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Abstract

We calculate some invariants determined by the spectrum of the Jacobi operator
J of totally complex submanifolds of the quaternionic projective space QP". We use
these invariants, and the ones determined by the spectrum of the Laplace-Beltrami
operator A, to characterize parallel submanifolds of QP".

1. Introduction

Let M be a compact (connected and smooth) Riemannian manifold without
boundary, isometrically immersed in a Riemannian manifold M. The Jacobi
operator J of M is a second order elliptic operator, associated to the isometric
immersion of M into M. J is defined on the space of smooth sections of the
normal bundle TM* by the formula

J=D+R— 4,

where D is the rough Laplacian of the normal connection vt on TM*, R and
A are linear transformations of TM* defined by means of a partial Ricci tensor
of M and of the second fundamental form A, respectively. J is also called the
second variation operator, because it naturally appears in the formula which gives
the second variation for the area function of a compact minimal submanifold (see
[S]). Its spectrum, denoted by

spec(M,J) ={ A1 <l < <A< + 10}

is discrete, as a consequence of the compactness of M.
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The problem of characterizing (compact) submanifolds using the spectrum
of the Jacobi operator, has been extensively investigated. Estimates of the first
eigenvalue of J have been introduced to characterize some minimal hypersurfaces
of the standard unit sphere (see for example [Pe]). Other authors applied Gilkey’s
results [G] to the asymptotic expansion of the partition function Z(7) associated
to spec(M,J), in order to find Riemannian invariants determined by the spectrum
of J and to study spectral geometry of some minimal submanifolds. This kind
of study has been made for minimal submanifolds of the Euclidean sphere ([D],
[H]), Kaehler submanifolds of the complex projective space CP”" [H], Sasakian
submanifolds [Sh], and by the author and D. Perrone for totally real minimal
submanifolds of CP" ([CP], [C1]) and QP" [C2].

Moreover, an analogous investigation was made (by Urakawa [Ur] first, and
recently by many other authors), about the spectral geometry determined by the
Jacobi operator associated to the energy of a harmonic map.

Besides totally real submanifolds, another typical class of submanifolds of
the quaternionic projective space QP" is the class of totally complex submanifolds.
They have been first introduced by Funabashi [F] and their Riemannian geometry
has been studied by several authors (([CoGa], [Mr], [Mt], [T1], [T2], [X]). In
particular, totally complex parallel submanifolds of QP”" have been completely
classified by Tsukada in [T1].

In this paper, we consider a totally complex submanifold of QP”, of complex
dimension 7, and we determine the first three terms of the asymptotic expansion
for the partition function associated to the spectrum of its Jacobi operator. We
then use the Riemannian invariants determined by the spectrum of J, and the
ones determined by the spectrum of the Laplace-Beltrami operator A, to charac-
terize totally complex parallel submanifolds of QP”.

The paper is organized in the following way. In Section 2, we recall some
basic results about QP" and its totally complex submanifolds. In Section 3,
we compute the first three terms of the asymptotic expansion for the partition
function associated to spec(M,J), M being an n-dimensional totally complex
submanifold of QP”. Such invariants are used in Section 4 to characterize
totally complex parallel submanifolds of QP”". Further spectral characterizations
of these submanifolds are given in Section 5, making also use of the invariants
determined by the spectrum of the Laplace-Beltrami operator A.

The author wishes to express his gratitude towards the referee for his careful
revision of the paper.

