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CONSTRUCTION OF LAGRANGIAN SURFACES IN COMPLEX

EUCLIDEAN PLANE WITH LEGENDRE CURVES

Bang-Yen Chen

Abstract

An important problem in the theory of Lagrangian submanifolds is to find non-

trivial examples of Lagrangian submanifolds in complex Euclidean spaces with some

given special geometric properties. In this article, we provide a new method to con-

struct Lagrangian surfaces in the complex Euclidean plane C2 by using Legendre curves

in S3ð1ÞHC2. We also investigate intrinsic and extrinsic geometric properties of the

Lagrangian surfaces in C2 obtained by applying our construction method. As an ap-

plication we provide some new families of Hamiltonian minimal Lagrangian surfaces in

C2 via our construction method.

1. Introduction

An immersion f : Mn ! ~MMn of an n-manifold Mn into a Kaehler n-
manifold ~MMn is called a Lagrangian immersion if the complex structure J of
~MMn interchanges each tangent space of Mn with its corresponding normal space.
Lagrangian submanifolds appear naturally in the context of classical mechanics
and mathematical physics. For instance, the systems of partial di¤erential equa-
tions of Hamilton-Jacobi type lead to the study of Lagrangian submanifolds
and foliations in the cotangent bundle. Furthermore, Lagrangian submanifolds
are part of a growing list of mathematically rich special geometries that occur
naturally in string theory.

An important problem in the theory of Lagrangian submanifolds is to find
non-trivial examples of Lagrangian submanifolds with some given special geo-
metric properties. For instance, a method was given in [23] to construct an
important family of special Lagrangian submanifolds in Cn with large symmetric
groups. Moreover, a method was introduced in [17] to construct Lagrangian
submanifolds of constant sectional curvature by utilizing twisted products
decompositions of real space forms. Furthermore, R. Aiyama introduced in [1,
2] a spinor-like representation formula which parameterizes immersions through
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two complex functions F1, F2 and a real one (the Lagrangian angle b).
Aiyama’s formula is very useful to construct many examples of Lagrangian
surfaces in C2.

For a Lagrangian submanifold in a Kaehler manifold with mean curvature
vector H and shape operator A, the dual 1-form aH of JH is the well-known
Maslov form (up to constants). A non-minimal Lagrangian submanifold is
called Maslovian if its Maslov vector field JH is a principal direction of AH (see
[12, 18]). Maslovian Lagrangian surfaces of constant curvature in C2 have been
classified in [10, 11].

A regular curve z : I ! S3ðrÞHC2 in the hypersphere S3ðrÞ of radius r
centered at the origin of C2 is called a Legendre curve if hz 0ðtÞ; izðtÞi ¼ 0 holds
identically.

In [7], the author introduced the notion of complex extensors to construct a
special family of Maslovian Lagrangian submanifolds in Cn. Furthermore, he
also established a method in [9] to construct flat Lagrangian submanifolds in
Cn by using special Legendre curves in S2n�1ð1ÞHCn. In particular, his result
implies that, for any unit speed Legendre curve z : I ! S3ð1ÞHC2 and any real-
valued function pðtÞ defined on an open interval I containing 0, the map

Lðs; tÞ ¼ szðtÞ þ
ð t
0

pðtÞz 0ðtÞ dtð1:1Þ

defines a flat Maslovian Lagrangian surface in C2.
In this article, we extends the idea of [9] to provide a more general method

than [9] to construct Lagrangian surfaces in C2 by using Legendre curves in
S3ð1ÞHC2. In this article, we also investigate extrinsic geometric properties
of Lagrangian surfaces in C2 obtained in such way. Moreover, we completely
classify minimal Lagrangian surfaces as well as Lagrangian surfaces of constant
curvature in C2 which are obtained by applying our construction method. As an
application we apply our construction method to provide some new families of
Hamiltonian minimal Lagrangian surfaces in C2.

2. Preliminaries

Let f : M ! C2 be an isometric immersion of a surface M into the complex
Euclidean plane C2. We denote the Riemannian connections of M and C2 by ‘
and ~‘‘, respectively; and by D the connection on the normal bundle of the surface.

