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Abstract

We build a variational theory of geodesics of the Tanaka-Webster connection ‘

on a strictly pseudoconvex CR manifold M. Given a contact form y on M such that

ðM; yÞ has nonpositive pseudohermitian sectional curvature ðkyðsÞa 0Þ we show that

ðM; yÞ has no horizontally conjugate points. Moreover, if ðM; yÞ is a Sasakian

manifold such that kyðsÞb k0 > 0 then we show that the distance between any two

consecutive conjugate points on a lengthy geodesic of ‘ is at most p=ð2
ffiffiffiffiffi
k0

p
Þ. We

obtain the first and second variation formulae for the Riemannian length of a curve in

M and show that in general geodesics of ‘ admitting horizontally conjugate points do

not realize the Riemannian distance.

1. Introduction

Sasakian manifolds possess a rich geometric structure (cf. [5], p. 73–80)
and are perhaps the closest odd dimensional analog of Kählerian manifolds. In
particular the concept of holomorphic sectional curvature admits a Sasakian
counterpart, the so called j-sectional curvature HðXÞ (cf. [5], p. 94) and it is a
natural problem (as well as in Kählerian geometry, cf. e.g. [17], p. 171, and p.
368–373) to investigate how restrictions on HðXÞ influence upon the topology
of the manifold. An array of findings in this direction are described in [5], p.
77–80. For instance, by a result of M. Harada, [11], for any compact regular
Sasakian manifold M satisfying the inequality h > k2 the fundamental group
p1ðMÞ is cyclic. Here h ¼ inffHðX Þ : X A TxðMÞ; kXk ¼ 1; x A Mg and it is also
assumed that the least upper bound of the sectional curvature of M is 1=k2.
Moreover, if additionally M has minimal diameter p then M is isometric to the
standard sphere S2nþ1, cf. [12], p. 200.

In the present paper we embrace a di¤erent point of view, that of pseudo-
hermitian geometry (cf. [27]). To describe it we need to introduce a few basic
objects (cf. [5], p. 19–28). Let M be a ð2nþ 1Þ-dimensional Cy manifold and
ðj; x; h; gÞ a contact metric structure i.e. j is an endomorphism of the tangent
bundle, x is a tangent vector field, h is a di¤erential 1-form, and g is a Rie-
mannian metric on M such that
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j2 ¼ �I þ hn x; jðxÞ ¼ 0; hðxÞ ¼ 1;

gðjX ; jY Þ ¼ gðX ;Y Þ � hðX ÞhðY Þ; X ;Y A TðMÞ;

and W ¼ dh (the contact condition) where WðX ;YÞ ¼ gðX ; jY Þ. Any contact
Riemannian manifold ðM; ðj; x; h; gÞÞ admits a natural almost CR structure

T1;0ðMÞ ¼ fX � iJX : X A KerðhÞg

(i ¼
ffiffiffiffiffiffiffi
�1

p
) i.e. it satisfies (2) below. By a result of S. Ianuş, [14], if ðj; x; hÞ is

normal (i.e. ½j; j� þ 2ðdhÞn x ¼ 0) then T1;0ðMÞ is integrable, i.e. it obeys to (3)
in Section 2. Cf. [5], p. 57–61, for the geometric interpretation of normality,
as related to the classical embeddability theorem for real analytic CR structures
(cf. [1]). Integrability of T1;0ðMÞ is required in the construction of the Tanaka-
Webster connection of ðM; hÞ, cf. [25], [27] and definitions in Section 2 (although
many results in pseudohermitian geometry are known to carry over to arbitrary
contact Riemannian manifolds, cf. [26] and more recently [2], [6]). A manifold
carrying a contact metric structure ðj; x; h; gÞ whose underlying contact structure
ðj; x; hÞ is normal is a Sasakian manifold (and g is a Sasakian metric). The
main tool in the Riemannian approach to the study of Sasakian geometry is the
availability of a variational theory of geodesics of the Levi-Civita connection of
ðM; gÞ (cf. e.g. [12], 194–197). In this paper we start the elaboration of a similar
theory regarding the geodesics of the Tanaka-Webster connection ‘ of ðM; hÞ
and give a few applications (cf. Theorems 6–7 and 13 below). Our motivation
is twofold. First, we aim to study the topology of Sasakian manifolds under
restrictions on the curvature of ‘ and conjecture that Carnot-Carathéodory
complete Sasakian manifolds whose pseudohermitian Ricci tensor r satisfies
rðX ;XÞb ð2n� 1Þk0kXk2 for some k0 > 0 and any X A KerðhÞ must be com-
pact. Second, the relationship between the sub-Riemannian geodesics of the sub-
Riemannain manifold ðM;KerðhÞ; gÞ and the geodesics of ‘ (emphasized by our
Corollary 1) together with R. S. Strichartz’s arguments (cf. [23], p. 245 and
261–262) clearly indicates that a variational theory of geodesics of ‘ is the key
requirement in bringing results such as those in [24] or [22] into the realm of
subelliptic theory. In [3] one obtains a pseudohermitian version of the Bochner
formula (cf. e.g. [4], p. 131) implying a lower bound on the first nonzero
eigenvalue l1 of the sublaplacian Db of a compact Sasakian manifold

�l1 b 2nk=ð2n� 1Þð1Þ

(a CR analog to the Lichnerowicz theorem, [19]). It is likely that a theory of
geodesics of ‘ may be employed to show that equality in (1) implies that M is
CR isomorphic to a sphere S2nþ1 (the CR analog to Obata’s result, [22]).

Acknowledgements. The Authors are grateful to the anonymous Referee who
pointed out a few errors in the original version of the manuscript. The Authors
acknowledge support from INdAM (Italy) within the interdisciplinary project
Nonlinear subelliptic equations of variational origin in contact geometry.
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2. Sub-Riemannian geometry on CR manifolds

Let M be an orientable ð2nþ 1Þ-dimensional Cy manifold. A CR structure
on M is a complex distribution T1;0ðMÞHTðMÞnC, of complex rank n, such
that

T1;0ðMÞVT0;1ðMÞ ¼ ð0Þð2Þ
and

Z;W A T1;0ðMÞ ) ½Z;W � A T1;0ðMÞð3Þ

(the formal integrability property). Here T0;1ðMÞ ¼ T1;0ðMÞ (overbars denote
complex conjugates). The integer n is the CR dimension. The pair ðM;T1;0ðMÞÞ
is a CR manifold (of hypersurface type). Let HðMÞ ¼ RefT1;0ðMÞlT0;1ðMÞg
be the Levi distribution. It carries the complex structure J : HðMÞ ! HðMÞ
given by JðZ þ ZÞ ¼ iðZ � ZÞ ði ¼

ffiffiffiffiffiffiffi
�1

p
Þ. Let HðMÞ? HT �ðMÞ the conormal

bundle, i.e. HðMÞ?x ¼ fo A T �
x ðMÞ : KerðoÞKHðMÞxg, x A M. A pseudo-

hermitian structure on M is a globally defined nowhere zero cross-section y in
HðMÞ?. Pseudohermitian structures exist as the orientability assumption implies
that HðMÞ?AM � R (a di¤eomorphism) i.e. HðMÞ? is a trivial line bundle.
For a review of the main notions of CR and pseudohermitian geometry one may
see [8].

Let ðM;T1;0ðMÞÞ be a CR manifold, of CR dimension n. Let y be a
pseudohermitian structure on M. The Levi form is

LyðZ;WÞ ¼ �iðdyÞðZ;WÞ; Z;W A T1;0ðMÞ:

M is nondegnerate if Ly is nondegenerate for some y. Two pseudohermitian
structures y and ŷy are related by

ŷy ¼ f yð4Þ

for some Cy function f : M ! Rnf0g. Since L
ŷy
¼ fLy nondegeneracy of M

is a CR invariant notion, i.e. it is invariant under a transformation (4) of the
pseudohermitian structure. The whole setting bears an obvious analogy to con-
formal geometry (a fact already exploited by many authors, cf. e.g. [10], [25]–
[27]). If M is nondegenerate then any pseudohermitian structure y on M is
actually a contact form, i.e. y5ðdyÞn is a volume form on M. By a fundamental
result of N. Tanaka and S. Webster (cf. op. cit.) on any nondegenerate CR
manifold on which a contact form y has been fixed there is a canonical linear
connection ‘ (the Tanaka-Webster connection of ðM; yÞ) compatible to the Levi
distribution and its complex structure, as well as to the Levi form. Precisely, let
T be the globally defined nowhere zero tangent vector field on M, transverse to
HðMÞ, uniquely determined by yðTÞ ¼ 1 and T c dy ¼ 0 (the characteristic di-
rection of dy). Let

GyðX ;YÞ ¼ ðdyÞðX ; JYÞ; X ;Y A HðMÞ;

(the real Levi form) and consider the semi-Riemannian metric gy on M given by

408 elisabetta barletta and sorin dragomir



gyðX ;Y Þ ¼ GyðX ;YÞ; gyðX ;TÞ ¼ 0; gyðT ;TÞ ¼ 1;

for any X ;Y A HðMÞ (the Webster metric of ðM; yÞ). Let us extend J to an
endomorphism of the tangent bundle by setting JT ¼ 0. Then there is a unique
linear connection ‘ on M such that i) HðMÞ is parallel with respect to ‘, ii)
‘gy ¼ 0, ‘J ¼ 0, and iii) the torsion T‘ of ‘ is pure, i.e.

T‘ðZ;WÞ ¼ T‘ðZ;WÞ ¼ 0; T‘ðZ;WÞ ¼ 2iLyðZ;WÞT ;ð5Þ
for any Z;W A T1;0ðMÞ, and

t � J þ J � t ¼ 0;ð6Þ

where tðXÞ ¼ T‘ðT ;XÞ for any X A TðMÞ (the pseudohermitian torsion of ‘).
The Tanaka-Webster connection is a pseudohermitian analog to both the Levi-
Civita connection in Riemannian geometry and the Chern connection in Her-
mitian geometry.

A CR manifold M is strictly pseudoconvex if Ly is positive definite for some
y. If this is the case then the Webster metric gy is a Riemannian metric on M
and if we set j ¼ J, x ¼ �T , h ¼ �y and g ¼ gy then ðj; x; h; gÞ is a contact
metric structure on M. Also ðj; x; h; gÞ is normal if and only if t ¼ 0. If this is
the case gy is a Sasakian metric and ðM; yÞ is a Sasakian manifold.

We proceed by recalling a few concepts from sub-Riemannian geometry
(cf. e.g. R. S. Strichartz, [23]) on a strictly pseudoconvex CR manifold. Let
ðM;T1;0ðMÞÞ be a strictly pseudoconvex CR manifold, of CR dimension n. Let
y be a contact form on M such that the Levi form Gy is positive definite. The
Levi distribution HðMÞ is bracket generating i.e. the vector fields which are
sections of HðMÞ together with all brackets span TxðMÞ at each point x A M,
merely as a consequence of the nondegeneracy of the given CR structure.
Indeed, let ‘ be the Tanaka-Webster connection of ðM; yÞ and let fTa : 1a aa ng
be a local frame of T1;0ðMÞ, defined on the open set U JM. By the purity
property (5)

G
g

ab
Tg � G

g

ba
Tg � ½Ta;Tb

� ¼ 2ig
ab
T ;ð7Þ

where GA
BC are the coe‰cients of ‘ with respect to fTag

‘TB
TC ¼ GA

BCTA

and g
ab

¼ LyðTa;Tb
Þ. Our conventions as to the range of indices are A;B;C; . . .

A f0; 1; . . . ; n; 1; . . . ; ng and a; b; g; . . . A f1; . . . ; ng (where T0 ¼ T). Note that
fTa;Ta;Tg is a local frame of TðMÞnC on U . If Ta ¼ Xa � iJXa are the real
and imaginary parts of Ta then (7) shows that fXa; JXag together with their
brackets span the whole of TxðMÞ, for any x A U . Actually more has been
proved. Given x A M and v A HðMÞxnf0g there is an open neighborhood
U JM of x and a local frame fTag of T1;0ðMÞ on U such that T1ðxÞ ¼ v� iJxv,
hence v is a 2-step bracket generator so that HðMÞ satisfies the strong bracket
generating hypothesis (cf. the terminology in [23], p. 224).

Let x A M and gðxÞ : T �
x ðMÞ ! HðMÞx determined by
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Gy;xðv; gðxÞxÞ ¼ xðvÞ; v A HðMÞx; x A T �
x ðMÞ:

Note that the kernel of g is precisely the conormal bundle HðMÞ?. In other
words Gy is a sub-Riemannian metric on HðMÞ and g its alternative description
(cf. also (2.1) in [23], p. 225). If ŷy ¼ euy is another contact form such that G

ŷy
is

positive definite (u A CyðMÞ) then ĝg ¼ e�ug. Clearly if the Levi form Ly is only
nondegenerate then ðM;HðMÞ;GyÞ is a sub-Lorentzian manifold, cf. the termi-
nology in [23], p. 224.

Let g : I ! M be a piecewise C 1 curve (where I JR is an interval). Then g
is a lengthy curve if _ggðtÞ A HðMÞgðtÞ for every t A I such that _ggðtÞ is defined. For
instance, any geodesic of ‘ (i.e. any C 1 curve gðtÞ such that ‘ _gg _gg ¼ 0) of initial
data ðx; vÞ, v A HðMÞx, is lengthy (as a consequence of ‘gy ¼ 0 and ‘T ¼ 0). A
piecewise C1 curve x : I ! T �ðMÞ is a cotangent lift of g if xðtÞ A T �

gðtÞðMÞ and
gðgðtÞÞxðtÞ ¼ _ggðtÞ for every t (where defined). Clearly cotangent lifts of a given
lengthy curve g exist (cf. also Proposition 1 below). Also, cotangent lifts of g are
uniquely determined modulo sections of the conormal bundle HðMÞ? along g.
That is, if h : I ! T �ðMÞ is another cotangent lift of g then hðtÞ � xðtÞ A HðMÞ?gðtÞ
for every t. The length of a lengthy curve g : I ! M is given by

LðgÞ ¼
ð
I

fxðtÞ½gðgðtÞÞxðtÞ�g1=2 dt:

The definition doesn’t depend upon the choice of cotangent lift x of g. The
Carnot-Carathéodory distance rðx; yÞ among x; y A M is the infimum of the
lengths of all lengthy curves joining x and y. That r is indeed a distance function
on M follows from a theorem of W. L. Chow, [7], according to which any two
points x; y A M may be joined by a lengthy curve (provided that M is connected).

Let gy be the Webster metric of ðM; yÞ. Then gy is a contraction of the
sub-Riemannian metric Gy (Gy is an expansion of gy), cf. [23], p. 230. Let d be
the distance function corresponding to the Webster metric. The length LðgÞ of a
lengthy curve g is precisely its length with respect to gy hence

dðx; yÞa rðx; yÞ; x; y A M:ð8Þ
While r and d are known to be inequivalent distance functions, they do determine
the same topology. For further details on Carnot-Carathéodory metrics see J.
Mitchell, [21].

Let ðU ; x1; . . . ; x2nþ1Þ be a system of local coordinates on M and let us set
Gij ¼ gyðqi; qjÞ (where qi is short for q=qxi) and ½Gij� ¼ ½Gij��1. Using

GyðX ; g dxiÞ ¼ ðdxiÞðXÞ; X A HðMÞ;
for X ¼ qk � ykT (where yi ¼ yðqiÞ) leads to

gijðGjk � yjykÞ ¼ d ik � ykT
ið9Þ

where g dxi ¼ gijqj and T ¼ T iqi. On the other hand gijyj ¼ yðg dxiÞ ¼ 0 so that
(9) yields

gij ¼ Gij � T iT j :ð10Þ
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As an application we introduce a canonical cotangent lift of a given lengthy curve
on M.

Proposition 1. Let g : I ! M be a lengthy curve and let x : I ! T �ðMÞ be
given by xðtÞTgðtÞ ¼ 1 and xðtÞX ¼ gyð _gg;X Þ, for any X A HðMÞgðtÞ. Then x is a
cotangent lift of g.

Proof. Let xiðtÞ be the components of g with respect to the chosen local
coordinate system. By the very definition of x

xj ¼ Gij

dxi

dt
þ yj:ð11Þ

Hence

gx ¼ xjg
ijqi ¼ gij Gjk

dxk

dt
þ yj

� �
qi ¼ gijGjk

dxk

dt
qi

¼ ðGij � T iT jÞGjk

dxk

dt
qi ¼ ðd ik � T iykÞ

dxk

dt
qi

¼ _ggðtÞ � yð _ggðtÞÞT ¼ _ggðtÞ:

We recall (cf. [23], p. 233) that a sub-Riemannian geodesic is a C2 curve gðtÞ in M
satisfying the Hamilton-Jacobi equations associated to the Hamiltonian function
Hðx; xÞ ¼ 1

2 g
ijðxÞxixj that is

dxi

dt
¼ gijðgðtÞÞxjðtÞ;ð12Þ

dxk
dt

¼ � 1

2

qgij

qxk
ðgðtÞÞxiðtÞxjðtÞ;ð13Þ

for some cotangent lift xðtÞ A T �ðMÞ of gðtÞ. Our purpose is to show that

Theorem 1. Let M be a strictly pseudoconvex CR manifold and y a contact
form on M such that Gy is positive definite. A C2 curve gðtÞ A M, jtj < e, is a sub-
Riemannian geodesic of ðM;HðMÞ;GyÞ if and only if gðtÞ is a solution to

‘ _gg _gg ¼ �2bðtÞJ _gg; b 0ðtÞ ¼ Að _gg; _ggÞ; jtj < e;ð14Þ
with _ggð0Þ A HðMÞgð0Þ, for some C2 function b : ð�e; eÞ ! R. Here AðX ;YÞ ¼
gyðtX ;Y Þ is the pseudohermitian torsion of ðM; yÞ.