2. Totally complex submanifolds of QP”

Let (M,g) be a 4n-dimensional quaternionic Riemannian manifold and V
the three-dimensional vector bundle of tensors of type (1,1) with local basis of
almost Hermitian structures [;, I, I3, satisfying

a) 1112 = —1211 = 13, 1213 = —1312 = 11, 1311 = —1113 = 12, 112 = 122 = 132 = —1;

b) for any cross-section & of V, Vx¢ is also a cross-section of ¥, where X is

a vector field on M and V is the Levi Civita connection of M.
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If X is a unit vector on M, the quaternionic section determined by X is the
4-plane Q(X) spanned by X, X, LX and X. Any 2-plane in a quaternionic
section is called a quaternionic plane and its sectional curvature is called qua-
ternionic sectional curvature. A quaternionic space form is a quaternionic mani-
fold of constant quaternionic sectional curvature. Troughout the paper, by QP"
(or QP"(c)) we shall denote the 4n-dimensional quaternionic projective space of
constant quaternionic sectional curvature ¢ > 0. Its curvature tensor R is given
by

R(Xa Y, Z, W): { (Y Z) (X W) (X,Z)g_(Y, W)

AN e

+g(hY,Z)g(h X, W) — gL X,Z)g(L, Y, W)
—29(LX,Y) ‘(IIZ W)+ g(LY,Z)g(LX, W)
—9(LX,Z)§(LY, W) - 25(LX, Y)g(lzz W)
+g(LY,Z)g (I3X W) —g(LX,Z)g(LY, W)
—29(LX, Y)g(LZ, W)}

By definition, an almost Hermitian submanifold of M is a submanifold, of
even dimension 2m (where m < n) for which there exists a section I; of the
induced bundle V|,, such that Ii’=—id and [ TM = TM. An almost Her-
mitian submanifold M of M, together with a section I; of V| > 18 said to be
totally complex if, at each point p € M, we have L(T,M) L T,M for each Le V,
such that L | I [F]. Alekseevski and Marchiafava [AMa] proved that if M has
nonvanishing scalar curvature, then an almost Hermitian submanifold is Kaheler
if and only it is totally complex.

From now on, let (M, g) be a totally complex submanifold of QP". We are
interested in the case when M has complex dimension #, since totally complex
submanifolds with such dimension appear to be the most typical parallel sub-
manifolds of QP" (see [T1] and Section 4 of this paper). We shall denote by V
and R the Levi Civita connection and the curvature tensor of M, respectively.
The normal connection is given by

Vi TM x TM+ — TM*
(X, &) — V¢,

where V)L(f denotes the normal component of Vy¢. The second fundamental
form ¢ and the Weingarten operator A4 are respectively defined by

a(X,Y)=VyY —VyY, A:X=-Vyé+Vyé

for all X,Y eTM and e TM*. Moreover, g(a(X,Y),&) = g(4:X,Y).
Let Rt denote the curvature tensor associated to the normal connection

V+. The curvature tensors R, R and R' satisfy the Gauss and the Ricci
equations:
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R(X,Y,Z,W)=g(R(X,Y)Z,W)=R(X,Y,Z W)
+9(a(Y,2),0(X, W)) - g(o(X,Z),a(Y, W)),
RE(X, Y, &) =GR (X, Y)E,n) = R(X, Y, & n) + g([4e, 4,]X, Y),

where [A¢, A, = A¢o Ay — Ayo As for all X, Y, Z, W eTM and & ne TM™.
Following Funabashi [F], we consider on QP" a local orthonormal frame

{el,...,e,,,ei = hLey,...,e; = Liey,e1- = hey, ... e = hey ey, = Bey, ... 5 =
Le,} such that, restricted to M, the vector fields ey,...,e,,ej,...,e; are tangent
to M. We shall use the following convention for the range of indices:

i,jyk,...=1,....n;

a,byc,...=1,....n1,... 7

wfy,...=a*,b*c*, .. =1 .. ont 1 it

We put 4, = A4.,, Aseq = hjyep. Note that by deﬁnition, h% = hg, for all a,
b and «. Moreover, by [F], the following identities hold:

(2.1) hy = h = h/_ = —h{_ =hl = hf_ = h h'jk

(2.2) e = —h = —hl = —hf —hj = —hi = —hi = —hiy.

Taking into account (2.1) and (2.2), it is easy to show that tr 4, = 0 for all «.
Then, the mean curvature vector H = trace(c) = >, tr A,e, vanishes, that is, a
totally complex submanifold is always minimal.

