M
be a Riemannian manifold isometrically immersed in M. Then M is called
holomorphic (complex) if JðTpMÞHTpM, for every p A M, where TpM denotes
the tangent space to M at the point p. M is called totally real if JðTpMÞH
TpM

? for every p A M, where TpM
? denotes the normal space to M at the point

p. As a generalization of holomorphic and totally real submanifolds, CR-
submanifolds of Hermitian manifolds were introduced by A. Bejancu in [2] and
[3] as follows. A Riemannian manifold M isometrically immersed in an almost
Hermitian manifold M is called a CR-submanifold if there exists a di¤erentiable
distribution D on M satisfying the following conditions: (i) D is holomorphic,
i.e., JðDpÞ ¼ Dp for each p A M, and (ii) the complementary orthogonal distri-
bution D? is anti-invariant, i.e., JðD?

p ÞHTpM
? for each p A M. A CR-

submanifold is called proper if D0 0 and D? 0 0. It is known that every
real hypersurface of an almost Hermitian manifold is an example of a proper
CR-submanifold [1]. It is also known that the distribution D? is always
integrable if M is a Kaehler manifold [5].

On the other hand, Riemannian submersions between Riemannian manifolds
were initiated by B. O’Neill [10]. The simplest example of a Riemannian
submersion is the projection of a Riemannian product manifold on one of its
factors. We note that a submersion gives two distributions on total manifold
called horizontal and vertical distributions. It is important to mention that the
vertical distribution of a Riemannian submersion is always integrable.
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S. Kobayashi observed the above similarity between the Riemannian sub-
mersion and CR-submanifold, then he introduced the submersion of a CR-
submanifold as follows: Let M be a CR-submanifold of an almost Hermitian
manifold M and N be an almost Hermitian manifold. Kobayashi considered the
submersion p : M ! N such that

(i) D? is a kernel of dp, where dp is the derivative map.
(ii) dp : Dp ! Tpð pÞN is complex isometry.
(iii) J interchanges D? and TM?,

where TM? is the normal bundle of M. Then he showed that if M is a Kaehler
manifold under these conditions, N is also a Kaehler manifold.

Let ðMm; gMÞ and ðNn; gNÞ be Riemannian manifolds. Suppose that
j : ðMm; gMÞ ! ðNn; gNÞ is a smooth map between Riemannian manifolds
and p A M. Then, j is called horizontally weakly conformal map at p [4] if
either

(a) djp ¼ 0 or
(b) djp maps the horizontal space Hp ¼ fkerðdjpÞg

? conformally onto
TjðpÞN, i.e., djp is surjective and there exists a number LðpÞ0 0
such that

gNðdjpðX Þ; djpðYÞÞ ¼ LðpÞgMðX ;YÞ; X ;Y A Hp:ð1:1Þ
If a point p is of type (a), then it is called critical point of j. A point p of

type (b) is called regular. The number LðpÞ is called the square dilation, it is
necessarily non-negative. Its square root lðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
LðpÞ

p
is called the dilation.

The map j is called horizontally conformal submersion if j has no critical
point. Thus, it follows that a Riemannian submersion is a horizontally con-
formal submersion with dilation identically one. We note that a horizontally
conformal submersion j : M ! N is said to be horizontally homothetic if the
gradient of its dilation l is vertical, i.e.,

Hðgrad lÞ ¼ 0ð1:2Þ
at p A M, where H is the projection on the horizontal space H ¼ fkerðdjpÞg

?.
We note that horizontally conformal maps were introduced independently by

B. Fuglede [7] and T. Ishihara [8]. From the above discussion, one can conclude
that the notion of horizontally conformal maps is a generalization of the concept
of Riemannian submersions.

Comparing the definition of a Riemannian submersion and horizontally
conformal submersion, it is natural to think that submersions of CR-submanifolds
(in the sense of Kobayashi) may be generalized, using the concept of horizontally
conformal submersion. Let M be a CR-submanifold of a Kaehler manifold M
and N be an almost Hermitian manifold. In this paper, we consider horizontally
conformal submersions of CR-submanifolds and prove that every horizontally
homothetic submersion j : M ! N is a Riemannian submersion. Moreover we
prove that if N is a Kaehler manifold, then every horizontally conformal
submersion j : M ! N is also a Riemannian submersion. Furthermore, if M
is mixed geodesic, then j is a harmonic map.
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2. Preliminaries

In this section, we give short information for some fundamental tensors
associated to a distribution, harmonic maps and Gauss-Weingarten formulas for
Riemannian submanifolds of Riemannian manifolds, for details, see: [4] and [11].