According to the terminology in [23], p. 237, the canonical cotangent lift
xðtÞ of a given lengthy curve gðtÞ is the one determined by the orthogonality
requirement

VjðxÞG jðx; vÞ ¼ 0;ð15Þ
for any v A HðMÞ?gðtÞ and any jtj < e, where
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VkðxÞ ¼
dxk
dt

þ 1

2

qgij

qxk
xixj ;

G iðx; vÞ ¼ G ijkxjvk; G ijk ¼ 1

2
glj

qgik

qxl
þ glk

qgij

qxl
� gli

qg jk

qxl

� �
:

Let gðtÞ be a lengthy curve and x0ðtÞ the cotangent lift of gðtÞ furnished by
Proposition 1. Then any other cotangent lift xðtÞ is given by

xðtÞ ¼ x0ðtÞ þ aðtÞygðtÞ; jtj < e;ð16Þ

for some a : ð�e; eÞ ! R. We shall need the following result (a replica of Lemma
4.4 in [23], p. 237)

Lemma 1. The unique cotangent lift xðtÞ of gðtÞ satisfying the orthogonality
condition (15) is given by (16) where

aðtÞ ¼ � 1

2
j _ggðtÞj�2

gyð‘ _gg _gg; J _ggÞ � 1; jtj < e:

Proof. By (11) and (16)

VkðxÞ ¼ Vkðx0Þ þ a 0ðtÞyk þ aðtÞ qyk
qxl

dxl

dt

þ 1

2

qgij

qxk
½aðtÞðx0i yj þ x0j yiÞ þ aðtÞ2yiyj�

(where x0 ¼ x0i dxi) and using

qgij

qxk
yiyj ¼ 0

we obtain

ViðxÞ ¼ Viðx0Þ þ a 0ðtÞyi þ 2aðtÞðdyÞð _gg; qiÞ:ð17Þ

Note that G iðx; vÞ ¼ G iðx0; vÞ and G ijkyjvk ¼ 0, for any v A HðMÞ?gðtÞ. Let us

contract (17) with G iðx; vÞ and use (15) and G iðx0; vÞyi ¼ 0. This ought to
determine aðtÞ. Indeed

Viðx0ÞG iðx0; vÞ þ 2aðtÞðdyÞð _gg;Gðx0; vÞÞ ¼ 0;ð18Þ

where Gðx; vÞ ¼ G iðx; vÞqi. On the other hand, a calculation based on (10)–(11)
shows that

Vkðx0Þ ¼ Gkl
d 2xl

dt2
þ l

ij

����
���� dxi

dt

dx j

dt

� �
þ 2ðdyÞð _gg; qkÞ;

l

ij

����
���� ¼ G lkjij; kj; jij; kj ¼ 1

2

qGik

qx j
þ qGjk

qxi
� qGij

qxk

� �
;
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hence

Viðx0Þ ¼ GijðD _gg _ggÞ j þ 2ðdyÞð _gg; qiÞ;ð19Þ
where D is the Levi-Civita connection of ðM; gyÞ. Then (18)–(19) yield

gyðD _gg _gg;Gðx0; vÞÞ þ 2ðaðtÞ þ 1ÞðdyÞð _gg;Gðx0; vÞÞ ¼ 0;

for any v A HðMÞ?gðtÞ. Yet HðMÞ? is the span of y hence

gyðGðx0; yÞ;D _gg _ggþ 2ðaðtÞ þ 1ÞJ _ggÞ ¼ 0

and

G iðx0; yÞ ¼ �GijðdyÞð _gg; qjÞ;
(because of T c dy ¼ 0) yields

2ðaðtÞ þ 1Þj _ggðtÞj2 þ gyðD _gg _gg; J _ggÞ ¼ 0:ð20Þ
Lemma 1 is proved. At this point we may prove Theorem 1. Let gðtÞ A M be
a sub-Riemannian geodesic of ðM;HðMÞ;GyÞ. Then there is a cotangent lift
xðtÞ A T �ðMÞ of gðtÞ (given by (16) for some a : ð�e; eÞ ! R) such that VðxÞ ¼ 0
(where VðxÞ ¼ V iðxÞqi). In particular the orthogonality condition (15) is iden-
tically satisfied, hence aðtÞ is determined according to Lemma 1. Using (17) and
(19) the sub-Riemannian geodesics equations are

GijðD _gg _ggÞ j þ a 0ðtÞyi þ 2ðaðtÞ þ 1ÞðdyÞð _gg; qiÞ ¼ 0

or

D _gg _ggþ a 0ðtÞT þ 2ðaðtÞ þ 1ÞJ _gg ¼ 0:ð21Þ
We recall (cf. e.g. [10]) that D ¼ ‘� ðdyþ AÞnT on HðMÞnHðMÞ hence
(by the uniqueness of the direct sum decomposition TðMÞ ¼ HðMÞlRT) the
equations (21) become

‘ _gg _ggþ 2ðaðtÞ þ 1ÞJ _gg ¼ 0; a 0ðtÞ ¼ Að _gg; _ggÞ;
(and we set b ¼ aþ 1). Theorem 1 is proved.

Corollary 1. Let M be a strictly pseudoconvex CR manifold and y a
contact form on M with vanishing pseudohermitian torsion ðt ¼ 0Þ. Then any
lengthy geodesic of the Tanaka-Webster connection ‘ of ðM; yÞ is a sub-Riemannian
geodesic of ðM;HðMÞ;GyÞ. Viceversa, if every lengthy geodesic gðtÞ of ‘ is a sub-
Riemannian geodesic then t ¼ 0.

Indeed, if ‘ _gg _gg ¼ 0 then the equations (14) (with b ¼ 0) are identically satisfied.

Proposition 2. Let gðtÞ A M be a sub-Riemannian geodesic and s ¼ fðtÞ a
C2 di¤eomorphism. If gðtÞ ¼ gðfðtÞÞ then gðsÞ is a sub-Riemannian geodesic if and
only if f is a‰ne, i.e. fðtÞ ¼ atþ b, for some a; b A R. In particular, every sub-
Riemannian geodesic may be reparametrized by arc length fðtÞ ¼

Ð t
0 j _ggðuÞj du.
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Proof. Set k ¼ j _ggð0Þj2 > 0. By taking the inner product of the first
equation in (14) by _ggðtÞ it follows that dj _ggðtÞj2=dt ¼ 0, hence j _ggðtÞj2 ¼ k, jtj < e.
Throughout the proof an overbar indicates the similar quantities associated to
gðsÞ. In particular k ¼ f 0ð0Þ�2

k. Locally

d 2xi

dt2
þ G i

jk

dx j

dt

dxk

dt
¼ �2ðaþ 1ÞJ i

j

dx j

dt
:ð22Þ

On the other hand, using (20) and

d 2xi

dt2
þ G i

jk

dx j

dt

dxk

dt
¼ f 00ðtÞ d

2xi

ds2
þ f 0ðtÞ2 d 2xi

ds2
þ G i

jk

dx j

ds

dxk

ds

� �

we obtain

kðaþ 1Þ ¼ kðaþ 1Þf 0ðtÞ3:
Then (22) may be written

kf 00ðtÞ dg
ds

þ 2ðaþ 1Þf 0ðtÞ2½kf 0ðtÞ2 � k�J dg
ds

¼ 0

hence f 00ðtÞ ¼ 0. Proposition 2 is proved.

Let S1 ! CðMÞ !p M be the canonical circle bundle over M (cf. e.g. [8],
p. 104). Let S be the tangent to the S1-action. Next, let us consider the 1-form
s on CðMÞ given by

s ¼ 1

nþ 2
drþ p� ioa

a �
i

2
gab dg

ab
� R

4ðnþ 1Þ y
� �� �

;

where r is a local fibre coordinate on CðMÞ (so that locally S ¼ q=qr) and
R ¼ gabR

ab
is the pseudohermitian scalar curvature of ðM; yÞ. Then s is a

connection 1-form in S1 ! CðMÞ ! M. Given a tangent vector v A TxðMÞ and
a point z A p�1ðxÞ we denote by v" its horizontal lift with respect to s, i.e. the
unique tangent vector v" A KerðszÞ such that ðdzpÞv" ¼ v. The Fe¤erman metric
of ðM; yÞ is the Lorentz metric on CðMÞ given by

Fy ¼ p� ~GGy þ 2ðp�yÞp s;

where ~GGy ¼ Gy on HðMÞnHðMÞ and ~GGyðX ;TÞ ¼ 0, for any X A TðMÞ. Also
p is the symmetric tensor product. We close this section by demonstrating
the following geometric interpretation of sub-Riemannian geodesics (of a strictly
pseudoconvex CR manifold).

Theorem 2. Let M be a strictly pseudoconvex CR manifold, y a contact form
on M such that Gy is positive definite, and Fy the Fe¤erman metric of ðM; yÞ. For
any geodesic z : ð�e; eÞ ! CðMÞ of Fy if the projection gðtÞ ¼ pðzðtÞÞ is lengthy
then g : ð�e; eÞ ! M is a sub-Riemannian geodesic of ðM;HðMÞ;GyÞ. Viceversa,
let gðtÞ A M be a sub-Riemannian geodesic. Then any solution zðtÞ A CðMÞ to the
ODE
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_zzðtÞ ¼ _ggðtÞ" þ ððnþ 2Þ=2ÞbðtÞSzðtÞ;ð23Þ
where bðtÞ ¼ aðtÞ þ 1 is given by (20), is a geodesic of Fy.

Here _ggðtÞ" A KerðszðtÞÞ and ðdzðtÞpÞ _ggðtÞ" ¼ _ggðtÞ. To prove Theorem 2 we shall need
the following

Lemma 2. For any X ;Y A HðMÞ
‘

CðMÞ
X " Y " ¼ ð‘XY Þ" � ðdyÞðX ;Y ÞT" � ðAðX ;YÞ þ ðdsÞðX ";Y "ÞÞŜS;

‘
CðMÞ
X " T" ¼ ðtX þ fXÞ";

‘
CðMÞ
T" X " ¼ ð‘TX þ fXÞ" þ 2ðdsÞðX ";T"ÞŜS;

‘
CðMÞ
X " ŜS ¼ ‘

CðMÞ
ŜS

X " ¼ ðJXÞ";
‘

CðMÞ
T" T" ¼ V "; ‘

CðMÞ
ŜS

ŜS ¼ 0;

‘
CðMÞ
ŜS

T" ¼ ‘
CðMÞ
T" ŜS ¼ 0;

where f : HðMÞ ! HðMÞ is given by GyðfX ;YÞ ¼ ðdsÞðX ";Y "Þ, and V A HðMÞ
is given by GyðV ;Y Þ ¼ 2ðdsÞðT";Y "Þ. Also ŜS ¼ ððnþ 2Þ=2ÞS.

This relates the Levi-Civita connection ‘CðMÞ of Fy to the Tanaka-Webster con-
nection of ðM; yÞ. Cf. [9] for a proof of Lemma 2.

Proof of Theorem 2. Let zðtÞ A CðMÞ be a geodesic of ‘CðMÞ and gðtÞ ¼
pðzðtÞÞ. Assume that _ggðtÞ A HðMÞgðtÞ. Note that _zzðtÞ � _ggðtÞ" A KerðdzðtÞpÞ hence

_zzðtÞ is given by (23), for some b : ð�e; eÞ ! R. Then (by Lemma 2)

0 ¼ ‘
CðMÞ
_zz _zz ¼ ‘

CðMÞ
_gg"

_gg" þ b 0ðtÞŜSþ 2bðtÞðJ _ggÞ"

¼ ð‘ _gg _ggÞ" þ ½b 0ðtÞ � Að _gg; _ggÞ�ŜSþ 2bðtÞðJ _ggÞ"

hence (by TðCðMÞÞ ¼ KerðsÞlRS) gðtÞ satisfies the equations (14), i.e. gðtÞ is a
sub-Riemannian geodesic. The converse is obvious.

3. Jacobi fields on CR manifolds

Let M be a strictly pseudoconvex CR manifold endowed with a contact form
y such that Gy is positive definite. Let ‘ be the Tanaka-Webster connection of
ðM; yÞ. Let gðtÞ A M be a geodesic of ‘, parametrized by arc length. A Jacobi
field along g is vector field X on M satisfying to the second order ODE

‘2
_ggX þ ‘ _ggT‘ðX ; _ggÞ þ RðX ; _ggÞ _gg ¼ 0:ð24Þ

Let Jg be the real linear space of all Jacobi fields of ðM;‘Þ. Then Jg is ð4nþ 2Þ-
dimensional (cf. Prop. 1.1 in [17], Vol. II, p. 63). We denote by ĝg the vector field
along g defined by ĝggðtÞ ¼ t _ggðtÞ for every value of the parameter t. Note that
_gg; ĝg A Jg. We establish
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Theorem 3. Every Jacobi field X along a lengthy geodesic g of ‘ can be
uniquely decomposed in the following form

X ¼ a _ggþ bĝgþ Yð25Þ
where a; b A R and Y is a Jacobi field along g such that

gyðY ; _ggÞgðtÞ ¼ �
ð t
0

yðX ÞgðsÞAð _gg; _ggÞgðsÞ ds:ð26Þ

In particular, if i) XgðtÞ A HðMÞgðtÞ for every t, or ii) ðM; yÞ is a Sasakian manifold

(i.e. t ¼ 0), then Y is perpendicular to g.

We need the following

Lemma 3. For any Jacobi field X A Jg

d

dt
fgyðX ; _ggÞg þ yðX ÞgðtÞAð _gg; _ggÞgðtÞ ¼ const:

Proof. Let us take the inner product of the Jacobi equation (24) by _gg and
use the skew symmetry of gyðRðX ;YÞZ;WÞ in the arguments ðZ;WÞ (a con-
sequence of ‘gy ¼ 0) so that to get

d 2

dt2
fgyðX ; _ggÞg þ d

dt
fgyðT‘ðX ; _ggÞ; _ggÞg ¼ 0:

On the other hand, let us set XH ¼ X � yðX ÞT (so that XH A HðMÞ). Then

gyðT‘ðX ; _ggÞ; _ggÞ ¼ �2WðXH ; _ggÞgyðT ; _ggÞ þ yðXÞgyðtð _ggÞ; _ggÞ
or (as g is lengthy)

gyðT‘ðX ; _ggÞ; _ggÞ ¼ yðX ÞAð _gg; _ggÞ:
Lemma 3 is proved. Throughout the section we adopt the notation X 0 ¼ ‘ _ggX
and X 00 ¼ ‘2

_ggX .

Proof of Theorem 3. We set by definition

a ¼ gyðX ; _ggÞgð0Þ; b ¼ gyðX 0; _ggÞgð0Þ þ yðX Þgð0ÞAð _gg; _ggÞgð0Þ;
and Y ¼ X � a _gg� bĝg. Clearly Y A Jg. Then, by Lemma 3

d

dt
fgyðY ; _ggÞg þ yðYÞAð _gg; _ggÞ ¼ a;

for some a A R. Next we integrate from 0 to t

gyðY ; _ggÞgðtÞ � gyðY ; _ggÞgð0Þ þ
ð t
0

yðYÞgðsÞAð _gg; _ggÞgðsÞ ds ¼ at

and substitute Y from (25) (and use _gg; ĝg A HðMÞ). Di¤erentiating the resulting
relation with respect to t at t ¼ 0 gives a ¼ 0. Hence
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gyðY ; _ggÞ þ
ð t
0

yðXÞgðsÞAð _gg; _ggÞgðsÞ ds ¼ 0:

The existence statement in Theorem 3 is proved. We need the following ter-
minology. Given X A Jg a Jacobi field Y A Jg satisfying (26) is said to be slant at
gðtÞ relative to X . Also Y is slant if it is slant at any point of g. To check the
uniqueness statement let X ¼ a 0 _ggþ b 0ĝgþ Z be another decomposition of X , where
a 0; b 0 A R and Z A Jg is slant (relative to X ). Then

ðaþ btÞ _ggðtÞ þ YgðtÞ ¼ ða 0 þ b 0tÞ _ggðtÞ þ ZgðtÞ

and taking the inner product with _ggðtÞ yields aþ bt ¼ a 0 þ b 0t, i.e. a ¼ a 0, b ¼ b 0

and YgðtÞ ¼ ZgðtÞ. Q.e.d.

Corollary 2. Suppose a Jacobi field X A Jg is slant at gðrÞ and at
gðsÞ relative to itself, for some r0 s. Then X is slant. In particular, if i)
XgðtÞ A HðMÞgðtÞ for every t, or ii) ðM; yÞ is a Sasakian manifold, and X is
perpendicular to g at two points, it is perpendicular to g at every point of g.

Proof. By Theorem 3 we may decompose X ¼ a _ggþ bĝgþ Y , where Y A Jg is
slant (relative to X ). Taking the inner product of XgðrÞ ¼ ðaþ brÞ _ggðrÞ þ YgðrÞ with
_ggðrÞ gives aþ br ¼ 0. Similarly aþ bs ¼ 0 hence (as r0 s) a ¼ b ¼ 0, so that
X ¼ Y . Q.e.d.