The formulas of Gauss and Weingarten are given respectively by

~‘‘XY ¼ ‘XY þ hðX ;Y Þ;

~‘‘Xx ¼ �AxX þDXx
ð2:1Þ

for tangent vector fields X and Y and normal vector field x. The second fun-
damental form h is related to the shape operator Ax by
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hhðX ;YÞ; xi ¼ hAxX ;Yi:

The mean curvature vector H of M in C2 is defined by H ¼ 1
2 trace h. The

length of H is called the mean curvature function.
If we denote the Riemann curvature tensor of ‘ by R, then the equations of

Gauss and Codazzi are given respectively by

hRðX ;Y ÞZ;Wi ¼ hhðX ;WÞ; hðY ;ZÞi� hhðX ;ZÞ; hðY ;WÞi;
ð‘hÞðX ;Y ;ZÞ ¼ ð‘hÞðY ;X ;ZÞ;

ð2:2Þ

where X , Y , Z, W are vector fields tangent to M and ‘h is defined by

ð‘hÞðX ;Y ;ZÞ ¼ DXhðY ;ZÞ � hð‘XY ;ZÞ � hðY ;‘XZÞ:
When M is a Lagrangian surface in C2, we also have (cf. [20])

DXJY ¼ J‘XY ;

hhðX ;YÞ; JZi ¼ hhðY ;ZÞ; JXi ¼ hhðZ;XÞ; JYi:
ð2:3Þ

The following lemma was obtained in [8].

Lemma 2.1. We have the following:
(a) If z : I ! S3ð1ÞHC2 is a unit speed curve satisfying

z 00ðtÞ � ilðtÞz 0ðtÞ þ zðtÞ ¼ 0ð2:4Þ
for some nonzero real-valued function l, then z ¼ zðtÞ is a Legendre curve.

(b) Conversely, if z : I ! S3ð1ÞHC2 is a unit speed Legendre curve, then it
satisfies (2.4) with l equal to the curvature function of the Legendre curve
in S3ð1Þ.

Remark 2.1. A unit speed curve z : I ! S3ðrÞHC2 satisfying (2.4) with
l ¼ 0 is a great circle. A great circle in S3ðrÞ can be either Legendre or non-
Legendre. For examples, zðtÞ ¼ ðcos t; sin tÞ is a Legendre curve in S3ð1Þ and
zðtÞ ¼ ðeit; 0Þ in S3ð1Þ is not a Legendre curve.

We also need the following lemma.

Lemma 2.2. Let A, B be two vectors in Cn and z, w be two complex numbers.
Then we have

hzA;wBi ¼ hz;wihA;Biþ hiz;wihA; iBi;

hzA; iwBi ¼ hz;wihA; iBiþ hz; iwihA;Bi;

where hz;wi ¼ RealðzwÞ denotes the real part of the complex number zw, w the
complex conjugate of w, and hA;Bi denotes the canonical inner product of the
vectors A and B in the complex Euclidean n-plane Cn.

Proof. Follows easily by straightforward computation. r
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3. Interaction of Legendre curves and Lagrangian surfaces

For each w A Cn we put jwj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hw;wi

p
. We also put C� ¼ C�f0g. Recall

that a curve is called regular if its speed function is nowhere zero.
The following result provides a simple method to construct many examples

of Lagrangian surfaces in C2 by utilizing Legendre curves.

Theorem 3.1. Let f : I1 ! C� be a regular curve defined on an open interval
I1 and z : I2 ! S3ðrÞHC2 be a regular spherical curve defined on an open interval
I2 containing 0. Then, for any functions p : I2 ! C, we have the following:

(i) If z ¼ zðtÞ is a Legendre curve, the map:

Lfpzðs; tÞ ¼ f ðsÞzðtÞ �
ð t
0

pðtÞz 0ðtÞ dtð3:1Þ

defines a Lagrangian isometric immersion of M 2 ¼ ðU ; gfpzÞ into C2, where

U ¼ fðs; tÞ A I1 � I2 : f ðsÞ0 pðtÞg

and gfpz is the induced metric given by

gfpz ¼ r2j f 0ðsÞj2 ds2 þ j f ðsÞ � pðtÞj2jz 0ðtÞj2 dt2:ð3:2Þ

(ii) Conversely, if f contains no circular arcs and if Lfpz in (3.1) defines a
Lagrangian immersion, then z : I2 ! S3ðrÞHC2 is a Legendre curve.

Proof. Let f : I1 ! C� be a regular curve, z : I2 ! S3ðrÞHC2 be a regular
spherical curve, and L ¼ Lfpz be the map defined by (3.1). Then we have

Ls ¼
qL

qs
¼ f 0ðsÞzðtÞ; hz; z 0i ¼ 0;

Lt ¼
qL

qt
¼ ð f ðsÞ � pðtÞÞz 0ðtÞ:

ð3:3Þ

By applying Lemma 2.2 and (3.3), we find

hLs;Lsi ¼ r2j f 0ðsÞj2;
hLs;Lti ¼ hif 0; f � pihz; iz 0i;

hLt;Lti ¼ j f � pj2jz 0j2:

ð3:4Þ

If zðtÞ is a Legendre curve in S3ðrÞHC2, then (3.3) and (3.4) imply that the
induced metric on U is given by (3.2). Since zðtÞ is a Legendre curve, Lemma
2.2 and (3.3) imply hLs; iLti ¼ 0; which shows that L : M 2 ! C2 is Lagrangian.
This proves statement (i).