2.1. Fundamental tensors associated to a distribution and harmonic maps
We recall that a foliation F on a manifold is called the foliation associated

to a submersion j if, for the smooth submersion, the connected components of
its fibres are the leaves of a smooth foliation. Let ðM; gMÞ be a Riemannian
manifold and V be a q-dimensional distribution on M. Denote its orthogonal
distribution V? by H. Then, we have

TM ¼ VlH:ð2:1Þ
V is called the vertical distribution and H is called the horizontal distribu-
tion. We use the same letters to denote the orthogonal projections onto these
distributions.

By the unsymmetrized second fundamental form of V, we mean the tensor
field AV defined by

AV
E F ¼ Hð‘VEVF Þ; E;F A GðTMÞ;ð2:2Þ

where ‘ is the Levi-Civita connection on M. The symmetrized second funda-
mental form BV of V is given by

BVðE;FÞ ¼ 1

2
fAV

E F þ AV
F Eg ¼ 1

2
fHð‘VEVF Þ þHð‘VFVEÞgð2:3Þ

for any E;F A GðTMÞ. The integrability tensor of V is the tensor field IV given
by

IVðE;FÞ ¼ AV
E F � AV

F E �Hð½VE;VF �Þ:ð2:4Þ
Moreover, the mean curvature of V is defined by

mV ¼ 1

q
Trace BV ¼ 1

q

Xq

i¼1

Hð‘er erÞ;ð2:5Þ

where fe1; . . . ; eqg is a local frame of V. By reversing the roles of V, H, BH,
AH and IH can be defined similarly. For instance, BH is defined by

BHðE;F Þ ¼ 1

2
fVð‘HEHF Þ þVð‘HFHEÞgð2:6Þ

and, hence we have

mH ¼ 1

m� q
Trace BH ¼ 1

m� q

Xm�q

s¼1

Vð‘Es
EsÞ;ð2:7Þ

where E1; . . . ;Em�q is a local frame of H.
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Notice that if j : M ! N is a horizontally conformal submersion, the V
is the foliation associated to j and it is integrable. So IV ¼ 0 and AV is
symmetric. Moreover, we have the following:

Lemma 2.1 [4]. Let j : M ! N be a horizontally conformal submersion
between Riemannian manifolds. Denote its dilation by l : M ! ð0;yÞ. Then
for the associated foliation F :

(i) The horizontal distribution has mean curvature

mH ¼ Vðgrad ln lÞ ¼ 1

2
Vðgrad lnjdjj2Þ:ð2:8Þ

(ii) If j is horizontally homothetic, i.e. Hðgrad ln lÞ ¼ 0, then

mH ¼ grad ln l ¼ 1

2
ðgrad lnjdjj2Þ:ð2:9Þ

Let ðM; gMÞ and ðN; gNÞ be Riemannian manifolds and suppose that
j : M ! N is a smooth mapping between them. Then the di¤erential dj
of j can be viewed a section of the bundle HomðTM; j�1TNÞ ! M, where
j�1TN is the pullback bundle which has fibres ðj�1TNÞp ¼ TjðpÞN, p A M.

HomðTM; j�1TNÞ has a connection ‘ induced from the Levi-Civita connection
‘M and the pullback connection. Then the second fundamental form of j is
given by

‘djðX ;YÞ ¼ ‘
j
X djðYÞ � djð‘M

X YÞð2:10Þ
for X ;Y A GðTMÞ. It is known that the second fundamental form is symmetric.
A smooth map j : ðM; gMÞ ! ðN; gNÞ is said to be harmonic if trace ‘ dj ¼ 0.
On the other hand, the tension field of j is the section tðjÞ of Gðj�1TNÞ defined
by

tðjÞ ¼ div dj ¼
Xm

i¼1

‘ djðei; eiÞ;ð2:11Þ

where fe1; . . . ; emg is the orthonormal frame on M. Then it follows that j is
harmonic if and only if tðjÞ ¼ 0. For a horizontally conformal submersion, we
have the following:

Lemma 2.2 [4]. Let j : ðMm; gMÞ ! ðNn; gNÞ be a smooth horizontally
conformal submersion between Riemannian manifolds. Let l : M ! ð0;yÞ denote
the dilation of j and mV the mean curvature vector field of its fibres. Then the
tension field of j is given by

tðjÞ ¼ �ðn� 2Þ djðgrad ln lÞ � ðm� nÞ djðmVÞ:ð2:12Þ

2.2. Riemannian submanifolds
Let ðM; gÞ be an almost Hermitian manifold [11]. This means that M

admits a tensor field J of type ð1; 1Þ on M such that, EX ;Y A GðTMÞ, we have

49horizontally conformal submersions of cr-submanifolds



J 2 ¼ �I ; gðX ;YÞ ¼ gðJX ; JYÞ;ð2:13Þ
where g is the Riemannian metric. If J is parallel with respect the Levi-Civita
connection ‘ on M, i.e.,

ð‘XJÞY ¼ 0ð2:14Þ
then M is called a Kaehler manifold.