4. CR manifolds without conjugate points

Two points x and y on a lengthy geodesic gðtÞ are horizontally conjugate
if there is a Jacobi field X A Jg such that XgðtÞ A HðMÞgðtÞ for every t and Xx ¼
Xy ¼ 0. As T‘ is pure, the Jacobi equation (24) may also be written

X 00 � 2WðX 0; _ggÞT þ yðX 0Þtð _ggÞ þ yðXÞð‘ _ggtÞ _ggþ RðX ; _ggÞ _gg ¼ 0:ð27Þ

Given X A Jg one has (by (27))

d

dt
fgyðX 0;XÞg ¼ gyðX 00;XÞ þ gyðX 0;X 0Þ

¼ jX 0j2 þ 2yðXÞWðX 0; _ggÞ � yðX 0ÞAð _gg;XÞ
� yðX Þgyð‘ _ggt _gg;XÞ � gyðRðX ; _ggÞ _gg;X Þ:

On the other hand (again by ‘gy ¼ 0)

yðX 0ÞAð _gg;XÞ þ yðX Þgyð‘ _ggt _gg;X Þ

¼ yðX 0ÞAð _gg;XÞ þ yðXÞ d
dt
fAð _gg;X Þg � yðX ÞAð _gg;X 0Þ

¼ d

dt
fyðX ÞAð _gg;XÞg � yðXÞAð _gg;X 0Þ
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hence

d

dt
fgyðX 0;XÞ þ yðXÞAð _gg;X Þgð28Þ

¼ jX 0j2 � gyðRðX ; _ggÞ _gg;X Þ þ yðX Þ½Að _gg;X 0Þ þ 2WðX 0; _ggÞ�:

S. Webster (cf. [27]) has introduced a notion of pseudohermitian sectional cur-
vature by setting

kyðsÞ ¼
1

4
GyðX ;X Þ�2

gy;xðRxðX ; JxXÞJxX ;X Þ;ð29Þ

for any holomorphic 2-plane s (i.e. a 2-plane sHHðMÞx such that JxðsÞ ¼ s),
where fX ; JxXg is a basis of s. The coe‰cient 1=4 makes the sphere

i : S2nþ1 HCnþ1 (endowed with the contact form y0 ¼ i�
i

2
ðq� qÞjzj2

� �
) have

constant curvature þ1. Clearly, this is a pseudohermitian analog to the notion
of holomorphic sectional curvature in Hermitian geometry. On the other hand,
for any 2-plane sHTxðMÞ one may set

kyðsÞ ¼
1

4
gy;xðRxðX ;YÞY ;X Þ

where fX ;Yg is a gy;x-orthonormal basis of s. Cf. [17], Vol. I, p. 200, the
definition of kyðsÞ doesn’t depend upon the choice of orthonormal basis in s
because the curvature RðX ;Y ;Z;WÞ ¼ gyðRðZ;WÞY ;XÞ of the Tanaka-Webster
connection is skew symmetric in both pairs ðX ;YÞ and ðZ;WÞ. We refer to ky as
the pseudohermitian sectional curvature of ðM; yÞ. A posteriori the restriction (29)
of ky to holomorphic 2-planes is referred to as the holomorphic pseudohermitian
sectional curvature of ðM; yÞ. As an application of (28) we may establish

Theorem 4. If ðM; yÞ has nonpositive pseudohermitian sectional curvature
then ðM; yÞ has no horizontally conjugate points.

We need

Lemma 4. For every Jacobi field X A Jg

d

dt
fyðX Þg � 2WðX ; _ggÞgðtÞ ¼ c ¼ const:

To prove Lemma 4 one merely takes the inner product of (27) by T .

Proof of Theorem 4. The proof is by contradiction. If there is a lengthy
geodesic gðtÞ A M (parametrized by arc length) and a Jacobi field X A Jg such that
XgðaÞ ¼ XgðbÞ ¼ 0 for two values a and b of the parameter then we may integrate
in (28) so that to obtain
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ð b
a

fjX 0j2 � gyðRðX ; _ggÞ _gg;X Þ þ yðX Þ½Að _gg;X 0Þ þ 2WðX 0; _ggÞ�g dt ¼ 0:ð30Þ

On the other hand

yðXÞWðX 0; _ggÞ ¼ yðXÞ d
dt
fWðX ; _ggÞg

¼ d

dt
fyðXÞWðX ; _ggÞg �WðX ; _ggÞyðX 0Þ:

Then (by Lemma 4)

2

ð b
a

yðX ÞWðX 0; _ggÞ dt ¼ �2

ð b
a

WðX ; _ggÞ d
dt
fyðX Þg dt

¼ c

ð b
a

d

dt
fyðXÞg dt�

ð b
a

yðX 0Þ2 dt ¼ �
ð b
a

yðX 0Þ2 dt

hence (30) becomesð b
a

fjX 0j2 � gyðRðX ; _ggÞ _gg;X Þ þ yðX ÞAð _gg;X 0Þ � yðX 0Þ2g dt ¼ 0:

Finally, if X A HðMÞ then X 0 A HðMÞ and then (under the assumptions of
Theorem 4) X 0 ¼ 0, a contradiction.

5. Jacobi fields on CR manifolds of constant pseudohermitian sectional
curvature

As well known (cf. Example 2.1 in [17], Vol. II, p. 71) one may determine
a basis of Jg for any elliptic space form (a Riemannian manifold of positive
constant sectional curvature). Similarly, we shall prove

Proposition 3. Let M be a strictly pseudoconvex CR manifold of CR
dimension n, y a contact form with Gy positive definite and constant pseudohermitian
sectional curvature. Let gðtÞ A M be a lengthy geodesic of the Tanaka-Webster
connection ‘ of ðM; yÞ, parametrized by arc length. For each v A Tgð0ÞðMÞ we let
EðvÞ be the space of all vector fields X along g defined by XgðtÞ ¼ ðatþ bÞYgðtÞ,
where a; b A R, ‘ _ggY ¼ 0, Ygð0Þ ¼ v. Assume that ðM; yÞ has parallel pseudo-
hermitian torsion, i.e. ‘t ¼ 0. Then T A Jg. Let fv1; . . . ; v2n�2gHHðMÞgð0Þ such
that f _ggð0Þ; Jgð0Þ _ggð0Þ; v1; . . . ; v2n�2g is a Gy; gð0Þ-orthonormal basis of HðMÞgð0Þ. Then

Eð _ggð0ÞÞlEðv1Þl � � �lEðv2n�2ÞJHg :¼ Jg VGyðg�1HðMÞÞ
if and only if

Agð0Þð _ggð0Þ; _ggð0ÞÞ ¼ 0; Agð0Þðvi; _ggð0ÞÞ ¼ 0; 1a ia 2n� 2;

where g�1HðMÞ is the pullback of HðMÞ by g. If additionally ðM; yÞ has vanishing
pseudohermitian torsion (i.e. ðM; yÞ is Tanaka-Webster flat) then EðTgð0ÞÞH Jg.

419tanaka-webster connection on sasakian manifolds



The proof of Proposition 3 requires the explicit form of the curvature tensor of
the Tanaka-Webster connection of ðM; yÞ when ky ¼ const. This is provided by

Theorem 5. Let M be a strictly pseudoconvex CR manifold and y a contact
form on M such that Gy is positive definite and kyðsÞ ¼ c, for some c A R and any
2-plane sHTxðMÞ, x A M. Then c ¼ 0 and the curvature of the Tanaka-Webster
connection of ðM; yÞ is given by

RðX ;YÞZ ¼ WðZ;YÞtðXÞ �WðZ;X ÞtðY Þ þ AðZ;YÞJX � AðZ;X ÞJY ;ð31Þ

for any X ;Y ;Z A TðMÞ. In particular, if ðM; yÞ has constant pseudohermitian
sectional curvature and CR dimension nb 2 then the Tanaka-Webster connection
of ðM; yÞ is flat if and only if ðM; yÞ has vanishing pseudohermitian torsion (t ¼ 0).

The proof of Theorem 5 is given in Appendix A. By Theorem 5 there are no
‘‘pseudohermitian space forms’’ except for those of zero pseudohermitian sectional
curvature and these aren’t in general flat. Cf. [10] the term pseudohermitian space
form is reserved for manifolds of constant holomorphic pseudohermitian sectional
curvature (and then examples with arbitrary c A R abound, cf. [10], Chapter 1).

Proof of Proposition 3. By (31)

RðX ; _ggÞ _gg ¼ WðX ; _ggÞtð _ggÞ þ Að _gg; _ggÞJX � AðX ; _ggÞJ _gg
hence the Jacobi equation (27) becomes

X 00 � 2WðX 0; _ggÞT þ yðX 0Þtð _ggÞ þ yðXÞð‘ _ggtÞ _ggð32Þ
þWðX ; _ggÞtð _ggÞ þ Að _gg; _ggÞJX � AðX ; _ggÞJ _gg ¼ 0:

We look for solutions to (32) of the form XgðtÞ ¼ f ðtÞTgðtÞ. The relevant equa-
tion is

f 00ðtÞT þ f 0ðtÞtð _ggÞ þ f ðtÞð‘ _ggtÞ _gg ¼ 0

(by ‘T ¼ 0) or f 00ðtÞ ¼ 0 and f 0ðtÞtð _ggÞ þ f ðtÞð‘ _ggtÞ _gg ¼ 0. Therefore, if ‘t ¼ 0

then T A Jg while if t ¼ 0 then T ; T̂T A Jg, where T̂TgðtÞ ¼ tTgðtÞ. Next, we look for
solutions to (32) of the form XgðtÞ ¼ f ðtÞYgðtÞ where Y is a vector field along
g such that ‘ _ggY ¼ 0, Ygð0Þ ¼: v A HðMÞgð0Þ, jvj ¼ 1, and gy; gð0Þðv; Jgð0Þ _ggð0ÞÞ ¼ 0.
Substitution into (32) gives

f 00ðtÞY þ f ðtÞ½Að _gg; _ggÞJY � AðY ; _ggÞJ _gg� ¼ 0

or (by taking the inner product with Y ) f 00ðtÞ ¼ 0, i.e. f ðtÞ ¼ atþ b, a; b A R.
Therefore (with the notations in Proposition 3) EðviÞH Jg VGyðg�1HðMÞÞ if and
only if Agð0Þð _ggð0Þ; _ggð0ÞÞ ¼ 0 and Agð0Þðvi; _ggð0ÞÞ ¼ 0. Also, to start with, Eð _ggð0ÞÞ
(the space spanned by _gg and ĝg) consists of Jacobi fields lying in HðMÞ. As
f _ggðtÞ; JgðtÞ _ggðtÞ;Y1; gðtÞ; . . . ;Y2n�2; gðtÞg is an orthonormal basis of HðMÞgðtÞ (where
Yi is the unique solution to ð‘ _ggY ÞgðtÞ ¼ 0, Ygð0Þ ¼ vi) it follows that the sum

Eð _ggð0ÞÞ þ Eðv1Þ þ � � � þ Eðv2n�2Þ is direct. Q.e.d.
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Let ðM; ðj; x; h; gÞÞ be a contact Riemannian manifold. Let X A TxðMÞ
be a unit tangent vector orthogonal to x and sHTxðMÞ the 2-plane spanned
by fX ; jXg (a j-holomorphic plane). We recall (cf. e.g. [5], p. 94) that the
j-sectional curvature is the restriction of the sectional curvature k of ðM; gÞ to
the j-holomorphic planes. Let us set HðXÞ ¼ kðsÞ. A Sasakian manifold of
constant j-sectional curvature HðXÞ ¼ c, c A R, is a Sasakian space form.
Compact Sasakian space forms have been classified in [16]. By a result in [5],
p. 97, the Riemannian curvature RD of a Sasakian space form M (of j-sectional
curvature c) is given by

RDðX ;YÞZ ¼ cþ 3

4
fgðY ;ZÞX � gðX ;ZÞYgð33Þ

þ c� 1

4
fhðZÞ½hðXÞY � hðY ÞX �

þ ½gðX ;ZÞhðYÞ � gðY ;ZÞhðXÞ�x
þWðZ;YÞjX �WðZ;XÞjY þ 2WðX ;YÞjZg

for any X ;Y ;Z A TðMÞ. Given a strictly pseudoconvex CR manifold M and a
contact form y we recall (cf. e.g. (1.59) in [10]) that

D ¼ ‘þ ðW� AÞnT þ tn yþ 2yp J:ð34Þ
A calculation based on (34) leads to

RDðX ;Y ÞZ ¼ RðX ;Y ÞZ þ ðLX5LY ÞZ � 2WðX ;YÞJZ
� gyðSðX ;Y Þ;ZÞT þ yðZÞSðX ;Y Þ
� 2gyððy5OÞðX ;YÞ;ZÞT þ 2yðZÞðy5OÞðX ;Y Þ

for any X ;Y ;Z A TðMÞ, relating the Riemannian curvature RD of ðM; gyÞ to the
curvature R of the Tanaka-Webster connection. Here

L ¼ tþ J; O ¼ t2 þ 2Jt� I ;

and ðX5Y ÞZ ¼ gyðX ;ZÞY � gyðY ;ZÞX . Also SðX ;YÞ ¼ ð‘XtÞY � ð‘YtÞX .
Let us assume that ðM; yÞ is a Sasakian manifold (t ¼ 0) whose Tanaka-Webster
connection is flat (R ¼ 0). Then S ¼ 0, L ¼ J and O ¼ �I hence

RDðX ;Y ÞZ ¼ ðJX5JY ÞZ � 2WðX ;YÞJZ
þ 2gyððy5IÞðX ;YÞ;ZÞT � 2yðZÞðy5IÞðX ;Y Þ

and a comparison to (33) shows that

Proposition 4. Let ðM; yÞ be a Sasakian manifold. Then its Tanaka-
Webster connection is flat if and only if ðM; ðJ;�T ;�y; gyÞÞ is a Sasakian space
form of j-sectional curvature c ¼ �3.

By Lemma 8 below the dimension of Hg is at most 4n. On a Sasakian space
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form we may determine 4n� 1 independent vectors in Hg. Indeed, by combining
Propositions 3 and 4 we obtain

Corollary 3. Let ðM; yÞ be a Sasakian space form of j-sectional cur-
vature c ¼ �3 and gðtÞ A M a lengthy geodesic of the Tanaka-Webster connection
‘, parametrized by arc length. Let fv1; . . . ; v2n�2gHHðMÞgð0Þ such that f _ggð0Þ;
Jgð0Þ _ggð0Þ; v1; . . . ; v2n�2g is a Gy; gð0Þ-orthonormal basis of HðMÞgð0Þ. Let Xi be the
vector field along g determined by

‘ _ggðtÞXi ¼ 0; Xiðgð0ÞÞ ¼ vi;

for 1a ia 2n� 2. Then S ¼ f _gg; ĝg; J _gg;Xi; X̂Xi : 1a ia 2n� 2g is a free system in
Hg while SU fT ; T̂Tg is free in Jg. Here if Y is a vector field along gðtÞ we set
ŶYgðtÞ ¼ tYgðtÞ for every t.

6. Conjugate points on Sasakian manifolds

Let ðM; yÞ be a Sasakian manifold and g : ½a; b� ! M a geodesic of the
Tanaka-Webster connection ‘, parametrized by arc length. Given a piecewise
di¤erentiable vector field X along g we set

I ba ðX Þ ¼
ð b
a

fgyð‘ _ggX ;‘ _ggXÞ � gyðRðX ; _ggÞ _gg;XÞggðtÞ dt

where R is the curvature of ‘. We shall prove the following

Proposition 5. Let ðM; yÞ be a Sasakian manifold and gðtÞ A M, aa ta b,
a lengthy geodesic of ‘, parametrized by arc length, such that gðaÞ has no conjugate
point along g. Let Y A Hg be a horizontal Jacobi field along g such that YgðaÞ ¼ 0
and Y is perpendicular to g. Let X be a piecewise di¤erentiable vector field along
g such that XgðaÞ ¼ 0 and X is perpendicular to g. If XgðbÞ ¼ YgðbÞ then

I ba ðX Þb I ba ðYÞð35Þ
and the equality holds if and only if X ¼ Y.

Proof. Let Jg;a be the space of all Jacobi fields Z A Jg such that ZgðaÞ ¼ 0.
By Prop. 1.1 in [17], Vol. II, p. 63, Jg;a has dimension 2nþ 1. Moreover, let
Jg;a;? be the space of all Z A Jg;a such that gyðZ; _ggÞgðtÞ ¼ 0, for every t. Then by

Theorem 3 it follows that Jg;a;? has dimension 2n. We shall need the following

Lemma 5. For every Sasakian manifold ðM; yÞ the characteristic direction T
of ðM; yÞ is a Jacobi field along any geodesic g : ½a; b� ! M of ‘. Also, if Ta is
the vector field along g given by Ta; gðtÞ ¼ ðt� aÞTgðtÞ, aa ta b, and g is lengthy
then Ta A Jg;a;? and Ta; gðtÞ 0 0, a < ta b.

Proof. Let Jg be the Jacobi operator. Then

JgT ¼ T 00 � 2WðT 0; _ggÞT þ RðT ; _ggÞ _gg ¼ RðT ; _ggÞ _gg
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as T 0 ¼ ‘ _ggT ¼ 0. On the other hand, on any nondegenerate CR manifold with
S ¼ 0 (i.e. SðX ;YÞ1 ð‘XtÞY � ð‘YtÞX ¼ 0, for any X ;Y A TðMÞ) the curvature
of the Tanaka-Webster connection satisfies

RðT ;X ÞX ¼ 0; X A TðMÞ;ð36Þ
hence JgT ¼ 0. As RðT ;TÞ ¼ 0 and RðX ;Y ÞT ¼ 0 it su‰ces to check (36) for
X A HðMÞ, i.e. locally X ¼ Z aTa þ ZaTa. Then

RðT ;X ÞX ¼ fRb
g
0aZ

aZ b þ Rb
g
0aZ

aZ bgTg þ R
b
g

0a
Z aZb þ R

b
g

0a
ZaZbgTg

and (by (1.85)–(1.86) in [10], section 1.4)

R
g
b0a

¼ gglgamS
m

bl
; R

g
b0a

¼ glag
gmS l

bm:

To complete the proof of Lemma 5 let uðtÞ ¼ t� a. Then (by T cW ¼ 0 and
(36))

JgTa ¼ u 00T � 2u 0WðT ; _ggÞT þ uRðT ; _ggÞ _gg ¼ 0:

Lemma 6. Let ðM; yÞ be a Sasakian manifold and gðtÞ A M a geodesic of ‘.
If X A Jg then XH 1X � yðXÞT satisfies the second order ODE

‘2
_ggXH þ RðXH ; _ggÞ _gg ¼ 0:ð37Þ

Proof.

0 ¼ JgX ¼ ‘2
_ggXH þ yðX 00ÞT � 2Wð‘ _ggXH ; _ggÞT þ RðXH ; _ggÞ _gg

hence (by the uniqueness of the direct sum decomposition TðMÞ ¼ HðMÞlRT)
XH satisfies (37).