M is said to be totally geodesic if ¢ =0, parallel (or with parallel second
Sfundamental form) if Vo =0, where

(Vxo)(Y,Z) =V5(a(Y,Z2)) —a(Vx Y, Z) — a(Y,VxZ).

From the Gauss equation, using (2.1) and (2.2), we get (see also [F])

(2.3) R,'j/d = Rijlzl_ = Rfflgl_ (5]k511 zk5]l + Z 1[ ]k

c o0
(2.4) Ry = 7 00 + 00y +2050k1) — > Wik + hihi),
(2.5) Ryj= > (kg i — by b+ by By — by i),
(2.6) Roggr= > (i hiy = hig B+ R by — i b))

From the Gauss equation it follows that the Ricci tensor o of M is given
by
1

(2.7) o(X, V) =" cg(x, ¥) = 3 g(4,X, 4,Y)
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and for the scalar curvature t of M, we have
(2.8) t=n(n+1)c— o]

where [lof* = Y tr A2 = Y ()%,
We now prove the following

Lemma 2.1. Let M be a totally complex submanifold of QP", of complex
dimension n. Then

(2.9) IRI[* = 2n(n + 1)* = deflal|* = Y tr[da, 45)%,

(2.10) loll* =3 (n + 1)%¢ = (n+ Deflal + Y _(tr 43)°

n
2

1 n+7 n
(2.11) EAHGHZZ||V0H2—HR||2—||Q||2— 7 CH<7||2+§(”+1)(”+5)C2

Proof. The components R,.; of the curvature tensor of M are described by
formulas (2.3)—(2.6). Taking into account that

Z (Z(hgdh(f hyrhly) ) Z tr[A,, A/)’

o

and

> (high = (hi)*) = |HI* = [lo]* = ~lall?,

o, b, c

we obtain formula (2.9).
Next, from (2.7) we have

n—+1
212) o =" ey = Y g(Aseas Ases).
o

for all a, b. Note that ) g(A.e,, Ase,) = lo]>. Moreover, we have

(2.13) Z(tr Aft)2 = Z (tr 4 A/; Zg 2a; Ayer)?
%

o

(see also formula (3.28) in [F]). Using (2.12) and (2.13), we get (2.10) for ||o]*.
The following formula holds for an n-dimensional totally complex submani-
fold of QP™

1 3
214)  SAlloll? = Vol + 3 trldy, g = 3 (1 427 + "2 ol
o, f o

(see [F]). Using (2.9) and (2.10) in (2.14), we get (2.11). O
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3. Spectral invariants of the Jacobi operator

Let Ml)e an n-dimensional Riemannian manifold immersed in a Riemannian
manifold M of dimension #=wn+r. The normal bundle TM~+ is a real r-
dimensional vector bundle on M, with inner product induced by the metric g of

M. We denote by D the rough Laplacian associated to the normal connection
V+ of TM*, that is,

DE= —VIVEE+ VY &,

where & is a section of TML. Next, let A be the Simons operator defined
by

g(Ade,n) = tr(dz 0 4y),
for &y e TM* [S]. Moreover, we consider the operator R defined by
R<f) = Z(R(ei7f)ei)L7
i=1

where (R(e;,&)e;)™ denotes the normal component of R(e;,&)e;).
The Jacobi operator (or second variation operator), acting on cross-sections
of TM*, is the second order elliptic differential operator J defined by (see [S))

J:TM+ — TM*
Ers (D— A+ R
When M is compact, we can define an inner product for cross-sections on TM*,

by

&y = JM 3(&,n) dv

and J is self-adjoint with respect to this product. Moreover, J is strongly elliptic

and it has an infinite sequence of eigenvalues, with finite multiplicities, denoted by
spec(M,J) ={l1 << <hx<--- +To}

The partition function Z(z) = >, exp(—4;t) has the asymptotic expansion
Z(1) ~ (4nt) " ao(J) + ar(J)t + ar(J)P + -}

By Gilkey’s results [G] (see also [D] and [H]), it follows that the coefficients ay, a;

and a, are given by the following

THeOREM 3.1 [G]. We have

ap = r vol(M),

alzzj ‘L'dl)-‘rJ tr E dbv,
6y M
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2 2
@2 = 55| LR = 20el? + 527} do

1

360J {=30||R*||* + tr(607E + 180E2)} db,

where E=A — R.