Let M be a Riemannian manifold isometrically immersed in M and denote
by the same symbol g the Riemannian metric induced on M. Let GðTMÞ be the
Lie algebra of vector fields in M and GðTM?Þ the set of all vector fields normal
to M. Denote by ‘ the Levi-Civita connection of M. Then the Gauss and
Weingarten formulas are given by

‘XY ¼ ‘XY þ hðX ;Y Þð2:15Þ
and

‘XN ¼ �ANX þ ‘?
XNð2:16Þ

for any X ;Y A GðTMÞ and any N A GðTM?Þ, where ‘? is the connection in the
normal bundle TM?, h is the second fundamental form of M and AN is the
Weingarten endomorphism associated with N. The second fundamental form
and the shape operator A are related by

gðANX ;Y Þ ¼ gðhðX ;YÞ;NÞ:ð2:17Þ
We recall from [1], a CR-submanifold M is called mixed totally geodesic if h

satisfies hðX ;ZÞ ¼ 0, for X A GðDÞ and Z A GðD?Þ.

3. Horizontally conformal submersions of CR-submanifolds

Let M be a CR-submanifold of a Kaehler manifold ðM; gM ; JÞ and
ðN; gN ; J

�Þ be an almost Hermitian manifold. Let j : M ! N be a horizontally
conformal submersion such that

D? ¼ Ker dj; D ¼ H; JðD?Þ ¼ TM? and J �o dj ¼ djoJ:ð3:1Þ
It is obvious that j is a generalization of submersions of CR-submanifolds

(in the sense of Kobayashi). In this section, we show that there are some
restrictions for j.

Theorem 3.1. Let M be a CR-submanifold of a Kaehler manifold M and N
be an almost Hermitian manifold. Suppose that j : M ! N is a horizontally
homothetic submersion under the assumptions in (3.1). Then j is a Riemannian
submersion up to a scale. Moreover, j is a harmonic map if M is mixed geodesic.

Proof. From (1.2) we have Hðgrad ln lÞ ¼ 0. On the other hand, from
(2.6) we get

gðBHðX ;XÞ;VÞ ¼ gð‘XX ;VÞ
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for any X A GðDÞ and V A GðD?Þ, where g is the Riemannian metric on M
induced from gM and ‘ is the Levi-Civita connection on M induced from the
Levi-Civita connection ‘ of M. Using (2.15), we obtain gðBHðX ;X Þ;VÞ ¼
gð‘XX ;VÞ. Thus, from (2.13) and (2.14), we have

gðBHðX ;XÞ;VÞ ¼ gð‘XJX ; JVÞ:
Hence, we arrive at

gðBHðX ;X Þ;VÞ ¼ gð½X ; JX � þ ‘JXX ; JVÞ:
Since ½X ; JX � A GðTMÞ and JV A GðTM?Þ, we derive

gðBHðX ;X Þ;VÞ ¼ gð‘JXX ; JVÞ:
Using again (2.13) and (2.14), we get

gðBHðX ;X Þ;VÞ ¼ �gð‘JXJX ;VÞ:
Then, (2.15) implies that

gðBHðX ;X Þ;VÞ ¼ �gð‘JXJX ;VÞ:
for X A GðDÞ and V A GðD?Þ. Hence, we have

gðBHðX ;XÞ;VÞ ¼ �gðBHðJX ; JXÞ;VÞ:ð3:2Þ
Since D is an almost complex distribution, we choose a local orthonormal
fE1; . . . ;Es;F1; . . . ;Fsg for D with JEi ¼ Fi. Hence, using (2.7), we can write

gðmH;VÞ ¼ 1

2s

Xs

i¼1

gðBHðEi;EiÞ;VÞ þ gðBHðFi;FiÞ;VÞ:

Then, from (3.2) we obtain

gðmH;VÞ ¼ 1

2s

Xs

i¼1

gðBHðEi;EiÞ;VÞ � gðBHðEi;EiÞ;VÞ ¼ 0

which implies that

mH ¼ 0:ð3:3Þ
Then, considering (2.9) and (3.3) we conclude that grad ln l ¼ 0. Hence, it
follows that l is a constant on M. Thus, j is a Riemannian submersion up to
scale. On the other hand, from (2.2) and (2.3), we have

gðBVðZ;ZÞ;XÞ ¼ gð‘ZZ;X Þ:
for Z A GðD?Þ and X A GðDÞ. Then, using (2.13) and (2.14) we obtain