Let us go back to the proof of Proposition 5. Let us complete Ta to a linear
basis fTa;Y2; . . . ;Y2ng of Jg;a;? and set Y1 ¼ Ta for simplicity. Then Y ¼ aiYi

for some ai A R, 1a ia 2n. Let us observe that for each a < ta b the tangent
vectors

fTa; gðtÞ;Y
H
2; gðtÞ; . . . ;Y

H
2n; gðtÞgH ½R _ggðtÞ�? HTgðtÞðMÞ

are linearly independent, where YH
j :¼ Yj � yðYjÞT , 2a ja 2n. Indeed

0 ¼ aTa; gðtÞ þ
X2n
j¼2

a jY H
j; gðtÞ ¼ a�

X2n
j¼2

a j

t� a
yðYjÞgðtÞ

( )
Ta; gðtÞ þ

X2n
j¼2

a jYj; gðtÞ

implies a j ¼ 0, and then a ¼ 0, because fYi; gðtÞ : 1a ia 2ng are linearly inde-
pendent, for any a < ta b. At their turn, the vectors Yi; gðtÞ are independent
because gðaÞ has no conjugate point along g. The proof is by contradiction.
Assume that

l iYi; gðt0Þ ¼ 0;ð38Þ
for some a < t0 a b and some l ¼ ðl1; . . . ; l2nÞ A R2nnf0g. Let us set Z0 ¼
l iYi A Jg. Then
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l0 0 ) Z0 0 0;

Z0 A Jg;a ) Z0; gðaÞ ¼ 0; ð38Þ ) Z0; gðt0Þ ¼ 0;

hence gðaÞ and gðt0Þ are conjugate along g, a contradiction. Yet ½R _ggðtÞ�? has
dimension 2n hence

XgðtÞ ¼ f ðtÞTa; gðtÞ þ
X2n
j¼2

f jðtÞYH
j; gðtÞ;

for some piecewise di¤erentiable functions f ðtÞ, f jðtÞ. We set f 1 ¼ f , Z1 ¼ Ta

and Zj ¼ YH
j , 2a ja 2n, for simplicity. Then

jX 0j2 ¼ df i

dt
Zi

����
����
2

þ j f iZ 0
i j
2 þ 2gy

df i

dt
Zi; f

jZ 0
j

� �
:ð39Þ

Also (by (36) and Lemma 6)

�gyðRðX ; _ggÞ _gg;XÞ ¼ �f igyðRðZi; _ggÞ _gg;X Þ

¼ �
X2n
j¼2

f jgyðRðZj; _ggÞ _gg;XÞ ¼
X2n
j¼2

f jgyðZ 00
j ;XÞ

or (as T 00
a ¼ 0)

�gyðRðX ; _ggÞ _gg;XÞ ¼ gyð f iZ 00
i ; f

jZjÞ:ð40Þ
Finally, note that

gy
df i

dt
Zi; f

jZ 0
j

� �
þ j f iZ 0

i j
2 þ gyð f iZi; f

jZ 00
j Þð41Þ

¼ d

dt
gyð f iZi; f

jZ 0
j Þ � gy f iZi;

df j

dt
Z 0

j

� �
:

Summing up (by (39)–(41))

jX 0j2 � gyðRðX ; _ggÞ _gg;XÞð42Þ

¼ d

dt
gyð f iZi; f

jZ 0
j Þ � gy f iZi;

df j

dt
Z 0

j

� �
þ gy

df i

dt
Zi; f

jZ 0
j

� �
þ df i

dt
Zi

����
����
2

:

Lemma 7. Let ðM; yÞ be a Sasakian manifold and gðtÞ A M a geodesic of ‘.
If X and Y are solutions to ‘2

_ggZ þ RðZ; _ggÞ _gg ¼ 0 then

d

dt
fgyðX ;Y 0Þ � gyðX 0;Y Þg ¼ 0:ð43Þ

In particular, if XgðaÞ ¼ 0 and YgðaÞ ¼ 0 at some point gðaÞ of g then

gyðX ;Y 0Þ � gyðX 0;Y Þ ¼ 0:
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Proof. As t ¼ 0 the 4-tensor RðX ;Y ;Z;WÞ possesses the symmetry property
RðX ;Y ;Z;WÞ ¼ RðZ;W ;X ;Y Þ (cf. (92) in Appendix A) one may subtract the
identities

d

dt
gyðX ;Y 0Þ ¼ gyðX 0;Y 0Þ � gyðX ;RðY ; _ggÞ _ggÞ;

d

dt
gyðX 0;YÞ ¼ gyðX 0;Y 0Þ � gyðRðX ; _ggÞ _gg;YÞ

so that to obtain (43). Q.e.d.

By Lemma 6 the fields Zj, 2a ja 2n satisfy ‘2
_ggZj þ RðZj; _ggÞ _gg ¼ 0. Then we

may apply Lemma 7 to conclude that

gy
df i

dt
Zi; f

jZ 0
j

� �
� gy f iZi;

df j

dt
Z 0

j

� �
¼ f i df

j

dt
fgyðZj;Z

0
i Þ � gyðZ 0

j ;ZiÞg ¼ 0

so that (42) becomes

jX 0j2 � gyðRðX ; _ggÞ _gg;X Þ ¼ d

dt
gyð f iZi; f

jZ 0
j Þ þ

df i

dt
Zi

����
����
2

and integration gives

I ba ðXÞ ¼ gyð f iZi; f
jZ 0

j ÞgðbÞ þ
ð b
a

df i

dt
Zi

����
����
2

dt:ð44Þ

We wish to apply (44) to the vector field X ¼ Y . If this is the case the functions
f j are f 1ðtÞ ¼ a1 þ ð1=ðt� aÞÞ

P2n
j¼2 a

jyðYjÞgðtÞ ¼ 0 (because of YgðtÞ A HðMÞgðtÞ)
and f j ¼ a j (so that df j=dt ¼ 0) for 2a ja 2n. Then (by (44))

I ba ðY Þ ¼ gy
X2n
i¼2

aiZi;
X2n
j¼2

a jZ 0
j

 !
gðbÞ

:ð45Þ

As XgðbÞ ¼ YgðbÞ it follows that f 1ðbÞ ¼ 0 and f jðbÞ ¼ a j, 2a ja 2n, so that by
subtracting (44) and (45) we get

I ba ðXÞ � I ba ðYÞ ¼
ð b
a

df i

dt
Zi

����
����
2

dtb 0

and (35) is proved. The equality I ba ðX Þ ¼ I ba ðY Þ yields df i=dt ¼ 0, i.e. f 1ðtÞ ¼
f 1ðbÞ ¼ 0 and f jðtÞ ¼ f jðbÞ ¼ a j, 2a ja 2n, hence

XgðtÞ ¼
X2n
j¼2

a jY H
j; gðtÞ ¼

X2n
j¼2

a jfYj; gðtÞ � yðYjÞgðtÞTgðtÞg

¼
X2n
j¼2

a jYj; gðtÞ þ ðt� aÞa1TgðtÞ ¼ aiYi; gðtÞ ¼ YgðtÞ: Q.e.d.

Setting Y ¼ 0 in Proposition 5 leads to
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Corollary 4. Let ðM; yÞ be a Sasakian manifold and g : ½a; b� ! M a
lengthy geodesic of the Tanaka-Webster connection, parametrized by arc length and
such that gðaÞ has no conjugate point along g. If X is a piecewise di¤erentiable
vector field along g such that XgðaÞ ¼ XgðbÞ ¼ 0 and X is perpendicular to g then
I ba ðX Þb 0 and equality holds if and only if X ¼ 0.

Corollary 4 admits the following application

Theorem 6. Let ðM; yÞ be a Sasakian manifold and ‘ its Tanaka-Webster
connection. Assume that the pseudohermitian sectional curvature satisfies kyðsÞb
k0 > 0, for any 2-plane sHTxðMÞ, x A M. Then for any lengthy geodesic gðtÞ A M
of ‘, parametrized by arc length, the distance between two consecutive conjugate
points of g is less equal than p=ð2

ffiffiffiffiffi
k0

p
Þ.

Proof. Let g : ½a; c� ! M be a geodesic of ‘, parametrized by arc length,
such that gðcÞ is the first conjugate point of gðaÞ along g. Let b A ða; cÞ and let Y
be a unit vector field along g such that ð‘ _ggY ÞgðtÞ ¼ 0 and Y is perpendicular to g.
Let f ðtÞ be a nonzero smooth function such that f ðaÞ ¼ f ðbÞ ¼ 0. Then we
may apply Corollary 4 to the vector field X ¼ fY so that

0a I ba ðXÞ ¼
ð b
a

f f 0ðtÞ2jY j2 � f ðtÞ2gyðRðY ; _ggÞ _gg;YÞg dt

¼
ð b
a

f f 0ðtÞ2 � 4f ðtÞ2kyðsÞg dta

ð b
a

f f 0ðtÞ2 � 4k0 f ðtÞ2g dt

where sHTgðtÞðMÞ is the 2-plane spanned by fYgðtÞ; _ggðtÞg. Finally, we may

choose f ðtÞ ¼ sin½pðt� aÞ=ðb� aÞ� and use
Ð p
0 cos2 x dx ¼

Ð p
0 sin2 x dx ¼ p=2.

We get b� aa p=
ffiffiffiffiffiffiffiffi
4k0

p
and let b ! c. Q.e.d.

We may establish the following more general version of Theorem 6

Theorem 7. Let ðM; yÞ be a Sasakian manifold of CR dimension n such that
the Ricci tensor r of the Tanaka-Webster connection ‘ satisfies

rðX ;XÞb ð2n� 1Þk0gyðX ;XÞ; X A HðMÞ;
for some constant k0 > 0. Then for any geodesic g of ‘, parametrized by arc
length, the distance between any two consecutive conjugate points of g is less than
p=

ffiffiffiffiffi
k0

p
.

Remark. The assumption on r in Theorem 7 involves but the pseudo-
hermitian Ricci curvature. Indeed (cf. (1.98) in [10], section 1.4)

RicðTa;Tb
Þ ¼ g

ab
� 1

2
R

ab
;

Rab ¼ iðn� 1ÞAab; R0b ¼ S a
ab; Ra0 ¼ R00 ¼ 0;
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hence (by t ¼ 0) rðX ;XÞ ¼ 2R
ab
Z aZb, for any X ¼ Z aTa þ ZaTa A HðMÞ.

Here Ric is the Ricci tensor of the Riemannian manifold ðM; gyÞ (whose symmetry
yields R

ab
¼ R

ba
). Note that S ¼ 0 alone implies T c r ¼ 0. Also, if ðM; gyÞ is

Ricci flat then ðM; yÞ is pseudo-Einstein (of pseudohermitian scalar curvature
R ¼ 2), in the sense of [18].

Proof of Theorem 7. Let gðtÞ A M as in the proof of Theorem 6. Let
fY1; . . . ;Y2n�1g be parallel (i.e. ð‘ _ggYiÞgðtÞ ¼ 0) vector fields such that Yi A HðMÞ
and f _ggðtÞ;Y1; gðtÞ; . . . ;Y2n�1; gðtÞg is an orthonormal basis of HðMÞgðtÞ for every t.
Let f ðtÞ be a nonzero smooth function such that f ðaÞ ¼ f ðbÞ ¼ 0 and let us set
Xi ¼ fYi. Then (by Corollary 4)

0a
X2n�1

i¼1

I ba ðXiÞ ¼
X2n�1

i¼1

ð b
a

f f 0ðtÞ2jYij2 � f ðtÞ2gyðRðYi; _ggÞ _gg;YiÞg dt

¼
ð b
a

fð2n� 1Þ f 0ðtÞ2 � f ðtÞ2rð _gg; _ggÞg dt

a ð2n� 1Þ
ð b
a

f f 0ðtÞ2 � k0 f ðtÞ2g dt

and the proof may be completed as that of Theorem 6.

Remark. The assumption in Theorem 7 is weaker than that in Theorem 6.
Indeed, let X A HðMÞ, X 0 0, and V ¼ jV j�1

V . Let fXj : 1a ja 2ng be a
local orthonormal frame of HðMÞ and sj HTxðMÞ the 2-plane spanned by
fYj;x;Xxg, where Yj :¼ Xj � gyðV ;XjÞV . Then kyðsjÞ ¼ 1

4 gyðRðVj;VÞV ;VjÞx
where Vj ¼ jYjj�1

Yj and kyðsjÞb k0=4 yields

rðX ;XÞx ¼ 4jX j2x
X2n
j¼1

kyðsjÞjYjj2x b ð2n� 1Þk0jX j2x:

As another application of Proposition 5 we establish

Theorem 8. Let ðM; yÞ be a Sasakian manifold, of CR dimension n. Let
g : ½a; b� ! M be a lengthy geodesic of the Tanaka-Webster connection ‘, par-
ametrized by arch length. Assume that i) there is c A ða; bÞ such that the points
gðaÞ and gðcÞ are horizontally conjugate along g and ii) for any d > 0 such that
½c� d; cþ d�H ða; bÞ one has dimR Hgd ¼ 4n, where gd is the restriction of g to
½c� d; cþ d�. Then there is a piecewise di¤erentiable horizontal vector field X
along g such that 1) X is perpendicular to _gg and J _gg, 2) XgðaÞ ¼ XgðbÞ ¼ 0, and 3)
I ba ðX Þ < 0.

In general, we have
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Lemma 8. Let ðM; yÞ be a Sasakian manifold of CR dimension n and
gðtÞ A M a lengthy geodesic of ‘, parametrized by arch length. Then

2nþ 1a dimR Hg a 4n:

Hence the hypothesis in Theorem 8 is that Hgd has maximal dimension. We
shall prove Lemma 8 later on. As to the converse of Theorem 8, Corollary 4
guarantees only that the existence of a piecewise di¤erentiable vector field X as
above implies that there is some point gðcÞ conjugate to gðaÞ along g.

Proof of Theorem 8. Let a < c < b such that gðaÞ and gðcÞ are horizontally
conjugate and let Y A Hg such that YgðaÞ ¼ YgðcÞ ¼ 0. By Corollary 2 (as ðM; yÞ
is Sasakian) Y is perpendicular to g. Let ðU ; xiÞ be a normal (with respect to ‘)
coordinate neighborhood with origin at gðcÞ. By Theorem 8.7 in [17], Vol. I, p.
149, there is R > 0 such that for any 0 < r < R the open set

UðgðcÞ; rÞ1 y A U :
X2nþ1

i¼1

xiðyÞ2 < r2

( )

is convex1 and each point of UðgðcÞ; rÞ has a normal coordinate neighborhood
containing UðgðcÞ; rÞ. By continuity there is d > 0 such that gðtÞ A UðgðcÞ; rÞ
for any c� da ta cþ d. Let gd denote the restriction of g to the interval
½c� d; cþ d�. We need the following

Lemma 9. The points gðcG dÞ are not conjugate along gd.

The proof is by contradiction. If gðcþ dÞ is conjugate to gðc� dÞ along gd
then (by Theorem 1.4 in [17], Vol. II, p. 67) there is v A Tgðc�dÞðMÞ such that
expgðc�dÞ v ¼ gðcþ dÞ and the linear map

dv expgðc�dÞ : TvðTgðc�dÞðMÞÞ ! TgðcþdÞðMÞ
is singular, i.e. Kerðdv expgðc�dÞÞ0 0. Yet gðc� dÞ A UðgðcÞ; rÞ hence there is a
normal (relative to ‘) coordinate neighborhood V with origin at gðc� dÞ such
that V KUðgðcÞ; rÞ. In particular expgðc�dÞ : V ! M is a di¤eomorphism on its
image, so that dv expgðc�dÞ is a linear isomorphism, a contradiction. Lemma 9 is
proved.

Let us go back to the proof of Theorem 8. The linear map

F : Jgd ! Tgðc�dÞðMÞlTgðcþdÞðMÞ; Z 7! ðZgðc�dÞ;ZgðcþdÞÞ;
is a monomorphism. Indeed KerðFÞ ¼ 0, otherwise gðcG dÞ would be conjugate
(in contradiction with Lemma 9). Both spaces are ð4nþ 2Þ-dimensional so that
F is an epimorphism, as well. By hypothesis Hgd is 4n-dimensional hence F
descends to an isomorphism

Hgd AHðMÞgðc�dÞ lHðMÞgðcþdÞ:

1That is any two points of UðgðcÞ; rÞ may be joined by a geodesic of ‘ lying in UðgðcÞ; rÞ.
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Let then Z A Hgd be a horizontal Jacobi field such that

Zgðc�dÞ ¼ Ygðc�dÞ; ZgðcþdÞ ¼ 0:

We set

X ¼
Y on gj½a; c�d�;

Z on gd;

0 on gj½cþd;b�:

8><
>:

By the very definition X is horizontal, i.e. XgðtÞ A HðMÞgðtÞ for every t. Moreover
(by JgY ¼ 0 and yðY Þ ¼ 0)

I ca ðYÞ ¼
ð c
a

fj‘ _ggY j2 � gyðRðY ; _ggÞ _gg;YÞg dt

¼
ð c
a

fj‘ _ggY j2 þ gyð‘2
_ggY ;YÞg dt

¼ gyð‘ _ggY ;Y ÞgðcÞ � gyð‘ _ggY ;YÞgðaÞ ¼ 0

i.e. I c�d
a ðY Þ ¼ �I cc�dðY Þ. Hence

I ba ðXÞ ¼ I c�d
a ðYÞ þ I cþd

c�d ðZÞ ¼ �I cc�dðY Þ þ I cþd
c�d ðZÞ:

Finally, let us consider the vector field along gd

W ¼
Y on gj½c�d; c�;

0; on gj½c; cþd�:

(

Note that WgðcþdÞ ¼ 0, Wgðc�dÞ ¼ Zgðc�dÞ and W is perpendicular to g. Thus we
may apply Proposition 5 to W and to Z A Hgd to conclude that I cc�dðYÞ ¼
I cþd
c�d ðWÞb I cþd

c�d ðZÞ. Consequently I ba ðXÞ < 0. Let us show that X is orthogonal
to J _gg. By Lemma 4 (as Y A Jg)

yðY 0ÞgðtÞ � 2WðY ; _ggÞgðtÞ ¼ const: ¼ yðY 0ÞgðaÞ � 2WðY ; _ggÞgðaÞ
hence (as YgðaÞ ¼ 0 and YgðtÞ A HðMÞgðtÞ ) Y 0

gðtÞ A HðMÞgðtÞ)

2WðY ; _ggÞgðtÞ ¼ yðY 0ÞgðtÞ � yðY 0ÞgðaÞ ¼ 0

for any aa ta c� d. Similarly (as ZgðcþdÞ ¼ 0 and Z is horizontal) WðZ; _ggÞgðtÞ ¼
0 for any c� da ta cþ d. Therefore WðX ; _ggÞgðtÞ ¼ 0 for every t. Theorem 8 is
proved.