We now consider a totally complex submanifold M of QP"(c) of complex
dimension n and we compute explicitly the coefficients @y, a; and a, in terms of
invariants depending on the curvature of M and its isometric immersion in QP".

ProOPOSITION 3.2.  Let M be a totally complex submanifold of QP", of com-
plex dimension n. Then

(3.1) IR (> = |R||* + 6cllo||* — 4nc?,
(3.2) tr £ = ||o]|* + n(n + 3)e,
(3.3) tr E2 = ||o||* 4+ 2(n + 2)c||a||* + 2n(n + 2)c?

Proof. From the Ricci equation, we get
Rabc*d* = Rabc*d* — <[A¢*Ad*]€a,€b>

and so,

(3.4) IRY? = D~ (Rgpeeq)® = Ri+ R+ Ry,

with e

(3:5) R, = Zl_ngc*d* = 4Z(Ri3'k*l* + Rik i)
= %22((51'15/1( — 930u)” + (0adi + 90 — 00k)°)
=2n(n — 1)c?,

(3.6) = g([Ae, Aglea, )’ = =Y tr[dee, Ag)

:—ZtrAx,Ap ,

where we used the fact that [4,, Ag] is skew-symmetric, and
(3.7) Ry = -2 Rapea-9([Ac-, Aa-lea e5)
= —ZCZQ(Aa*emAb*eb) + 2029(1‘117*%,1‘1(1*61:)
— —2c|[H|]* + 2llo]|> = 2¢]].

Using (3.5)—(3.7) in (3.4), we then get (3.1).
From the expression of the curvature tensor of QP”", it easily follows that

~ n+3

RO =-"3 e
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Hence,
(3.8) tr R=—n(n+3)c,

2
(3.9 tr R* = @cz,
(3.10) trﬁoA~:—n+3ctrA~.

Next, by the definition of A, we get

(311 A=) g(dese) = G(Asea, Ased) = Y (hiy)* = |||’

and

(3.12) A’ =" g(de, de,) = > (G(As, Ap))* =Y (tr(Ady))’.

%, Y
Note that tr E=tr 4 — tr R and tr E*> = tr(4> —2Ro A + R?). So, using (3.8)—
(3.12) and taking into account (2.10) and (2.13), we get (3.2) and (3.3). O

The following result follows from Theorem 3.1 and Proposition 3.2.

THEOREM 3.3. On a totally complex submanifold M of QP"(c), of complex
dimension n, the first three coefficients of the asymptotic expansion of the partition
function of the Jacobi operator are given by

(3.13) ap = 2n vol(M),

(3.14) a1=”_3j T dv+2n(n + 2)c vol(M),
M

2n — 15 5 45 —n ( 5 n76J By
3.15 = R||" d dv + ——— d
15 @ = | IRE a5 a0

+k1(n)cJ T dv + ky(n)c? vol(M),

M

2 5, 2

where k| = W and ky = n(6n” + zln +23) are constants depending on n.

O

4. Totally complex parallel submanifolds of QP" and the spectrum of J

Parallel submanifolds of QP” have been classified by K. Tsukada in [T1].
He proved that there are four types of parallel not totally geodesic submanifolds
in QP":

(R—R) totally real submanifolds contained in a totally real totally geodesic
submanifold,
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(R-C) totally real submanifolds contained in a totally complex totally
geodesic submanifold,

(C-C) totally complex submanifolds contained in a totally complex totally
geodesic submanifold,

(C-Q) totally complex submanifolds contained in an invariant totally
geodesic submanifold.