From (3.3) and Lemma 2.2, we have hLs; iLti ¼ h f 0; f � pihz; iz 0i. So,
when Lfpz is Lagrangian, we obtain h f 0ðsÞ; f ðsÞ � pðtÞihzðtÞ; iz 0ðtÞi ¼ 0 identi-
cally.
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If h f 0ðsÞ; f ðsÞ � pðtÞi ¼ 0 holds for all s in an open subinterval I H I1,

then we get j f ðsÞ � pðtÞj2s ¼ 0 which implies that, for each t A I2, the curve f is
contained in a circle centered at pðtÞ. This is impossible unless p is a constant.
Hence, when f ¼ f ðsÞ contains no circular arcs, we get hz; iz 0i ¼ 0, Thus, z ¼
zðtÞ is a Legendre curve in S3ðrÞ. r

Remark 3.1. For each R C b0 0,

zðtÞ ¼ aðeibt; be�it=bÞ; a ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

p ;

is a unit speed Legendre curve whose curvature l in S3ð1Þ is the constant
ðb2 � 1Þ=b. Unit speed Legendre curves in S3ð1Þ with nonzero constant cur-
vature are congruent to those curves. Obviously, such Legendre curves lie on a
flat torus in S3ð1Þ. Moreover, when b is a rational number the Legendre curve,
zðtÞ is a closed curve.

Remark 3.2. Using closed Legendre curves, we may construct many
compact Lagrangian surfaces in C2 by applying Theorem 3.1. In fact, if z ¼
zðtÞ : S1ðaÞ ! S3ð1ÞHC2 is a closed unit speed Legendre curve in S3ð1ÞHC2,
f ¼ f ðsÞ : S1ðbÞ ! C� a constant speed curve in C� and p ¼ pðtÞ : S1ðaÞ ! C a
regular curve in C which does not intersects the curve f , then the immersion Lfpz

defined by (3.1) gives rise to a compact Lagrangian surface in C2 according to
Theorem 3.1.

Remark 3.3. The Hopf fibration p : S3ð1Þ ! CP1ð4Þ is given by

pðz1; z2Þ ¼
1

2
ð2z1z2; jz1j2 � jz2j2Þ; ðz1; z2Þ A S3ð1ÞHC2:

For each Legendre curve z ¼ ðz1; z2Þ in S3ð1Þ, the projection p � z is a curve in
S2 1

2

� �
¼ CP1ð4Þ. Conversely, each curve a in S2 1

2

� �
gives rise to a horizontal lift

~aa in S3ð1Þ via p which is unique up to a factor eir, r A R.
A horizontal lift of a in S2 1

2

� �
is a Legendre curve in S3ð1Þ with the same

curvature function. For each complete curve a in S2 1
2

� �
, the horizontal lift ~aa of a

is a complete Legendre curve in S3ð1Þ. The complete Legendre curves obtained
from closed curves in S2 1

2

� �
via the Hopf fibration p are closed Legendre curves if

they were periodic. By using complete Legendre curves in S3ð1Þ, we can con-
struct many complete Lagrangian surfaces in C2 via Theorem 3.1.

4. Extrinsic properties

For a unit speed plane curve f : I1 ! C, we define the curvature function of
f by kðsÞ ¼ h f 00ðsÞ; if 0ðsÞi. We may express f in polar form as f ¼ rðsÞeiyðsÞ.

Theorem 4.1. Let f : I1 ! C� be a unit speed curve, z : I2 ! S3ð1ÞHC2 a
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unit speed Legendre curve, p ¼ pðtÞ a complex-valued function defined on I2, and
L ¼ Lfpz : ðU ; gfpzÞ ! C2 be the Lagrangian isometric immersion defined by

Lfpzðs; tÞ ¼ f ðsÞzðtÞ �
ð t
0

pðtÞz 0ðtÞ dt:ð4:1Þ

Then we have:
(1) Ls ¼ qL=qs is an eigenvector of the shape operator AJLs

with eigenvalue k,
where k is the curvature function of the plane curve f ¼ f ðsÞ.

(2) Lt ¼ qL=qt is an eigenvector of the shape operator AJLt
if and only if p

is constant and f ðsÞ is a part of a line through the point p, i.e., f ðsÞ ¼
csþ p for some c A C with jcj ¼ 1.