It remains that we prove Lemma 8. Let gðtÞ A M, jtj < e, be a lengthy
geodesic of ‘. Let X A Hg and fYj : 1a ja 4nþ 2g a linear basis in Jg. Then
X ¼ c jYj ¼ c jY H

j þ c jyðYjÞT (where YH
j 1Yj � yðYjÞT) for some c j A R. As

XgðtÞ A HðMÞgðtÞ one has i) c jyðYjÞgðtÞ ¼ 0 on one hand, and ii) c jf a
j ðgðtÞÞ ¼

f aðgðtÞÞ, 1a aa 2n, on the other, where X ¼ f aXa, YH
j ¼ f a

j Xa and fXa :
1a aa 2ng is a local frame of HðMÞ. One may think of (i)–(ii) as a linear
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system in the unknowns c j . Let rðtÞ be its rank. Then dimR Hg ¼ 4nþ 2�
rðtÞb 2nþ 1. To prove the remaining inequality in Lemma 8 it su‰ces to
observe that Hg is contained in the space of all solutions to X 00 þ RðX ; _ggÞ _gg ¼ 0
obeying Xgð0Þ A HðMÞgð0Þ and X 0

gð0Þ A HðMÞgð0Þ, which is 4n-dimensional.

7. The first variation of the length integral

Let M be a strictly pseudoconvex CR manifold and y; z A M. Let G be
the set of all piecewise di¤erentiable curves g : ½a; b� ! M parametrized pro-
portionally to arc length, such that gðaÞ ¼ y and gðbÞ ¼ z. As usual, for each
g A G we let TgðGÞ be the space of all piecewise di¤erentiable vector fields along
g such that Xy ¼ Xz ¼ 0. Given X A TgðGÞ let g s : ½a; b� ! M, jsj < e, be a
family of curves such that i) gs A G, jsj < e, ii) g0 ¼ g, iii) there is a partition
a ¼ t0 < t1 < � � � < tk ¼ b such that the map ðt; sÞ 7! gsðtÞ is di¤erentiable on each
rectangle ½tj; tjþ1� � ð�e; eÞ, 0a ja k � 1, and iv) for each fixed t A ½a; b� the
tangent vector to

st : ð�e; eÞ ! M; stðsÞ ¼ g sðtÞ; jsj < e;

at the point gðtÞ is XgðtÞ. We set as usual

ðdgLÞX ¼ d

ds
fLðgsÞgs¼0:

Here LðgsÞ is the Riemannian length of gs with respect to the Webster metric gy
(so that gs need not be lengthy to start with). One scope of this section is to
establish the following

Theorem 9. Let gs : ½a; b� ! M, jsj < e, be a 1-parameter family of curves
such that ðt; sÞ 7! gsðtÞ is di¤erentiable on ½a; b� � ð�e; eÞ and each g s is para-
metrized proportionally to arc length. Let us set g ¼ g0. Then

d

ds
fLðgsÞgs¼0 ¼

1

r

�
gyðX ; _ggÞgðbÞ � gyðX ; _ggÞgðaÞð46Þ

�
ð b
a

½gyðX ;‘ _gg _ggÞ � gyðT‘ðX ; _ggÞ; _ggÞ�gðtÞ dt
�

where XgðtÞ ¼ _sstð0Þ, aa ta b, and r ¼ j _ggðtÞj is the common length of all tangent
vectors along g.

This will be shortly seen to imply

Theorem 10. Let g A G and X A TgðGÞ. Let a ¼ c0 < c1 < � � � < ch <
chþ1 ¼ b be a partition such that g is di¤erentiable on each ½cj; cjþ1�, 0a ja h.
Then
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ðdgLÞX ¼ 1

r

(Xh
j¼1

gy; gðcjÞðXgðcjÞ; _ggðc�j Þ � _ggðcþj ÞÞð47Þ

�
ð b
a

½gyðX ;‘ _gg _ggÞ � gyðT‘ðX ; _ggÞ; _ggÞ�gðtÞ dt
)

where _ggðcGj Þ ¼ limt!cG
j
_ggðtÞ.

Consequently, we shall prove

Corollary 5. A lengthy curve g A G is a geodesic of the Tanaka-Webster
connection if and only if

ðdgLÞX ¼ 1

r

ð b
a

yðXÞgðtÞAð _gg; _ggÞgðtÞ dtð48Þ

for all X A TgðGÞ. In particular, if ðM; yÞ is a Sasakian manifold then lengthy
geodesics belonging to G are the critical points of L on G.

The remainder of this section is devoted to the proofs of the results above.
We adopt the principal bundle approach in [17], Vol. II, p. 80–83. The proof is
a verbatim transcription of the arguments there, except for the presence of torsion
terms.

Let p : OðM; gyÞ ! M be the Oð2nþ 1Þ-bundle of gy-orthonormal frames
tangent to M. Let Q ¼ ½a; b� � ð�e; eÞ. Let f : Q ! OðM; gyÞ be a parametrized
surface in OðM; gyÞ such that i) pð f ðt; sÞÞ ¼ gsðtÞ, ðt; sÞ A Q, and ii) f 0 : ½a; b� !
OðM; gyÞ, f 0ðtÞ ¼ f ðt; 0Þ, aa ta b, is a horizontal curve. Precisely, the Tanaka-
Webster connection ‘ of ðM; yÞ induces an infinitesimal connection in the
principal bundle GLð2nþ 1;RÞ ! LðMÞ ! M (of all linear frames tangent to M )
descending (because of ‘gy ¼ 0) to a connection H in Oð2nþ 1Þ ! OðM; gyÞ !
M. The requirement is that ðdf 0=dtÞðtÞ A Hf 0ðtÞ, aa ta b.

Let S;T A XðQÞ be given by S ¼ q=qs and T ¼ q=qt. Let

m A GyðT �ðOðM; gyÞÞnR2nþ1Þ; Y ¼ Dm;

o A GyðT �ðOðM; gyÞÞn oð2nþ 1ÞÞ; W ¼ Do;

be respectively the canonical 1-form, the torsion 2-form, the connection 1-form,
and the curvature 2-form of H on OðM; gyÞ. We denote by

m� ¼ f �m; Y� ¼ f �Y; o� ¼ f �o; W� ¼ f �W;

the pullback of these forms to the rectangle Q. We claim that

½S;T� ¼ 0;ð49Þ
o�ðTÞðt;0Þ ¼ 0; aa ta b:ð50Þ

Indeed (49) is obvious. To check (50) one needs to be a bit pedantic and
introduce the injections
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as : ½a; b� ! Q; bt : ð�e; eÞ ! Q;

asðtÞ ¼ btðsÞ ¼ ðt; sÞ; aa ta b; jsj < e;

so that f 0 ¼ f � a0. Then

Hf 0ðtÞ C
df 0

dt
ðtÞ ¼ ðdðt;0Þ f Þðdta0Þ

d

dt

����
t

¼ ðdðt;0Þ f ÞTðt;0Þ;

o�ðTÞðt;0Þ ¼ of ðt;0Þððdðt;0Þ f ÞTðt;0ÞÞ ¼ 0:

Next, we claim that

Sðm�ðTÞÞ ¼ Tðm�ðSÞÞ þ o�ðTÞ � m�ðSÞ � o�ðSÞ � m�ðTÞ þ 2Y�ðS;TÞ;ð51Þ
Sðo�ðTÞÞ ¼ Tðo�ðSÞÞ þ o�ðTÞo�ðSÞ � o�ðSÞo�ðTÞ þ 2W�ðS;TÞ:ð52Þ

The identities (51)–(52) follow from Prop. 3.11 in [17], Vol. I, p. 36, our identity
(49), and the first and second structure equations for a linear connection (cf. e.g.
Theor. 2.4 in [17], Vol. I, p. 120). Let us consider the Cy function F : Q !
½0;þyÞ given by

Fðt; sÞ ¼ hm�ðTÞðt; sÞ; m�ðTÞðt; sÞi1=2; ðt; sÞ A Q:

Here hx; hi is the Euclidean scalar product of x; h A R2nþ1. Note that

m�ðTÞðt; sÞ ¼ mf ðt; sÞððdðt; sÞ f ÞTðt; sÞÞ

¼ f ðt; sÞ�1ðdf ðt; sÞpÞðdðt; sÞ f ÞTðt; sÞ ¼ f ðt; sÞ�1
dtðp � f � asÞ d

dt

����
t

i.e.

m�ðTÞðt; sÞ ¼ f ðt; sÞ�1 _ggsðtÞ:ð53Þ
Yet f ðt; sÞ A OðM; gyÞ, i.e. f ðt; sÞ is a linear isometry of ðR2nþ1; h ; iÞ onto
ðTg sðtÞðMÞ; gy; g sðtÞÞ, so that

F ðt; sÞ ¼ gy; g sðtÞð _ggsðtÞ; _gg sðtÞÞ1=2

and then

Lðg sÞ ¼
ð b
a

Fðt; sÞ dt:

As g s is parametrized proportionally to arc length Fðt; sÞ doesn’t depend on t.
In particular

F ðt; 0Þ ¼ r:ð54Þ
We claim that

SðF Þ ¼ 1

r
fhTðm�ðSÞÞ; m�ðTÞiþ 2hY�ðS;TÞ; m�ðTÞigð55Þ

at all points ðt; 0Þ A Q. Indeed, by (51)
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2FSðFÞ ¼ SðF 2Þ ¼ Sðhm�ðTÞ; m�ðTÞiÞ ¼ 2hSðm�ðTÞÞ; m�ðTÞi
¼ 2hTðm�ðSÞÞ; m�ðTÞiþ 2ho�ðTÞ � m�ðSÞ; m�ðTÞi

� 2ho�ðSÞ � m�ðTÞ; m�ðTÞiþ 4hY�ðS;TÞ; m�ðTÞi:

On the other hand o is oð2nþ 1Þ-valued (where oð2nþ 1Þ is the Lie algebra of
Oð2nþ 1Þ), i.e. o�ðSÞðt; sÞ : R2nþ1 ! R2nþ1 is skew symmetric, hence the last-but-

one term vanishes. Therefore (55) follows from (50) and (54). We may compute
now the first variation of the length integral

d

dt
fLðg sÞgs¼0 ¼

ð b
a

SðFÞðt;0Þ dt ðby ð55ÞÞ

¼ 1

r

ð b
a

fhTðm�ðSÞÞ; m�ðTÞiðt;0Þ þ 2hY�ðS;TÞ; m�ðTÞiðt;0Þg dt:

On the other hand

m�ðSÞðt;0Þ ¼ mf 0ðtÞððdðt;0Þ f ÞSðt;0ÞÞ

¼ f ðt; 0Þ�1
d0ðp � f � btÞ

d

ds

����
0

¼ f ðt; 0Þ�1 dst

ds
ð0Þ

i.e.

m�ðSÞðt;0Þ ¼ f 0ðtÞ�1
XgðtÞ:ð56Þ

Note that given u A CyðQÞ one has TðuÞðt;0Þ ¼ ðu � a0Þ0ðtÞ. Then

Tðm�ðTÞÞðt;0Þ ¼ lim
h!0

1

h
fm�ðTÞðtþh;0Þ � m�ðTÞðt;0Þg ðby ð53ÞÞ

¼ lim
h!0

1

h
f f 0ðtþ hÞ�1 _ggðtþ hÞ � f 0ðtÞ�1 _ggðtÞg:

Yet, as f 0 is an horizontal curve

f 0ðtþ hÞ�1 _ggðtþ hÞ ¼ f 0ðtÞ�1t tþh
t _ggðtþ hÞ;

where t tþh
t : TgðtþhÞðMÞ ! TgðtÞðMÞ is the parallel displacement operator along g

from gðtþ hÞ to gðtÞ. Hence

Tðm�ðTÞÞðt;0Þ ¼ f 0ðtÞ�1 lim
h!0

1

h
ft tþh

t _ggðtþ hÞ � _ggðtÞg
� �

i.e.

Tðm�ðTÞÞðt;0Þ ¼ f 0ðtÞ�1ð‘ _gg _ggÞgðtÞ:ð57Þ

To compute the torsion term we recall (cf. [17], Vol. I, p. 132)

T‘;xðX ;YÞ ¼ 2vðYvðX �;Y �ÞÞ;
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for any X ;Y A TxðMÞ, where v is a linear frame at x and X �;Y � A TvðLðMÞÞ
project respectively on X , Y . Note that ðdðt;0Þ f ÞSðt;0Þ and ðdðt;0Þ f ÞTðt;0Þ project
on XgðtÞ and _ggðtÞ, respectively. Then

2Y�ðS;TÞðt;0Þ ¼ f 0ðtÞ�1
T‘ðX ; _ggÞgðtÞ:ð58Þ

Finally (by (53) and (56)–(58))

d

dt
fLðgsÞgs¼0 ¼

1

r

ð b
a

fTðhm�ðSÞ; m�ðTÞiÞ

� hm�ðSÞ;Tðm�ðTÞÞiþ 2hY�ðS;TÞ; m�ðTÞgðt;0Þ dt

¼ 1

r
fhm�ðSÞ; m�ðTÞiðb;0Þ � hm�ðSÞ; m�ðTÞiða;0Þg

� 1

r

ð b
a

fgyðX ;‘ _gg _ggÞ � gyðT‘ðX ; _ggÞ; _ggÞggðtÞ dt

and (46) is proved.

Proof of Theorem 10. Let cj ¼ t
ð jÞ
0 < t

ð jÞ
1 < � � � < t

ð jÞ
kj

¼ cjþ1 be a partition of
½cj ; cjþ1� such that X is di¤erentiable along the restriction of g at each ½tð jÞi ; t

ð jÞ
iþ1�,

0a ia kj � 1. Moreover, let fgsgjsj<e be a family of curves gs A G such that

g0 ¼ g, the map ðt; sÞ 7! gsðtÞ is di¤erentiable on ½cj; cjþ1� � ð�e; eÞ for every
0a ja h, and XgðtÞ ¼ ðdst=dsÞð0Þ for every t (with stðsÞ ¼ gsðtÞ). Let gsj (re-
spectively gsji) be the restriction of gs (respectively of gsj ) to ½cj; cjþ1� (respectively to

½tð jÞi ; t
ð jÞ
iþ1�). We may apply Theorem 9 (to the interval ½tð jÞi ; t

ð jÞ
iþ1� rather than ½a; b�)

so that to get

d

ds
fLðgsjiÞgs¼0 ¼

1

r
gyðX ; _ggÞ

gðtð jÞ
iþ1

Þ � gyðX ; _ggÞ
gðtð jÞ

i
Þ �
ð tð jÞ

iþ1

t
ð jÞ
i

F ðX ; _ggÞ dt
( )

where FðX ; _ggÞ is short for gyðX ;‘ _gg _ggÞgðtÞ � gyðT‘ðX ; _ggÞ; _ggÞgðtÞ. Let us take the sum

over 0a ia kj � 1. The lengths LðgsjiÞ ad up to Lðgsj Þ. Taking into account

that at the points gðcjÞ only the lateral limits of _gg are actually defined, we obtain

d

ds
fLðgsj Þgs¼0 ¼

1

r

�
gy; gðcjþ1ÞðXgðcjþ1Þ; _ggðc�jþ1ÞÞ

� gy; gðcjÞðXgðcjÞ; _ggðcþj ÞÞ �
ð cjþ1

cj

F ðX ; _ggÞ dt
�

and taking the sum over 0a ja h leads to (47) (as Xgðc0Þ ¼ 0 and Xgðchþ1Þ ¼ 0).
Q.e.d.

Proof of Corollary 5. Let gðtÞ A M be a lengthy curve such that g A G. If g
is a geodesic of ‘ then ‘ _gg _gg ¼ 0 implies (by Theorem 9)

ðdgLÞX ¼ 1

r

ð b
a

gyðT‘ðX ; _ggÞ; _ggÞgðtÞ dt
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for any X A TgðGÞ and then

T‘ðX ; _ggÞ ¼ �2WðXH ; _ggÞT þ yðX Þtð _ggÞ; gyðT ; _ggÞ ¼ 0;

yield (48). Viceversa, let g A G be a lengthy curve such that (48) holds. There is
a partition a ¼ c0 < c1 < � � � < chþ1 ¼ b such that g is di¤erentiable in ½cj; cjþ1�,
0a ja h. Let f be a continuous function defined along g such that f ðgðcjÞÞ ¼ 0
for 1a ja h and f ðgðtÞÞ > 0 elsewhere. We may apply (47) in Theorem 10 to
the vector field X ¼ f‘ _gg _gg so that to get

ðdgLÞX ¼ � 1

r

ð b
a

f fj‘ _gg _ggj2 � gyðT‘ð‘ _gg _gg; _ggÞ; _ggÞg dt:ð59Þ

As g is lengthy and HðMÞ is parallel with respect to ‘ one has ‘ _gg _gg A HðMÞ hence
(by (48)) ðdgLÞð f‘ _gg _ggÞ ¼ 0 and

gyðT‘ð‘ _gg _gg; _ggÞ; _ggÞ ¼ �2Wð‘ _gg _gg; _ggÞgyðT ; _ggÞ ¼ 0

so that (by (59)) it must be ‘ _gg _gg ¼ 0 whenever ‘ _gg _gg makes sense, i.e. g is a broken
geodesic of ‘. It remains that we prove di¤erentiability of g at the points
cj, 1a ja h. Let j A f1; . . . ; hg be a fixed index and let us consider a vector
field Xj A TgðGÞ such that Xj; gðcjÞ ¼ _ggðc�j Þ � _ggðcþj Þ and Xj; gðckÞ ¼ 0 for any k A

f1; . . . hgnf jg. Then (by (47)–(48)) one has j _ggðc�j Þ � _ggðcþj Þj
2 ¼ 0. Q.e.d.