The immersion of a submanifold of type (R—R) (respectively, (R—C)) into
QP", is given by the composition of its immersion into the real projective space
RPk (respectively, the complex projective space CPX), with the standard totally
geodesic immersion of RP¥ (respectively, CP*) into QP*. In the same way, the
immersion of a submanifold of type (C-C) into QP”", is the composition of
its Kaehler immersion into CP* with the standard totally geodesic immersion of
CP* into QP*. For this reason, totally complex submanifolds of type (C-Q)
appear to be the most specific parallel submanifolds of QP". Moreover, up to
our knowledge, the known results about totally complex submanifolds of QP",
except for Tsukada’s works [T1] and [T2], mostly concern submanifolds of type
(C-C) (see for example [CoGa], [Mr], [Mt], [X]).

Tsukada [T1] proved that a totally complex parallel submanifold of QP”,
of type (C-Q), has complex dimension n. Moreover, associated with a totally
complex parallel immersion into QP”, there exists a Kaehler immersion into a
(2n + 1)-dimensional complex projective space CP***!, whose composition with the
projection of CP>'*! onto QP" coincides with the given totally complex immer-
sion. Therefore, the classification of totally complex parallel submanifolds of
QP" is related to the one of Kachler imbeddings of Hermitian symmetric spaces
into the complex projective space, given By Nakagawa and Takagi in [NTa].

The following table describes explicitly all n-dimensional compact totally
complex parallel submanifolds, embedded into QP”(c).

Table 1
M dim T
CP"(¢) n n(n+1)c
Sp(3)/U((3) 6 24c
SU(6)/S(U(3) x U(3)) 9 S4¢
50(12)/U(6) 15 150¢
E7/Es- T 27 486¢
CP'(c) x CP'(c) x CP'(¢) | 3 6¢
CP'(c) x CP! (%) 2 3¢
CP'(¢) x 0! no| 24+ @m-1DMe
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The first six manifolds listed in Table 1 are irreducible symmetric spaces
and so, Einstein spaces. It is easy to check that, for two different manifolds in
the Table 1, having the same complex dimension 7, the scalar curvature 7 never
attains the same value. Therefore, we have the following

THEOREM 4.1. FEach n-dimensional totally complex parallel submanifold M,
of OP"(c) is uniquely determined by its scalar curvature.

Taking into account formulas (3.13)—(3.15) and Theorem 4.1, we can now
prove the following

THEOREM 4.2. Each n-dimensional totally complex parallel submanifold M,
of QP"(c) is uniquely determined by its spec(J).

Proof. We treat the cases n # 3 and n = 3 separately.

a) If n # 3, then, by (3.13) and (3.14) it follows that spec J determines the
dimension and the scalar curvature of a totally complex parallel submanifold M,
of QP"(c). The conclusion then follows from Theorem 4.1.

b) If n =3, a totally complex parallel submanifold of QP3(c) is either iso-
metric to CP3(c) or to CP!(c) x CP'(¢) x CP'(c) (see Table 1). We will show
that they do not have the same specJ. In fact, let My be an n-dimensional
totally complex parallel Einstein submanifold of QP". Then |log||* is constant

2

and ||go|| :;—;. Taking also into account (2.8), from (2.11) it follows
n+7 1

(4.1) IRo|* = == et = 575 = nln + 1)e?

Suppose now that My = CP3(c) and M} = CP'(c) x CP!(c) x CP!(c) have the
same specJ. In particular, ao(My) = ao(M;) and ax(My) = ar(M;). So, by
(3.13) and (3.15), vol(My) ZVOI(M(;), and

1 1
4.2 J { + 0 }dv—i— cJ 70 dv
I I L e e R T

1 1
:j S5 IR + 1> — 15 (<h)? dH,cj o) dv.
M 2 2 )

