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SOME GENERALIZATIONS OF NEVANLINNA’S

FIVE-VALUE THEOREM

Ten-Ging Chen, Keng-Yan Chen and Yen-Lung Tsai

Abstract

We generalize Nevanlinna’s five-value theorem to the cases that two meromorphic

functions partially sharing either five or more values, or five or more small functions.

In each case, we formulate a way to measure how far these two meromorphic functions

are from sharing either values or small functions, and use this measurement to get some

uniqueness results.

1. Introduction

Nevanlinna’s five-value theorem [3] says that if two meromorphic func-
tions share five values ignoring multiplicity, then these two functions must be
identical. More precisely, suppose f ðzÞ and gðzÞ are meromorphic functions and
a1; a2; . . . ; a5 are five distinct values. If

Eðaj; f Þ ¼ Eðaj; gÞ; 1a ja 5

where Eða; hÞ ¼ fz j hðzÞ � a ¼ 0g for a meromorphic function hðzÞ, then f ðzÞ1
gðzÞ.

C. C. Yang [5] observed that one can weaken the assumption of sharing
five values to ‘‘partially’’ sharing five values in Nevanlinna’s five-value theorem.
We say that a meromorphic function f ðzÞ partially shares a value a with a
meromorphic function gðzÞ if

Eða; f ÞJEða; gÞ:

Under this terminology, Yang [5] proved that if a meromorphic function
f ðzÞ partially share five values a1; a2; . . . ; a5 with a meromorphic function gðzÞ,
and
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then f ðzÞ and gðzÞ must be identical. In Nevanlinna’s five-value theoerm, we
have Eðaj; f Þ ¼ Eðaj; gÞ for all 1a ja 5. In this case,
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so f ðzÞ1 gðzÞ. Hence, Yang’s result is a generalization of Nevanlinna’s five-
value theorem.

For the cases of small functions, Li and Qiao [2] proved that if two
meromorphic functions share five small functions, then they are identical.

In this paper, we generalize both Yang’s result to the cases that two
meromorphic functions partially share five or more values, and Li and Qiao’s
result to the cases that two meromorphic functions partially share five or more
small functions. We will use Nevanlinna theory to prove our theorems, espe-
cially, the second fundamental theorem for small functions proved by Yamanoi
[4] recently.

We will assume the reader is familiar with the basic notations and funda-
mental results of Nevanlinna’s theory of meromorphic functions, as found in [1].
In particular, we use E to denote a subset of ð0;yÞ such that E is of finite linear
measure, which may be varied in di¤erent places.

The authors thank the anonymous referee for valuable comments and
suggestions to help improve this article.

2. Meromorphic functions partially share values

Definition. Let hðzÞ be a non-constant meromorphic function and a be a
value in the extended complex plane. We define

Eða; hÞ ¼ fz j hðzÞ � a ¼ 0g

in which each zero is counted only once.

In this section, we study two meromorphic functions partially share five or
more values. Precisely speaking, we consider two meromorphic functions f ðzÞ
and gðzÞ, and k distinct values a1; a2; . . . ; ak, kb 5, such that

Eðaj; f ÞJEðaj; gÞ;
for all 1a ja k.

When k ¼ 5, Yang [5] proved the following theorem.

Theorem 1. Let f ðzÞ and gðzÞ be two non-constant meromorphic functions
and a1; a2; . . . ; a5 be five distinct values. If

Eðaj; f ÞJEðaj; gÞ;
for all 1a ja 5, and
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then f ðzÞ1 gðzÞ.

In the proof of this theorem, Yang gave an argument to show that if
f ðzÞD gðzÞ, then
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and hence the theorem is true. The inequality (1) is the crucial part of this
theorem. It is a natural question to ask: if f ðzÞ and gðzÞ partially share more
than five values, what the corresponding inequality becomes? In this paper, we
answer this question completely by the following theorem.

Theorem A. Let f ðzÞ and gðzÞ be two non-constant meromorphic functions
and a1; a2; . . . ; ak be k distinct values, where kb 5, and Eðaj; f ÞJEðaj; gÞ for all
1a ja k. If f ðzÞD gðzÞ, then
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Equivalently, if f ðzÞ and gðzÞ partially share five or more values, as stated above,
and
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then f ðzÞ1 gðzÞ.