Remark. The following alternative proof of Theorem 9 is also available.
Since ðM; gyÞ is a Riemannian manifold and LðgsÞ is the Riemannian length of gs

we have (cf. Theorem 5.1 in [17], Vol. II, p. 80)

d

ds
fLðgsÞgs¼0 ¼

1

r
fgyðX ; _ggÞgðbÞ � gyðX ; _ggÞgðaÞg �

1

r

ð b
a

gyðX ;D _gg _ggÞgðtÞ dtð60Þ

where D is the Levi-Civita connection of ðM; gyÞ. On the other hand (cf. e.g.
[10], section 1.3) D is related to the Tanaka-Webster connection of ðM; yÞ by
D ¼ ‘þ ðW� AÞnT þ tn yþ 2yp J hence

gyðX ;D _gg _ggÞ ¼ gyðX ;‘ _gg _ggÞ � yðXÞAð _gg; _ggÞ þ yð _ggÞAðX ; _ggÞ þ 2yð _ggÞWðX ; _ggÞ
¼ gyðX ;‘ _gg _ggÞ � gyðT‘ðX ; _ggÞ; _ggÞ

so that (60) yields (46). Q.e.d.

8. The second variation of the length integral

We introduce the Hessian I of L at a geodesic g A G as follows. Given
X A TgðGÞ let us consider a 1-parameter family of curves fgsgjsj<e as in the
definition of ðdgLÞX . Let IðX ;XÞ be given by

IðX ;XÞ ¼ d 2

ds2
fLðgsÞgs¼0
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and define IðX ;YÞ by polarization. By analogy to Riemannian geometry (cf.
e.g. [17], Vol. II, p. 81) IðX ;YÞ is referred to as the index form. The scope of
this section is to establish

Theorem 11. Let ðM; yÞ be a Sasakian manifold. If g A G is a lengthy
geodesic of the Tanaka-Webster connection ‘ of ðM; yÞ and X ;Y A TgðGÞ
then

IðX ;YÞ ¼ 1

r

ð b
a

fgyð‘ _ggX
?;‘ _ggY

?Þ � gyðRðX ?; _ggÞ _gg;Y ?Þð61Þ

� 2WðX ?; _ggÞyð‘ _ggY
?Þ � 2½yð‘ _ggX

?Þ � 2WðX ?; _ggÞ�WðY ?; _ggÞg dt

where X ? ¼ X � ð1=r2ÞgyðX ; _ggÞ _gg.

We shall need the following reformulation of Theorem 11

Theorem 12. Let ðM; yÞ, g and X , Y be as in Theorem 11. Then

IðX ;Y Þ ¼ � 1

r

ð b
a

fgyðJgX
?;Y ?Þ þ 2½yð‘ _ggX

?Þ � 2WðX ?; _ggÞ�WðY ?; _ggÞg dtð62Þ

þ 1

r

Xh
j¼1

gy; gðtjÞðð‘ _ggX
?Þ�gðtjÞ � ð‘ _ggX

?ÞþgðtjÞ;Y
?
gðtjÞÞ

where JgX 1‘2
_ggX � 2WðX 0; _ggÞT þ RðX ; _ggÞ _gg is the Jacobi operator and a ¼ t0 <

t1 < � � � < th < thþ1 ¼ b is a partition of ½a; b� such that X is di¤erentiable in each

interval ½tj ; tjþ1�, 0a ja h, and ð‘ _ggX
?ÞGgðtjÞ ¼ limt!tG

j
ð‘ _ggX

?ÞgðtÞ.

This will be seen to imply

Corollary 6. Let ðM; yÞ be a Sasakian manifold, g A G a lengthy geodesic
of the Tanaka-Webster connection of ðM; yÞ, and X A TgðGÞ. Then X ? is a Jacobi
field if and only if there is aðX Þ A R such that

d

dt
fyðX ?Þ � ggðtÞ � 2WðX ?; _ggÞgðtÞ ¼ aðXÞð63Þ

for any aa ta b, and

IðX ;YÞ ¼ �ð2=rÞaðXÞ
ð b
a

WðY ?; _ggÞgðtÞ dt;ð64Þ

for any Y A TgðGÞ.

Proof of Theorem 11. We adopt the notations and conventions in the proof
of Theorem 9. As a byproduct of the proof of (55) we have the identity
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1

2
SðF 2Þ ¼ hTðm�ðSÞÞ; m�ðTÞið65Þ

þ ho�ðTÞ � m�ðSÞ; m�ðTÞiþ 2hY�ðS;TÞ; m�ðTÞi:

Applying S we get

1

2
S2ðF 2Þ ¼ hSTðm�ðSÞÞ; m�ðTÞiþ hTðm�ðSÞÞ;Sðm�ðTÞÞi

þ hSðo�ðTÞÞ � m�ðSÞ; m�ðTÞiþ ho�ðTÞ � Sðm�ðSÞÞ; m�ðTÞi
þ ho�ðTÞ � m�ðSÞ;Sðm�ðTÞÞiþ 2hSðY�ðS;TÞÞ; m�ðTÞi
þ 2hY�ðS;TÞ;Sðm�ðTÞÞi:

When calculated at points of the form ðt; 0Þ A Q the 4th and 5th terms vanish (by
(50)). We proceed by calculating the remaining terms (at ðt; 0Þ). By (49)

1st term ¼ hSTðm�ðSÞÞ; m�ðTÞi ¼ hTSðm�ðSÞÞ; m�ðTÞi
¼ TðhSðm�ðSÞÞ; m�ðTÞiÞ � hSðm�ðSÞÞ;Tðm�ðTÞÞi:

Yet g A G is a geodesic hence (by (57)) Tðm�ðTÞÞðt;0Þ ¼ 0. Hence

1st term ¼ TðhSðm�ðSÞÞ; m�ðTÞiÞðt;0Þ:
Next (by (51))

2nd term ¼ hTðm�ðSÞÞ;Sðm�ðTÞÞi ¼ hTðm�ðSÞÞ;Tðm�ðSÞÞi
þ hTðm�ðSÞÞ;o�ðTÞ � m�ðSÞi� hTðm�ðSÞÞ;o�ðSÞ � m�ðTÞi
þ 2hTðm�ðSÞÞ;Y�ðS;TÞi:

Again terms are evaluated at ðt; 0Þ hence o�ðTÞ ¼ 0 (by (50)). On the other
hand o�ðSÞ is oð2nþ 1Þ-valued hence

2nd term ¼ hTðm�ðSÞÞ;Tðm�ðSÞÞiþ ho�ðSÞ � Tðm�ðSÞÞ; m�ðTÞi
þ 2hTðm�ðSÞÞ;Y�ðS;TÞi

at each ðt; 0Þ A Q. Next (by (52))

3rd term ¼ hSðo�ðTÞÞ � m�ðSÞ; m�ðTÞi ¼ hTðo�ðSÞÞ � m�ðSÞ; m�ðTÞi
þ ho�ðTÞo�ðSÞ � m�ðSÞ; m�ðTÞi� ho�ðTÞo�ðSÞ � m�ðSÞ; m�ðTÞi
þ 2hW�ðS;TÞ � m�ðSÞ; m�ðTÞi

or (by (50))

3rd term ¼ hTðo�ðSÞÞ � m�ðSÞ; m�ðTÞiþ 2hW�ðS;TÞ � m�ðSÞ; m�ðTÞi

at each ðt; 0Þ A Q. Finally (by (51))
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7th term ¼ 2hY�ðS;TÞ;Sðm�ðTÞÞi
¼ 2hY�ðS;TÞ;Tðm�ðSÞÞiþ 2hY�ðS;TÞ;o�ðTÞ � m�ðSÞi

� 2hY�ðS;TÞ;o�ðSÞ � m�ðTÞiþ 4jY�ðS;TÞj2

or (by (50) and the fact that o�ðSÞ is skew)

7th term ¼ 2hY�ðS;TÞ;Tðm�ðSÞÞiþ 2ho�ðSÞ �Y�ðS;TÞ; m�ðTÞiþ 4jY�ðS;TÞj2

at each ðt; 0Þ A Q. Summing up the various expressions and noting that (again
by (57))

TðhSðm�ðSÞÞ; m�ðTÞiÞ þ ho�ðSÞ � Tðm�ðSÞÞ; m�ðTÞiþ hTðo�ðSÞÞ � m�ðSÞ; m�ðTÞi
¼ T hSðm�ðSÞÞ þ o�ðSÞ � m�ðSÞ; m�ðTÞið Þ

we obtain

1

2
S2ðF 2Þ ¼ jTðm�ðSÞÞj2 þ 2hW�ðS;TÞ � m�ðSÞ; m�ðTÞið66Þ

þ TðhSðm�ðSÞÞ þ o�ðSÞ � m�ðSÞ; m�ðTÞiÞ
þ 4hY�ðS;TÞ;Tðm�ðSÞÞiþ 2hSðY�ðS;TÞÞ; m�ðTÞi

þ 2ho�ðSÞ �Y�ðS;TÞ; m�ðTÞiþ 4jY�ðS;TÞj2

at each ðt; 0Þ A Q. Since FS2ðF Þ ¼ 1
2S

2ðF 2Þ � SðFÞ2 we get (by (55) and (66))

rS2ðFÞ ¼ jTðm�ðSÞÞj2 þ 2hW�ðS;TÞ � m�ðSÞ; m�ðTÞið67Þ
þ T hSðm�ðSÞÞ þ o�ðSÞ � m�ðSÞ; m�ðTÞið Þ
þ 4hY�ðS;TÞ;Tðm�ðSÞÞiþ 2hSðY�ðS;TÞÞ; m�ðTÞi

þ 2ho�ðSÞ �Y�ðS;TÞ; m�ðTÞiþ 4jY�ðS;TÞj2

� 1

r2
fhTðm�ðSÞÞ; m�ðTÞi2 þ 4hY�ðS;TÞ; m�ðTÞi2

þ 4hTðm�ðSÞÞ; m�ðTÞihY�ðS;TÞ; m�ðTÞig

at any ðt; 0Þ A Q. Moreover (by (56))

Tðm�ðSÞÞðt;0Þ ¼
d

dt
fm�ðSÞ � a0gðtÞ

¼ lim
h!0

1

h
fm�ðSÞðtþh;0Þ � m�ðSÞðt;0Þg

¼ lim
h!0

1

h
f f 0ðtþ hÞ�1

XgðtþhÞ � f 0ðtÞ�1
XgðtÞg

(as f 0 : ½a; b� ! OðM; gyÞ is a horizontal curve)
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¼ lim
h!0

1

h
f f 0ðtÞ�1t tþh

t XgðtþhÞ � f 0ðtÞ�1
XgðtÞg

¼ f 0ðtÞ�1 lim
h!0

1

h
ft tþh

t XgðtþhÞ � XgðtÞg
� �

that is

Tðm�ðSÞÞðt;0Þ ¼ f 0ðtÞ�1ð‘ _ggX ÞgðtÞ:ð68Þ

Consequently (by (53) and (68))

jTðm�ðSÞÞj2 þ 4hY�ðS;TÞ;Tðm�ðSÞÞið69Þ

� 1

r2
fhTðm�ðSÞÞ; m�ðTÞi2 þ 4hY�ðS;TÞ; m�ðTÞi2

þ 4hTðm�ðSÞÞ; m�ðTÞihY�ðS;TÞ; m�ðTÞig

¼ j‘ _ggX j2 þ 2gyðT‘ðX ; _ggÞ;‘ _ggX Þ � 1

r2
fgyð‘ _ggX ; _ggÞ2

þ gyðT‘ðX ; _ggÞ; _ggÞ2 þ 2gyð‘ _ggX ; _ggÞgyðT‘ðX ; _ggÞ; _ggÞg

¼ j‘ _ggX
?j2 þ 2gyðT‘ðX ?; _ggÞ;‘ _ggX Þ

� 1

r2
fgyðT‘ðX ?; _ggÞ; _ggÞ2 þ 2gyð‘ _ggX ; _ggÞgyðT‘ðX ?; _ggÞ; _ggÞg

and (by (53) and (56))

the curvature term ¼ 2hW�ðS;TÞ � m�ðSÞ; m�ðTÞið70Þ

¼ gyðRðX ; _ggÞX ; _ggÞgðtÞ ¼ �gyðRðX ?; _ggÞ _gg;X ?Þ:

On the other hand pð f ða; sÞÞ ¼ y and pð f ðb; sÞÞ ¼ z imply that ðdða; sÞ f ÞSða; sÞ and
ðdðb; sÞ f ÞSðb; sÞ are vertical hence

m�ðSÞða; sÞ ¼ 0; m�ðSÞðb; sÞ ¼ 0:ð71Þ

Next, we wish to compute Sðm�ðSÞÞðt;0Þ. To do so we need to further specialize
the choice of f ðt; sÞ. Precisely, let v A p�1ðgðaÞÞ be a fixed orthonormal frame
and let

f ðt; sÞ ¼ s"t ðsÞ; aa ta b; jsj < e;ð72Þ

where s"t : ð�e; eÞ ! OðM; gyÞ is the unique horizontal lift of st : ð�e; eÞ ! M
issuing at stð0Þ ¼ g"ðtÞ. Also g" : ½a; b� ! OðM; gyÞ is the horizontal lift of
g : ½a; b� ! M determined by g"ðaÞ ¼ v. Therefore f 0 ¼ g" is a horizontal curve,
as required by the previous part of the proof. In addition (72) possesses the
property that for each t the curve s 7! f ðt; sÞ is horizontal, as well. Then
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Sðm�ðSÞÞðt;0Þ ¼
d

ds
fm�ðSÞ � btgð0Þ

¼ lim
s!0

1

s
f f ðt; sÞ�1 _sstðsÞ � f ðt; 0Þ�1 _sstð0Þg

(as ft : ð�e; eÞ ! OðM; gyÞ, ftðsÞ ¼ f ðt; sÞ, jsj < e, is horizontal)

¼ lim
s!0

1

s
f f ðt; 0Þ�1ts _sstðsÞ � f ðt; 0Þ�1 _sstð0Þg

¼ f ðt; 0Þ�1 lim
s!0

1

s
fts _sstðsÞ � _sstð0Þg

� �

where ts : TstðsÞðMÞ ! Tstð0ÞðMÞ is the parallel displacement along st from stðsÞ
to stð0Þ, i.e.

Sðm�ðSÞÞðt;0Þ ¼ f ðt; 0Þ�1ð‘ _sst _sstÞgðtÞ:ð73Þ

By (73), _ssaðsÞ ¼ 0 and _ssbðsÞ ¼ 0 (as saðsÞ ¼ gsðaÞ ¼ y ¼ const: and sbðsÞ ¼
gsðbÞ ¼ z ¼ const:) it follows that

Sðm�ðSÞÞða;0Þ ¼ 0; Sðm�ðSÞÞðb;0Þ ¼ 0:ð74Þ
Using (71) and (74) we may conclude thatð b

a

TðhSðm�ðSÞÞ þ o�ðSÞ � m�ðSÞ; m�ðTÞiÞðt;0Þ dtð75Þ

¼ hSðm�ðSÞÞ þ o�ðSÞ � m�ðSÞ; m�ðTÞiðb;0Þ
� hSðm�ðSÞÞ þ o�ðSÞ � m�ðSÞ; m�ðTÞiða;0Þ ¼ 0:

Similarly

2SðY�ðS;TÞÞðt;0Þ ¼ 2 lim
s!0

1

s
fY�ðS;TÞðt; sÞ �Y�ðS;TÞðt;0Þg

¼ lim
s!0

1

s
f f ðt; sÞ�1

T‘ð _sstðsÞ; _ggsðtÞÞ � f ðt; 0Þ�1
T‘ð _sstð0Þ; _gg0ðtÞÞg

¼ f ðt; 0Þ�1 lim
s!0

1

s
ftsVstðsÞ � Vstð0Þg

� �

where V is the vector field defined at each aðt; sÞ ¼ stðsÞ by

Vaðt; sÞ ¼ T‘;aðt; sÞð _sstðsÞ; _ggsðtÞÞ; aa ta b; jsj < e:

Let us assume from now on that t ¼ 0, i.e. ðM; yÞ is Sasakian. Then

Vaðt; sÞ ¼ �2Waðt; sÞð _sstðsÞ; _ggsðtÞÞTaðt; sÞ

and ‘T ¼ 0 yields

tsVaðt; sÞ ¼ �2Waðt; sÞð _sstðsÞ; _ggsðtÞÞTgðtÞ:
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Finally

2hSðY�ðS;TÞÞ; m�ðTÞiðt;0Þð76Þ

¼ lim
s!0

1

s
fgy;aðt; sÞðt sVaðt; sÞ; _ggðtÞÞ � gy;aðt;0ÞðVaðt;0Þ; _ggðtÞÞg ¼ 0;

as _ggðtÞ A HðMÞgðtÞ. It remains that we compute the term 2ho�ðSÞ �Y�ðS;TÞ;
m�ðTÞi. As f ðt; sÞ is a linear frame at aðt; sÞ

f ðt; sÞ ¼ ðaðt; sÞ; fXi;aðt; sÞ : 1a ia 2nþ 1gÞ;
where Xi A Taðt; sÞðMÞ. Let ðU ; xiÞ be a local coordinate system on M and let us
set Xi ¼ X

j
i q=qx

j . Let ðP�1ðUÞ; ~xxi; gi
j Þ be the naturally induced local coordinates

on LðMÞ, where P : LðMÞ ! M is the projection. Then gi
j ð f ðt; sÞÞ ¼ X i

j ðaðt; sÞÞ.
As o is the connection 1-form of a linear connection

o ¼ o
j
i nE i

j

where o i
j are scalar 1-forms on LðMÞ and fE i

j : 1a i; ja 2nþ 1g is the basis of

the Lie algebra glð2nþ 1Þ given by Ei
j ¼ ½d ild

k
j �1ak;la2nþ1. Let fe1; . . . ; e2nþ1g be

the canonical linear basis of R2nþ1. Then

m�ðTÞðt;0Þ ¼ f ðt; 0Þ�1 _ggðtÞ ¼ dxi

dt
f ðt; 0Þ�1 q

qxi

����
gðtÞ

¼ dxi

dt
Y

j
i ej

where ½Y i
j � ¼ ½X i

j �
�1. Therefore

o�ðSÞðt;0Þ � m�ðTÞðt;0Þ ¼
dxk

dt
Y i

kð f �o j
i ÞðSÞðt;0Þej

(because of Ei
j ek ¼ d ikej). On the other hand (by Prop. 1.1 in [18], Vol. I, p. 64)

o�ðSÞðt;0Þ ¼ A where the left invariant vector field A A glð2nþ 1Þ is given by

A�
f ðt;0Þ ¼ ðdðt;0Þ f ÞSðt;0Þ � lf ðt;0Þ _sstð0Þð77Þ

and lu : TPðuÞðMÞ ! Hu is the inverse of duP : Hu ! TPðuÞðMÞ, u A LðMÞ (the
horizontal lift operator with respect to H). Here A� is the fundamental vector
field associated to A, i.e.