We know that 79 = 12¢ and t) = 6¢ (see Table 1). Since both M, and M
are Einstein, ||oo||’ :gz 24¢? and |\Qo|| = 6¢%. Moreover, from (4.1) we get

|Ro||* = 24¢* and ||R}||> = 12¢2. Using this information in (4.2), we obtain
2 11 2 /
4¢” vol(My) =5 vol(M,),

which can not occur, since vol(My) = vol(M;) and ¢ > 0. O
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We now characterize totally complex parallel Einstein submanifolds of
QP"(c), in the class of all totally complex submanifolds, by proving the fol-
lowing

THEOREM 4.3. Let M be a compact totally complex submanifold of QP"(c)
and My a totally complex parallel Einstein submanifold of QP"(c). If spec(M,J)
= spec(My,J) and 8 < dim My < 26, then M is isometric to M.

Proof.  Since spec(M,J) = spec(My,J), M and M, have the same complex
dimension n and, from Theorem 3.3, since n # 3, we get

(4.3) vol(M) = vol(M,),
(4.4) J Tdv = J 70 dv,
M Mo
2n—15 , . 45-n —6( ,
@s) 2 J il J ol do-+ " JMT do

2 — 15 , . 45-n —6[
=— Ry||” d di dv.
o, VRl o S [l o+ M2 o

Since 7y is constant and vol(M) = vol(M,), we have

(4.6) J ‘czdv—J rgdvzj r2dv—2‘[0J Todv—i—J 3 dv
M M() M M() M()

:J (t—10)2do >0
M

where the equality holds if and only if 7= 7.

T
Next, let E = 0=5.9 denote the Einstein curvature tensor of (M,g) (2n
n

being the real dimension of M). Since ||E|> = |ol|? —T— and Ej =0 because
M, is an Einstein space, (4.5) becomes

2n—15 2 45 —
s (L T d) L

5n* —31n+45 5
+ —son <JM 77 dv — MO 75 dv>

Moreover, integrating (2.11) over M and using | E||>, we get
1
(4.8) J ||Va||2dU:J ||R||2dv+J ||E\|2dv+—J > dv
M M M 2n )y

_n+7

cJ tdv+ n(n+ 1)c? vol(M).
M
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Formula (4.8) also holds for My, with V'gy = Ey =0. We use (4.8) to calculate
I IR|) dv— [J9 | Ro||* dv. Taking into account (4.3) and (4.4), we get

IGERE (j IR o | |Ro||2dv)+J I do
M M M, M
+1<J Tzdl)fj T%du).
2n M M,
Hence, (4.7) becomes

u(n) JM Vo2 do+ B(n) JM IEI? do + y(n) (JM 2 do — JMD 2 dv) o,

where

2n — 15
OC(n) - 180 bl
105 — 4n
B(n) = 180
(n) = 10n% — 64n + 105
= 360n

Since 8 <n <26, whe have a(n),f(n),y(n) >0 and so, V=0, E=0 and
7=1. Thus, M is an Einstein (compact) totally real parallel submanifold of
QP"(c), with the same spec(J) of My, and Theorem 4.2 implies that M is iso-
metric to M. O

As a consequence of Theorem 4.3, we have at once the following

CorOLLARY 4.4. Totally complex submanifolds SU(6)/S(U(3) x U(3)) of
QP° and SO(12)/U(6) of QP'> are completely characterized by their spec(J).

In the case of a totally complex totally geodesic submanifold CP"(c), we
can improve the result given in Theorem 4.3. In fact, let M be a totally com-
plex submanifold of complex dimension n # 3. Then, (3.13) and (3.14) imply
that [, 7 dv is a spectral invariant. So, by (2.8), also [}, |o||* dv is a spectral
invariant. In particular, since CP"(c) is the only totally complex submanifold of
QP"(c) with ¢ =0, we have the following

THEOREM 4.5. In the class of all compact totally complex submanifolds of
QP"(c), the complex projective space CP"(c) is characterized by its spec(J) for all
n#3.