gðBVðZ;ZÞ;XÞ ¼ gð‘ZJZ; JX Þ:
Thus, from (2.16), we get

gðBVðZ;ZÞ;X Þ ¼ �gðAJZZ; JX Þ:
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Hence, using (2.17), we arrive at

gðBVðZ;ZÞ;XÞ ¼ �gðhðZ; JX Þ; JZÞ:ð3:4Þ
Then, since M is mixed geodesic, from (2.5) and (3.4), we have

gðmV;XÞ ¼ � 1

q

Xq

j¼1

gðhðej; JX Þ; JejÞ ¼ 0:ð3:5Þ

Then, the harmonicity of j follows from Lemma 2.2, (1.2) and (3.5). Hence,
proof is complete.

If N is a Kaehler manifold, we have the following result.

Theorem 3.2. Let M be a CR-submanifold of a Kaehler manifold M and
N be a Kaehler manifold. Suppose that j : M ! N is a horizontally conformal
submersion under the assumptions in (3.1). Then j is a Riemannian submersion up
to a scale. Moreover, j is a harmonic map if M is mixed geodesic.

Proof. From ([4], Lemma 4.5.1, page: 119), we have

‘ djðX ;Y Þ ¼ Xðln lÞ djðY Þ þ Yðln lÞ djðX Þ � gðX ;YÞ djðgrad ln lÞð3:6Þ
for X ;Y A GðDÞ. On the other hand, from (2.10), we have

‘ djðX ; JY Þ ¼ ‘
j
X djðJY Þ � djð‘XJYÞ ¼ ‘

j
X djðJYÞ � djð‘XJY � hðX ; JYÞÞ

for X ;Y A GðDÞ. Since M is a Kaehler manifold, we get

‘ djðX ; JY Þ ¼ ‘
j
X djðJY Þ � djðJ‘XYÞ

¼ ‘N
djðX Þ djðJYÞ � djðJH‘XYÞ:

Since j is holomorphic, i.e., J �o dj ¼ djoJ, we have

‘ djðX ; JY Þ ¼ ‘N
djðXÞJ

� djðYÞ � J � djð‘XY Þ:
Then, Kaehler N implies that

‘ djðX ; JY Þ ¼ J �‘N
djðX Þ djðYÞ � J � djð‘XY Þ:

Hence
‘ djðX ; JY Þ ¼ J �‘ djðX ;Y Þ:

Using symmetry of ‘ dj, we derive

‘ djðJX ; JX Þ ¼ �‘ djðX ;X Þ:ð3:7Þ
Then, from (3.7), we obtain

TraceH ‘ dj ¼
X2s

j¼1

‘ djðEj;EjÞ

¼
Xs

j¼1

‘ djðEj;EjÞ þ ‘ djðJEj; JEjÞ ¼ 0:
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Hence

TraceH ‘ dj ¼ 0:ð3:8Þ
On the other hand, from (3.6), we obtain

TraceH ‘ dj ¼ �2ðp� 1Þ djðgrad ln lÞ:ð3:9Þ
Then, (3.8) and (3.9) imply that

djðgrad ln lÞ ¼ 0

which shows that grad ln l is vertical, i.e., j is horizontally homothetic. Then,
proof follows from Theorem 3.1.

References

[ 1 ] A. Bejancu, Geometry of CR-submanifolds, Dordrecht Boston, Kluwer, 1986.

[ 2 ] A. Bejancu, CR submanifolds of a Kaehler manifold I, Proc. Amer. Math. Soc. 69 (1978),

135–142.

[ 3 ] A. Bejancu, CR submanifolds of a Kaehler manifold II, Trans. Amer. Math. Soc. 250 (1979),

333–345.

[ 4 ] P. Baird and J. C. Wood, Harmonic morphisms between Riemannian manifolds, Clarendon

press, Oxford, 2003.

[ 5 ] B. Y. Chen, CR-submanifolds of a Kähler manifold I and II, J. Di¤. Geom. 16 (1981), 305–

322, 493–509.

[ 6 ] B. Y. Chen, Riemannian submanifolds, Handbook of di¤erential geometry (F.J.E. Dillen and

L.C.A. Verstraelen, eds.), Amsterdam, North Holland, 187–418.

[ 7 ] B. Fuglede, Harmonic morphisms between Riemannian manifolds, Ann. Inst. Fourier

(Grenoble) 28 (1978), 107–144.

[ 8 ] T. Ishihara, A mapping of Riemannian manifolds which preserves harmonic functions, J.

Math. Kyoto Univ. 19 (1979), 215–229.

[ 9 ] S. Kobayashi, Submersions of CR-submanifolds, Tōhoku Math. J. 89 (1987), 95–100.
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