A�
f ðt;0Þ ¼ ðdeLf ðt;0ÞÞAe

where Lu : GLð2nþ 1Þ ! LðMÞ, u A LðMÞ, is given by LuðgÞ ¼ ug for any g A
GLð2nþ 1Þ, and e A GLð2nþ 1Þ is the unit matrix. If A ¼ A

j
i E

i
j then Ai

j ¼
ð f �o i

j ÞðSÞðt;0Þ. Let ðgi
j Þ be the natural coordinates on GLð2nþ 1Þ so that Lf ðt;0Þ

is locally given by
LiðgÞ ¼ ~xxi; Li

j ðgÞ ¼ X i
kg

k
j ;

and then ðdeLf ðt;0ÞÞðq=qgi
j Þe ¼ X k

i ðq=qgk
j Þf ðt;0Þ. Next (cf. [18], Vol. I, p. 143)

l
q

qx j
¼ qj � ðG i

jk �PÞgk
l

q

qgi
l

(where qi ¼ q=q~xxi) and (77) lead to
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Ak
lX

i
k

q

qgi
l

����
f ðt;0Þ

¼ ðdðt;0Þ f ÞSðt;0Þ � X jðgðtÞÞ qj � ðG i
jk �PÞgk

l

q

qgi
l

� �
f ðt;0Þ

or (by applying this identity to the coordinate functions gi
l)

Ak
lX

i
k ¼ Sðt;0Þðgi

l � f Þ þ X jðgðtÞÞG i
jkðgðtÞÞX k

l :ð78Þ
If f i

j ¼ gi
j � f then

Sðt;0Þð f i
j Þ ¼

d

ds
f f i

j � btgð0Þ ¼
qf i

j

qs
ðt; 0Þ

Therefore (by (78))

Ak
l ¼ Y k

i

qf i
l

qs
ðt; 0Þ þ X jðgðtÞÞG i

jmðgðtÞÞX m
l

� �
:ð79Þ

So far we got (by (79))

o�ðSÞðt;0Þ � m�ðTÞðt;0Þ ¼ Y l
k

dxk

dt

qf i
l

qs
ðt; 0Þ þ X jðgðtÞÞG i

jmðgðtÞÞX m
l

� �
f ðt; 0Þ�1 q

qxi

����
gðtÞ

:

Let us observe that

qf i
j

qs
ðt; 0Þ ¼

qX i
j

qxk
ðgðtÞÞ qa

k

qs
ðt; 0Þ ¼

qX i
j

qxk
ðgðtÞÞX kðgðtÞÞ

hence
qf i

j

qs
ðt; 0Þ þ X kðgðtÞÞG i

klðgðtÞÞX l
j ¼ ð‘XXjÞ igðtÞ

and we may conclude that

o�ðSÞðt;0Þ � m�ðTÞðt;0Þ ¼ Y
j
k

dxk

dt
f ðt; 0Þ�1ð‘XXjÞgðtÞ ¼ 0:ð80Þ

Indeed

ð‘XXiÞgðtÞ ¼ ð‘ _sstXiÞstð0Þ ¼ lim
s!0

1

s
ftsXi;stðsÞ � Xi;stð0Þg

¼ lim
s!0

1

s
ftsf ðt; sÞei � f ðt; 0Þeig ¼ 0

because ft is horizontal (yielding tsf ðt; sÞ ¼ f ðt; 0Þ). By (69)–(70), (75)–(76) and
(80) the identity (67) may be written

d 2

ds2
fLðgsÞgs¼0 ¼

1

r

ð b
a

�
j‘ _ggX

?j2 � gyðRðX ?; _ggÞ _gg;X ?Þ

þ 2gyðT‘ðX ?; _ggÞ;‘ _ggX Þ þ jT‘ðX ?; _ggÞj2

� 1

r2
½gyðT‘ðX ?; _ggÞ; _ggÞ2 þ 2gyð‘ _ggX ; _ggÞgyðT‘ðX ?; _ggÞ; _ggÞ�

�
dt
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or (by T‘ðX ?; _ggÞ ¼ �2WðX ?; _ggÞT and yð _ggÞ ¼ 0)

IðX ;XÞ ¼ 1

r

ð b
a

fj‘ _ggX
?j2 � gyðRðX ?; _ggÞ _gg;X ?Þð81Þ

þ 4WðX ?; _ggÞ2 � 4WðX ?; _ggÞyð‘ _ggX Þg dt:

Finally, by polarization IðX ;Y Þ ¼ 1
2 fIðX þ Y ;X þ YÞ � IðX ;X Þ � IðY ;YÞg the

identity (81) leads to (61).

Proof of Theorem 12. As ‘gy ¼ 0ð tjþ1

tj

fgyð‘ _ggX
?;‘ _ggY

?Þ � 2WðX ?; _ggÞyð‘ _ggY
?Þg dt

¼
ð tjþ1

tj

�
d

dt
½gyð‘ _ggX

?;Y ?Þ � 2WðX ?; _ggÞyðY ?Þ�

� gyð‘2
_ggX

? � 2Wð‘ _ggX
?; _ggÞT ;Y ?Þ

�
dt

¼ gy; gðtjþ1Þðð‘ _ggX
?Þ�gðtjþ1Þ;Y

?
gðtjþ1ÞÞ � gy; gðtjÞðð‘ _ggX

?ÞþgðtjÞ;Y
?
gðtjÞÞ

� 2WðX ?; _ggÞgðtjþ1ÞyðY
?Þgðtjþ1Þ þ 2WðX ?; _ggÞgðtjÞyðY

?ÞgðtjÞ

�
ð tjþ1

tj

fgyð‘2
_ggX

? � 2Wð‘ _ggX
?; _ggÞT ;Y ?Þg dt

and (61) implies (62). Q.e.d.

Proof of Corollary 6. If X? A Jg then X ? is di¤erentiable in ½a; b� hence the
last term in (62) vanishes. Also JgX

? ¼ 0 and (62) yield

IðX ;YÞ ¼ � 2

r

ð b
a

fyð‘ _ggX
?Þ � 2WðX ?; _ggÞgWðY ?; _ggÞ dt

which implies (by Lemma 4) both (63)–(64). Viceversa, let us assume that
(63) holds for some aðXÞ A R. Let f be a smooth function on M such that
f ðgðtjÞÞ ¼ 0 for any 0a ja h and f ðgðtÞÞ > 0 for any t A ½a; b�nft0; t1; . . . ; thg and
let us consider the vector field Y ¼ fJgX

?. As JgX
? is orthogonal to _gg the

identity (64) implies ð b
a

f ðgðtÞÞjJgX
?j2 dt ¼ 0

hence JgX
? ¼ 0 in each interval ½tj; tjþ1�. To prove that X? A Jg it su‰ces (by

Prop. 1.1 in [17], Vol. II, p. 63) to check that X ? is of class C1 at each tj. To
this end, for each fixed j we consider a vector field Y along g such that
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Yj; gðtÞ ¼
ð‘ _ggX

?Þ�gðtjÞ � ð‘ _ggX
?ÞþgðtjÞ; for t ¼ tj

0; for t ¼ tk; k0 j:

�

Then (by (64)) jð‘ _ggX
?Þ�gðtjÞ � ð‘ _ggX

?ÞþgðtjÞj
2 ¼ 0. Q.e.d.

Remark. Let gðtÞ A M be a lengthy C1 curve. Then D _gg _gg ¼ ‘ _gg _gg� Að _gg; _ggÞT
hence on a Sasakian manifold g is a geodesic of ‘ if and only if g is a geodesic
of the Riemannian manifold ðM; gyÞ. This observation leads to the following
alternative proof of Theorem 11. Let g A G and X ;Y A TgðGÞ be as in Theorem
11. By Theorem 5.4 in [17], Vol. II, p. 81, we have

IðX ;YÞ ¼ 1

r

ð b
a

fgyðD _ggX
?;D _ggY

?Þ � gyðRDðX ?; _ggÞ _gg;Y ?Þg dt:ð82Þ

Now on one hand

D _ggX
? ¼ ‘ _ggX

? þWð _gg;X ?ÞT þ yðX ?ÞJ _ggð83Þ

and on the other the identity

RDðX ;YÞZ ¼ RðX ;YÞZ þ ðJX5JYÞZ � 2WðX ;YÞJZ
þ 2gyððy5IÞðX ;Y Þ;ZÞT � 2yðZÞðy5IÞðX ;Y Þ; X ;Y ;Z A XðMÞ;

yields

RDðX ?; _ggÞ _gg ¼ RðX ?; _ggÞ _gg� 3WðX ?; _ggÞJ _ggþ r2yðX ?ÞT :ð84Þ

Let us substitute from (83)–(84) into (82) and use the identity

yðX ?ÞWð‘ _ggY
?; _ggÞ þ yðY ?ÞWð‘ _ggX

?; _ggÞ þWð _gg;X ?Þyð‘ _ggY
?Þ þWð _gg;Y ?Þyð‘ _ggX

?Þ

¼ d

dt
fyðX ?ÞWðY ?; _ggÞ þ yðY ?ÞWðX ?; _ggÞg

� 2fWðX ?; _ggÞyð‘ _ggY
?Þ þWðY ?; _ggÞyð‘ _ggX

?Þg

(together with XgðaÞ ¼ XgðbÞ ¼ 0) so that to derive (61). Q.e.d.

As an application of Theorems 8 and 11 we shall establish

Theorem 13. Let ðM; yÞ be a Sasakian manifold of CR dimension n and
‘ its Tanaka-Webster connection. Let g : ½a; b� ! M be a lengthy geodesic of
‘, parametrized by arc length. If there is c A ða; bÞ such that the point gðcÞ is
horizontally conjugate to gðaÞ and for any d > 0 with ½c� d; cþ d�H ða; bÞ the space
Hgd has maximal dimension 4n (where gd is the geodesic g : ½c� d; cþ d� ! M )
then g is not a minimizing geodesic joining gðaÞ and gðbÞ, that is the length of g is
greater than the Riemannian distance (associated to ðM; gyÞ) between gðaÞ and gðbÞ.

Proof. Let g : ½a; b� ! M be a geodesic of the Tanaka-Webster connection
of the Sasakian manifold ðM; yÞ, obeying to the assumptions in Theorem 13.
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Then (by Theorem 8) there is a piecewise di¤erentiable vector field X along g
such that 1) X is orthogonal to _gg and J _gg, 2) XgðaÞ ¼ XgðbÞ ¼ 0, and 3) I ba ðX Þ < 0.
Let fgsgjsj<e be a 1-parameter family of curves as in the definition of ðdgLÞX and

IðX ;XÞ. By Corollary 5 (as g is a geodesic of ‘) one has

d

ds
fLðg sÞgs¼0 ¼ 0:

On the other hand (by Theorem 11 and X ? ¼ X )

IðX ;XÞ ¼ I ba ðX Þ þ 4

ð b
a

WðX ; _ggÞfWðX ; _ggÞ � yðX 0Þg dt

hence (as X is orthogonal to J _gg)

d 2

ds2
fLðgsÞgs¼0 ¼ I ba ðXÞ < 0

so that there is 0 < d < e such that LðgsÞ < LðgÞ for any jsj < d.

Remark. If there is a 1-parameter variation of g (inducing X ) by lengthy
curves then LðgÞ is greater than the Carnot-Carathédory distance between gðaÞ
and gðbÞ.

9. Final comments and open problems

Manifest in R. Strichartz’s paper (cf. [23]) is the absence of covariant deriv-
atives and curvature. Motivated by our Theorem 1 we started developing a
theory of geodesics of the Tanaka-Webster connection ‘ on a Sasakian manifold
M, with the hope that although lengthy geodesics of ‘ form (according to
Corollary 1) a smaller family than that of sub-Riemannian geodesics, the former
may su‰ce for establishing an analog to Theorem 7.1 in [23], under the as-
sumption that ‘ is complete (as a linear connection on M ). The advantage of
working within the theory of linear connections is already quite obvious (e.g. any
C1 geodesic of ‘ is automatically of class Cy, as an integral curve of some Cy

basic vector field, while sub-Riemannian geodesics are assumed to be of class C2,
cf. [23], p. 233, and no further regularity is to be expected a priori) and doesn’t
contradict R. Strichartz’s observation that sub-Riemannian manifolds, and in
particular strictly pseudoconvex CR manifolds endowed with a contact form y,
exhibit no approximate Euclidean behavior (cf. [23], p. 223). Indeed, while
Riemannian curvature measures the higher order deviation of the given Rie-
mannian manifold from the Euclidean model, the curvature of the Tanaka-
Webster connection describes the pseudoconvexity properties of the given CR
manifold, as understood in several complex variables analysis. The role as a
possible model space played by the tangent cone of the metric space ðM; rÞ at a
point x A M (such as produced by J. Mitchell’s Theorem 1 in [21], p. 36) is
unclear.
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Another advantage of our approach stems from the fact that the exponential
map on M thought of as a sub-Riemannian manifold is never a di¤eomorphism
at the origin (because all sub-Riemannian geodesics issuing at x A M must
have tangent vectors in HðMÞx) in contrast with the ordinary exponential map
associated to the Tanaka-Webster connection ‘. In particular cut points (as
introduced in [23], p. 260) do not possess the properties enjoyed by conjugate
points in Riemannian geometry because (by Theorem 11.3 in [23], p. 260) given
x A M cut points occur arbitrary close to x. On the contrary (by Theorem 1.4 in
[17], Vol. II, p. 67) given x A M one may speak about the first point conjugate to
x along a geodesic of ‘ emanating from x, therefore the concept of conjugate
locus CðxÞ may be defined in the usual way (cf. e.g. [20], p. 117). The systematic
study of the properties of CðxÞ on a strictly pseudoconvex CR manifold is an
open problem.

Yet another concept of exponential map was introduced by D. Jerison &
J. M. Lee, [15] (associated to parabolic geodesics i.e. solutions gðtÞ to ð‘ _gg _ggÞgðtÞ ¼
2cTgðtÞ for some c A R). A comparison between the three exponential formalisms
(in [23], [15], and the present paper) hasn’t been done as yet. We conjecture that
given a 2-plane sHTxðMÞ its pseudohermitian sectional curvature kyðsÞ mea-
sures the di¤erence between the length of a circle in s (with respect to gy;x) and
the length of its image by expx (the exponential mapping at x associated to ‘).
Also a useful relationship among expx and the exponential mapping associated to
the Fe¤erman metric Fy on CðMÞ should exist (and then an understanding of the
singular points of the latter, cf. e.g. M. A. Javaloyes & P. Piccione, [14], should
shed light on the properties of singular points of the former).

Finally, the analogy between Theorem 7.3 in [23], p. 245 (producing ‘‘ap-
proximations to unity’’ on Carnot-Carathéodory complete sub-Riemannian mani-
folds) and Lemma 2.2 in [24], p. 50 (itself a corrected version of a result by S.-T.
Yau, [28]) indicates that Theorem 7.3 is the proper ingredient for proving that
the sublaplacian Db is essentially self-adjoint on Cy

0 ðMÞ and the corresponding
heat operator is given by a positive Cy kernel. These matters are relegated to a
further paper.