5. Spectral geometry of the Laplace operator for totally complex
submanifolds of QP”"

The problem of characterizing a (compact) Riemannian manifold through
the spectrum of the Laplace-Beltrami operator A acting on functions, is a well-
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known classical problem in Riemannian geometry. In general, a Riemannian
manifold M is not completely characterized by the spectrum of A [BGM, p. 154].
The well-known asymptotic expansion of Minakshisundaram-Pleijel expresses
the partition function associated to spec(M,A). The coefficients a;(A) of this
asymptotic expansion are Riemannian invariants of M [BGM]. In particular,

(5.1) ao(A) = vol(M),
(5.2) a1 (A) = éJM 7 dv,
(53) (8) =555 CIRE =210l + 57} do.

In [U], Udagawa used these invariants to characterize Hermitian symmetric
submanifolds of degree 3 among all Kaehler-Einstein submanifolds of the com-
plex projective space. By a direct calculation, we can prove a similar result for
totally complex parallel submanifolds of QP”.

THEOREM 5.1. Let M be a compact totally complex FEinstein submanifold
of QP" and My a totally complex parallel FEinstein submanifold of QP". If
spec(M,A) = spec(My, A), then M is isometric to M.

Proof. Since spec(M,A) = spec(My,A), dim M = dim My =n. Moreover,
from (5.1)—(5.3) we have

(5.4) vol(M) = vol(M,),

(5.5) J Tdv= J 70 dv,
M Mo

(5.6) jM{2\|R||2 _2gl)? + 527} do = jM Q2IR? = 2l oll® + 522} .
0

Using (5.4) and (5.5) (instead of (4.3) and (4.4)) and proceeding as in the proof of
Theorem 4.3, we can show that (4.6) also holds when spec(M, A) = spec(My, A)
(for all n). Moreover, we can use (4.8), which holds for any totally complex
submanifold of QP", to express [, ||R||* dv— Sty |Ro||* dv. Note that in this
case, E = Ey =0. Therefore, using (5.6) and (4.8), we obtain

(5.7) 2JM |Val||* dv = <% - 5> <JM % dv — JMO w2 dv>.

.2 .
Since i 5 <0 for all n and, by (4.6), [,, > dv — fMo 13 > 0, from (5.7) it follows
that Vo =0 and 7 =19. Thus, by Theorem 4.1, M is isometric to M,. O

The idea of combining the information coming from spec A and spec J for
a submanifold, has already been used by H. Donnelly [D] to characterize totally
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geodesic submanifolds of a real space form. In the case of totally complex sub-
manifolds of QP", we can prove the following

THEOREM 5.2.  For all n > 2, let M be a compact totally complex submanifold
of OP" and My a totally complex parallel submanifold of QP" (not necessarily
Einstein). If spec(M,J) = spec(My,J) and spec(M,A) = spec(My,A), then M is
isometric to M.

Proof. Since spec(M,A) = spec(My,A), (5.4)—(5.6) hold and, as a conse-
quence, also (4.6). Moreover, from spec(M,J) = spec(My,J) it follows

2n— 15 5 45 —n 5 n—=~6 2
. —_— R
(58) P | IRz a5 el a0 e
2n— 15 ) 45—n 2 n—=6 2
=2 R Do n-% _
e L e M R B 2

Next, integrating (2.11) on M, we get

J ||V0||2dU=J ||R||2dU+J ||Q||2dv—n+7c tdv+n(n+ 1)c vol(M),
M M M 2

J

and a corresponding formula holds for M, with Vgy =0. So,

j|wﬁm:Q'MWM—j|mwm)+( mVM—janM)
M M M() oJ M M()

We can use (5.6) and (5.8) to express [, | R|> dv — s, |Ro||> dv and [, ||o||* dv —
Jasg leoll? dv in function of [y, 7> dv — [,, 73 dv. Hence, the last formula becomes

J |Va||2dv£<J rzdvfj rédv)O,
M 10 \J Mo

from which whe can conclude that Vo = 0 and t = ty. Therefore, Theorem 4.1
implies that M is isometric to M. O
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