Proof. Without loss of generality, we may assume that all aj are finite. By
Nevanlinna’s second fundamental theorem, we have
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By the hypothesis f ðzÞD gðzÞ, and Eðaj; f ÞJEðaj ; gÞ, 1a ja k, we have
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which completes the proof. r

When k ¼ 5, our theorem is exactly Yang’s result, so Theorem A is a
generalization to both Yang’s result and Nevanlinna’s five-value theorem.

Remark 1. There are non-identitical meromorphic functions satisfying the
assumptions in Theorem A. For example, let f ðzÞ ¼ ez, gðzÞ ¼ ekz and
a1; a2; . . . ; ak be the distinct roots of xk � x ¼ 0, where kb 5 is an integer. Then
it is easy to see that

Eðaj; f ÞJEðaj; gÞ;

for all 1a ja k, and
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3. Meromorphic functions partially share small functions

We say that two non-constant meromorphic functions share a function aðzÞ
if we have f ðzÞ � aðzÞ ¼ 0 if and only if gðzÞ � aðzÞ ¼ 0. For meromorphic
functions sharing small functions, Zhang [6] proved the following theorem.

Theorem 2. Let f ðzÞ and gðzÞ be two non-constant meromorphic functions,
and a1ðzÞ; a2ðzÞ; . . . ; a6ðzÞ be six distinct small functions of f ðzÞ and gðzÞ. If f ðzÞ
and gðzÞ share a1ðzÞ; a2ðzÞ; . . . ; a6ðzÞ, then f ðzÞ1 gðzÞ.
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Li and Qiao [2] proved a small function version of Nevanlinna’s five-value
theorem, which says that if two meromorphic functions share five small functions,
then these two functions are identical.

Theorem 3. Let f ðzÞ and gðzÞ be two non-constant meromorphic functions,
and a1ðzÞ; a2ðzÞ; . . . ; a5ðzÞ be five distinct small functions of f ðzÞ and gðzÞ. If f ðzÞ
and gðzÞ share a1ðzÞ; a2ðzÞ; . . . ; a5ðzÞ, then f ðzÞ1 gðzÞ.

Now, we consider the case that two meromorphic functions partially share
small functions.

Definition. Let hðzÞ be a non-constant meromorphic function and aðzÞ be
a small function of hðzÞ. We define

Eða; hÞ ¼ fz j hðzÞ � aðzÞ ¼ 0g

in which each zero is counted only once.

In the same way, we can extend the result of Theorem A to the case of small
functions by using the second fundamental theorem for small functions proved by
Yamanoi [4].

Theorem 4. Let f ðzÞ be a non-constant meromorphic function and a1ðzÞ;
a2ðzÞ; . . . ; akðzÞ be k distinct small functions of f ðzÞ. Then, for all e > 0

ðk � 2� eÞTðr; f Þa
Xk

j¼1

N r;
1

f � aj

� �

as r ! y, r B E.

Now, we can state and prove our theorem for small functions as follows.

Theorem B. Let f ðzÞ and gðzÞ be two non-constant meromorphic functions
and a1ðzÞ; a2ðzÞ; . . . ; akðzÞ be k distinct small functions of f ðzÞ and gðzÞ, where
kb 5, and Eðaj; f ÞJEðaj; gÞ for all 1a ja k. If f ðzÞD gðzÞ, then
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Equivalently, if
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then f ðzÞ1 gðzÞ.
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Proof. It follows from Theorem 4 that, given e > 0, we have
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which is true for all e > 0. Hence,
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and the proof is complete. r

Remark 2. In Remark 1, if we let a0 ¼ y, then f ðzÞ partially shares k þ 1
values a0; a1; . . . ; ak with gðzÞ, and we still have
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which shows that the results in Theorem A and B are almost sharp, at least one
cannot replace 1=ðk � 3Þ by 1=ðk � 1þ eÞ for any e > 0.
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