Appendix A. Contact forms of constant pseudohermitian sectional curvature

The scope of this section is to give a proof of Theorem 5. Let ðM; yÞ be a
nondegenerate CR manifold and y a contact form on M. Let ‘ be the Tanaka-
Webster connection of ðM; yÞ. We recall the first Bianchi identityX

XYZ

RðX ;YÞZ ¼
X
XYZ

fT‘ðT‘ðX ;Y Þ;ZÞ þ ð‘XT‘ÞðY ;ZÞgð85Þ

for any X ;Y ;Z A TðMÞ, where
P

XYZ denotes the cyclic sum over X , Y , Z. Let
X ;Y ;Z A HðMÞ and note that

T‘ðT‘ðX ;Y Þ;ZÞ ¼ �2WðX ;YÞtðZÞ;
ð‘XT‘ÞðY ;ZÞ ¼ �2ð‘XWÞðY ;ZÞT ¼ 0:
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Indeed ‘gy ¼ 0 and ‘J ¼ 0 yield ‘W ¼ 0. Thus (85) leads toX
XYZ

RðX ;YÞZ ¼ �2
X
XYZ

WðX ;YÞtðZÞ;ð86Þ

for any X ;Y ;Z A HðMÞ. Let us define a ð1; 2Þ-tensor field S by setting SðX ;Y Þ
¼ ð‘X tÞY � ð‘YtÞX . Next, we set X ;Y A HðMÞ and Z ¼ T in (85) and ob-
serve that

T‘ðT‘ðX ;YÞ;TÞ þ T‘ðT‘ðY ;TÞ;XÞ þ T‘ðT‘ðT ;XÞ;YÞ
¼ �T‘ðtðY Þ;XÞ þ T‘ðtðXÞ;YÞ ¼ ðas t is HðMÞ � valuedÞ
¼ 2fWðtðYÞ;X Þ �WðtðXÞ;YÞgT ¼ 2gyððtJ þ JtÞX ;YÞT ¼ 0;

(by the purity axiom) and

ð‘XT‘ÞðY ;TÞ þ ð‘YT‘ÞðT ;X Þ þ ð‘TT‘ÞðX ;Y Þ
¼ �ð‘XtÞY þ ð‘YtÞX � 2ð‘TWÞðX ;Y ÞT ¼ �SðX ;Y Þ:

Finally (85) becomes

RðX ;TÞY þ RðT ;YÞX ¼ SðX ;YÞ;ð87Þ

for any X ;Y A HðMÞ. The 4-tensor R enjoys the properties

RðX ;Y ;Z;WÞ ¼ �RðY ;X ;Z;WÞ;ð88Þ
RðX ;Y ;Z;WÞ ¼ �RðX ;Y ;W ;ZÞ;ð89Þ

for any X ;Y ;Z;W A TðMÞ. Indeed (88) follows from ‘gy ¼ 0 while (89) is
obvious. We may use the reformulation (86)–(87) of the first Bianchi identity
to compute

P
YZW RðX ;Y ;Z;WÞ for arbitrary vector fields. For any X A TðMÞ

we set XH ¼ X � yðXÞT (so that XH A HðMÞ). ThenX
YZW

RðX ;Y ;Z;WÞ ¼
X
YZW

gyðRðZ;WÞYH ;XÞ

¼
X
YZW

gyðRðZH ;WHÞYH þ yðYÞ

� ½RðWH ;TÞZH þ RðT ;ZHÞWH �;XÞ

hence X
YZW

RðX ;Y ;Z;WÞ ¼ �
X
YZW

f2WðY ;ZÞAðW ;XÞ þ yðYÞgyðX ;SðZH ;WHÞÞgð90Þ

for any X ;Y ;Z;W A TðMÞ. Next, we set

KðX ;Y ;Z;WÞ ¼
X
YZW

RðX ;Y ;Z;WÞ
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and compute (by (88)–(89))

KðX ;Y ;Z;WÞ � KðY ;Z;W ;XÞ � KðZ;W ;X ;YÞ þ KðW ;X ;Y ;ZÞ
¼ 2RðX ;Y ;Z;WÞ � 2RðZ;W ;X ;YÞ

hence (by (90))

2RðX ;Y ;Z;WÞ � 2RðZ;W ;X ;YÞ

¼ �
X
YZW

f2WðY ;ZÞAðX ;WÞ þ yðYÞgyðX ;SðZH ;WHÞÞg

þ
X
ZWX

f2WðZ;WÞAðY ;XÞ þ yðZÞgyðY ;SðWH ;XHÞÞg

þ
X
WXY

f2WðW ;X ÞAðY ;ZÞ þ yðWÞgyðZ;SðXH ;YHÞÞg

�
X
XYZ

f2WðX ;YÞAðZ;WÞ þ yðXÞgyðW ;SðYH ;ZHÞÞg

or

2RðX ;Y ;Z;WÞ � 2RðZ;W ;X ;Y Þð91Þ
¼ �4WðY ;ZÞAðX ;WÞ þ 4WðY ;WÞAðX ;ZÞ

� 4WðX ;WÞAðY ;ZÞ þ 4WðX ;ZÞAðY ;WÞ
þ yðX Þ½gyðY ;SðZH ;WHÞÞ þ gyðZ;SðYH ;WHÞÞ � gyðW ;SðYH ;ZHÞÞ�
þ yðY Þ½gyðZ;SðWH ;XHÞÞ � gyðW ;SðZH ;XHÞÞ � gyðX ;SðZH ;WHÞÞ�
þ yðZÞ½gyðY ;SðWH ;XHÞÞ � gyðX ;SðWH ;YHÞÞ � gyðW ;SðXH ;YHÞÞ�
þ yðWÞ½gyðY ;SðXH ;ZHÞÞ � gyðX ;SðYH ;ZHÞÞ þ gyðZ;SðXH ;YHÞÞ�:

As ‘Xt is symmetric one has

gyðY ;SðX ;ZÞÞ � gyðX ;SðY ;ZÞÞ ¼ gyðSðX ;YÞ;ZÞ

for any X ;Y ;Z A HðMÞ, so that (91) may be written

RðX ;Y ;Z;WÞ ¼ RðZ;W ;X ;YÞ � 2WðY ;ZÞAðX ;WÞð92Þ
þ 2WðY ;WÞAðX ;ZÞ � 2WðX ;WÞAðY ;ZÞ
þ 2WðX ;ZÞAðY ;WÞ þ yðX ÞgyðSðZH ;WHÞ;YÞ
þ yðY ÞgyðSðWH ;ZHÞ;XÞ þ yðZÞgyðSðYH ;XHÞ;WÞ
þ yðWÞgyðSðXH ;YHÞ;ZÞ;

for any X ;Y ;Z;W A TðMÞ.
The properties (88)–(90) and (92) may be used to compute the full curvature

of a manifold of constant pseudohermitian sectional curvature (the arguments are
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similar to those in the proof of Prop. 1.2 in [17], Vol. I, p. 198). Assume from
now on that M is strictly pseudoconvex and Gy positive definite. Let us set

R1ðX ;Y ;Z;WÞ ¼ gyðX ;ZÞgyðY ;WÞ � gyðY ;ZÞgyðW ;X Þ
so that

R1ðX ;Y ;Z;WÞ ¼ �R1ðY ;X ;Z;WÞ;ð93Þ
R1ðX ;Y ;Z;WÞ ¼ �R1ðX ;Y ;W ;ZÞ;ð94Þ X

YZW

R1ðX ;Y ;Z;WÞ ¼ 0:ð95Þ

Assume from now on that ky ¼ c ¼ const. Let us set L ¼ R� 4cR1 and observe
that

LðX ;Y ;X ;YÞ ¼ 0ð96Þ
for any X ;Y A TðMÞ. Indeed, if X , Y are linearly dependent then (96) follows
from the skew symmetry of L in the pairs ðX ;Y Þ and ðZ;WÞ, respectively. If
X , Y are independent then let sHTxðMÞ be the 2-plane spanned by fXx;Yxg,
x A M. Then

LðX ;Y ;X ;YÞx ¼ RðX ;Y ;X ;YÞx � 4cR1ðX ;Y ;X ;Y Þx
¼ 4kyðsÞ½jX j2jY j2 � gyðX ;YÞ2�x � 4cR1ðX ;Y ;X ;Y Þx ¼ 0:

Next (by (96))

0 ¼ LðX ;Y þW ;X ;Y þWÞ ¼ LðX ;Y ;X ;WÞ þ LðX ;W ;X ;YÞ
i.e.

LðX ;Y ;X ;WÞ ¼ �LðX ;W ;X ;Y Þð97Þ
for any X ;Y ;W A TðMÞ. As well known (cf. e.g. Prop. 1.1 in [18], Vol. I,
p. 198) the properties (93)–(95) imply as well the symmetry property

R1ðX ;Y ;Z;WÞ ¼ R1ðZ;W ;X ;YÞ:ð98Þ

Therefore LðX ;Y ;Z;WÞ � LðZ;W ;X ;YÞ ¼ RðX ;Y ;Z;WÞ � RðZ;W ;X ;Y Þ
hence (by (92))

LðX ;Y ;Z;WÞ ¼ LðZ;W ;X ;Y Þ þ 2WðY ;WÞAðX ;ZÞð99Þ
� 2WðY ;ZÞAðX ;WÞ þ 2WðX ;ZÞAðY ;WÞ
� 2WðX ;WÞAðY ;ZÞ þ yðXÞgyðSðZH ;WHÞ;YÞ
þ yðYÞgyðSðWH ;ZHÞ;XÞ þ yðZÞgyðSðYH ;XHÞ;WÞ
þ yðWÞgyðSðXH ;YHÞ;ZÞ:

Applying (99) (to interchange the pairs ðX ;WÞ and ðX ;YÞ) we get
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LðX ;W ;X ;Y Þ ¼ LðX ;Y ;X ;WÞ þ 2WðW ;Y ÞAðX ;X Þ
� 2WðW ;X ÞAðX ;Y Þ � 2WðX ;Y ÞAðW ;XÞ
þ yðX ÞgyðSðWH ;YHÞ;XÞ þ yðYÞgyðSðXH ;WHÞ;X Þ
þ yðWÞgyðSðYH ;XHÞ;XÞ

hence (97) may be written

LðX ;Y ;X ;WÞ ¼ WðW ;XÞAðX ;YÞð100Þ
þWðX ;YÞAðW ;X Þ �WðW ;YÞAðX ;XÞ

� 1

2
fyðXÞgyðSðWH ;YHÞ;XÞ þ yðYÞgyðSðXH ;WHÞ;XÞ

þ yðWÞgyðSðYH ;XHÞ;XÞg:
Consequently

LðX þ Z;Y ;X þ Z;WÞ ¼ WðW ;X þ ZÞAðX þ Z;Y Þ
þWðX þ Z;YÞAðW ;X þ ZÞ
�WðW ;YÞAðX þ Z;X þ ZÞ

� 1

2
gyðX þ Z; yðX þ ZÞSðWH ;YHÞ

þ yðY ÞSðXH þ ZH ;WHÞ þ yðWÞSðYH ;XH þ ZHÞÞ
or (using (100) to calculate LðX ;Y ;X ;WÞ and LðZ;Y ;Z;WÞ)

LðX ;Y ;Z;WÞ þ LðZ;Y ;X ;WÞð101Þ
¼ WðX ;YÞAðW ;ZÞ þWðW ;XÞAðZ;YÞ þWðW ;ZÞAðX ;YÞ

þWðZ;Y ÞAðW ;XÞ � 2WðW ;YÞAðX ;ZÞ

� 1

2
gyðX ; yðZÞSðWH ;YHÞ þ yðYÞSðZH ;WHÞ þ yðWÞSðYH ;ZHÞÞ

� 1

2
gyðZ; yðXÞSðWH ;YHÞ þ yðYÞSðXH ;WHÞ þ yðWÞSðYH ;XHÞÞ:

On the other hand, by the skew symmetry of L in the first pair of arguments and
by (99) (used to interchange the pairs ðY ;ZÞ and ðX ;WÞ)

LðZ;Y ;X ;WÞ ¼ �LðY ;Z;X ;WÞ ¼ �LðX ;W ;Y ;ZÞ
þ 2WðZ;XÞAðY ;WÞ � 2WðZ;WÞAðY ;X Þ
þ 2WðY ;WÞAðZ;X Þ � 2WðY ;X ÞAðZ;WÞ
� yðY ÞgyðSðXH ;WHÞ;ZÞ � yðZÞgyðSðWH ;XHÞ;YÞ
� yðX ÞgyðSðZH ;YHÞ;WÞ � yðWÞgyðSðYH ;ZHÞ;XÞ
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so that (101) becomes

LðX ;Y ;Z;WÞ ¼ LðX ;W ;Y ;ZÞ þ 2WðX ;ZÞAðY ;WÞð102Þ
�WðW ;ZÞAðX ;YÞ �WðX ;YÞAðZ;WÞ
þWðW ;X ÞAðZ;YÞ þWðZ;YÞAðW ;XÞ

þ 1

2
yðXÞfgyðSðZH ;YHÞ;WÞ þ gyðSðZH ;WHÞ;YÞg

� 1

2
yðYÞfgyðSðZH ;WHÞ;X Þ þ gyðSðWH ;XHÞ;ZÞg

þ 1

2
yðZÞfgyðSðWH ;XHÞ;YÞ þ gyðSðYH ;XHÞ;WÞg

� 1

2
yðWÞfgyðSðYH ;XHÞ;ZÞ þ gyðSðZH ;YHÞ;X Þg:

By cyclic permutation of the variables Y , Z, W in (102) we obtain another
identity of the sort

LðX ;Y ;Z;WÞ ¼ LðX ;Z;W ;Y Þ � 2WðX ;WÞAðZ;Y Þ
þWðY ;WÞAðX ;ZÞ þWðX ;ZÞAðW ;YÞ
�WðY ;XÞAðW ;ZÞ �WðW ;ZÞAðY ;XÞ

� 1

2
yðXÞfgyðSðWH ;ZHÞ;Y Þ þ gyðSðWH ;YHÞ;ZÞg

þ 1

2
yðYÞfgyðSðZH ;XHÞ;WÞ þ gyðSðWH ;ZHÞ;XÞg

� 1

2
yðZÞfgyðSðWH ;YHÞ;XÞ þ gyðSðYH ;XHÞ;WÞg

� 1

2
yðWÞfgyðSðYH ;XHÞ;ZÞ þ gyðSðZH ;XHÞ;Y Þg

which together with (102) leads to

3LðX ;Y ;Z;WÞ ¼
X
YZW

LðX ;Y ;Z;WÞ � 2WðW ;ZÞAðX ;YÞ

þ 3WðX ;ZÞAðY ;WÞ � 3WðX ;WÞAðY ;ZÞ
þWðZ;Y ÞAðW ;XÞ þWðY ;WÞAðX ;ZÞ

þ 3

2
yðX ÞgyðSðZH ;WHÞ;YÞ � 1

2
yðYÞgyðSðZH ;WHÞ;XÞ

þ 1

2
yðZÞf2gyðSðYH ;XHÞ;WÞ

þ gyðSðWH ;XHÞ;Y Þ þ gyðSðWH ;YHÞ;XÞg
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� 1

2
yðWÞf2gyðSðYH ;XHÞ;ZÞ

þ gyðSðZH ;YHÞ;XÞ þ gyðSðZH ;XHÞ;Y Þg
or

LðX ;Y ;Z;WÞ ¼ WðY ;WÞAðX ;ZÞ �WðY ;ZÞAðX ;WÞ
þWðX ;ZÞAðY ;WÞ �WðX ;WÞAðY ;ZÞ

þ 1

2
fyðX ÞgyðSðZH ;WHÞ;YÞ � yðYÞgyðSðZH ;WHÞ;X Þ

þ yðZÞgyðSðYH ;XHÞ;WÞ � yðWÞgyðSðYH ;XH ;ZÞÞg
or

RðX ;Y ;Z;WÞ ¼ 4cfgyðX ;ZÞgyðY ;WÞ � gyðY ;ZÞgyðX ;WÞgð103Þ
þWðY ;WÞAðX ;ZÞ �WðY ;ZÞAðX ;WÞ
þWðX ;ZÞAðY ;WÞ �WðX ;WÞAðY ;ZÞ
þ gyðSðZH ;WHÞ; ðy5IÞðX ;YÞÞ
� gyðSðXH ;YHÞ; ðy5IÞðZ;WÞÞ

for any X ;Y ;Z;W A TðMÞ, where I is the identical transformation and
ðy5IÞðX ;YÞ ¼ 1

2 fyðX ÞY � yðYÞXg. Using (103) one may prove Theorem 5 as
follows. Let Y ¼ T in (103). As RðZ;WÞT ¼ 0 and S is HðMÞ-valued we get

0 ¼ 4cfgyðX ;ZÞyðWÞ � gyðX ;WÞyðZÞg � 1

2
gyðSðZH ;WHÞ;XÞ;ð104Þ

for any X ;Z;W A TðMÞ. In particular for Z;W A HðMÞ
SðZ;WÞ ¼ 0:

Hence SðZH ;WHÞ ¼ 0 and (104) becomes

cfgyðX ;ZÞyðWÞ � gyðX ;WÞyðZÞg ¼ 0;

for any X ;Z;W A TðMÞ. In particular for Z ¼ X A HðMÞ and W ¼ T one has
cjX j2 ¼ 0 hence c ¼ 0 and (103) leads to (31). Then t ¼ 0 yields R ¼ 0. To
prove the last statement in Theorem 5 let us assume that M has CR dimension
nb 2 (so that the Levi distribution has rank > 3). Assume that R ¼ 0 i.e.

WðX ;ZÞtðY Þ �WðY ;ZÞtðXÞ ¼ AðX ;ZÞJY � AðY ;ZÞJX
(by (31)). In particular for Z ¼ Y

WðX ;YÞtðYÞ ¼ AðX ;Y ÞJY � AðY ;YÞJX :ð105Þ
Let X A HðMÞ such that jX j ¼ 1, gyðX ;YÞ ¼ 0 and gyðX ; JY Þ ¼ 0. Taking
the inner product of (105) with JX gives AðY ;YÞ ¼ 0, hence A ¼ 0 (as A is
symmetric). Q.e.d.
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[ 7 ] W. L. Chow, Über Systeme von Lineaaren Partiellen Di¤erentialgleichungen erster Ordnung,

Math. Ann. 117 (1939), 98–105.

[ 8 ] S. Dragomir, A survey of pseudohermitian geometry, proceedings of the workshop on

di¤erential geometry and topology, Palermo, 1996, Suppl. Rendiconti del Circolo Mate-

matico di Palermo, Serie II. 49 (1997), 101–112.

[ 9 ] S. Dragomir, Minimality in CR geometry and the CR Yamabe problem on CR manifolds

with boundary, submitted to Advances in Geometry, 2004.

[10] S. Dragomir and G. Tomassini, Di¤erential geometry and analysis on CR manifolds,

Progress in mathematics 246 (H. Bass, J. Oesterlé and A. Weinstein, eds.), Birkhäuser,
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