(3) L is a totally geodesic immersion if and only if
(3.1) p is constant, f ¼ f ðsÞ is a part of a line through p, and
(3.2) z : I2 ! S3ð1ÞHC2 is a great circle in S3ð1Þ.

Proof. Under the hypothesis, we know from (3.2) of Theorem 3.1 that the
induced metric on U via Lfpz is the twisted product metric:

gfpz ¼ ds2 þ j f ðsÞ � pðtÞj2 dt2:ð4:2Þ
From (4.1) we have

Ls ¼
qL

qs
¼ f 0ðsÞzðtÞ;

Lt ¼
qL

qt
¼ ð f ðsÞ � pðtÞÞz 0ðtÞ;

Lss ¼ f 00ðsÞzðtÞ; Lst ¼ f 0ðsÞz 0ðtÞ;
Ltt ¼ ð f ðsÞ � pðtÞÞz 00ðtÞ � p 0ðtÞz 0ðtÞ:

ð4:3Þ

By applying (2.3) and (4.3), we find

hLss; iLsi ¼ h f 00; if 0i ¼ k;

hLss; iLti ¼ hLst; iLsi ¼ 0;

hLtt; iLsi ¼ hLst; iLti ¼ h f 0; if � ipi;

hLtt; iLti ¼ j f � pj2hz 00; iz 0i� hp 0; if � ipi:

ð4:4Þ

Thus, we obtain statement (1) by applying (4.2) and (4.4).
From the third equation in (4.4), we know that Lt ¼ qL=qt is an eigenvector

of AJLt
if and only if h f 0ðsÞ; if ðsÞ � ipðtÞi ¼ 0 holds identically. Since the later

condition holds if and only if the position vector of gpðtÞðsÞ ¼ f ðsÞ � pðtÞ is
always tangent to the curve gpðtÞ for any fixed t. Therefore, for each t, gpðtÞ is a

part of a line through the origin of C. Thus, there exists a unit vector field
cðtÞ in C such that f ðsÞ � pðtÞ ¼ cðtÞs. This implies that c and p are constant.
Thus, we get f ðsÞ ¼ csþ p, Therefore, f ðsÞ is a part of a line through p. This
gives statement (2).
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Let us put e1 ¼ Ls and e2 ¼ Lt=j f � pj. Then e1, e2 are orthonormal vector
fields according to (4.2). Hence, by using (4.2), (4.4) and Lemma 2.1, we have

AJe1 ¼
kðsÞ 0

0
h f 0; if � ipi

j f � pj2

0
B@

1
CA;

AJe2 ¼
0

h f 0; if � ipi

j f � pj2

h f 0; if � ipi

j f � pj2
lðtÞ

j f � pj �
hp 0; if � ipi

j f � pj3

0
BBBB@

1
CCCCA;

ð4:5Þ

where l is the curvature function of z in S3ð1Þ.
Suppose that L : M 2 ! C2 is a totally geodesic immersion. Then, statement

(2) implies that p is constant and f ¼ csþ p for some unit complex number c.
Moreover, from (4.5), we also have

0 ¼ lðtÞj f ðsÞ � pj2 � hp 0; if ðsÞ � ipi ¼ lðtÞj f ðsÞ � pj2:ð4:6Þ

Using these we find l ¼ 0. This shows that the Legendre curve z has zero
curvature in S3ð1Þ. Thus, z is an open portion of a Legendre great circle in
S3ð1Þ.

The converse follows easily from (4.4) and Lemma 2.1. Thus, we obtain
statement (3). r

5. Minimality

The Lagrangian surface M0 in C2 defined by

M0 :¼ fðz1; z2Þ A C2 : jz1jz2 ¼ jz2jz1 and 2jz1j jz2j ¼ 1g

is an area-minimizing minimal Lagrangian surface invariant under the diagonal
action of SOð2Þ which is known as the Lagrangian catenoid (see [21]). It was
proved in [4] that, up to dilations, the Lagrangian catenoid is the only minimal
non-flat Lagrangian surface of revolution in C2. Moreover, it was shown in
[5] that, up to dilations, the Lagrangian catenoid is the only minimal non-flat
Lagrangian surface which is foliated by circles of C2.

It is well-known that an orientable minimal surface in C2 ¼ ðE4; JÞ is a
Lagrangian surface if and only if it is a holomorphic curve with respect to
some other orthogonal almost complex structure on E4 ([19], also see [2] for a
simple alternate proof of this fact). The holomorphic curve corresponding to the
Lagrangian catenoid is ðw; 1=wÞ, w A C�.

Theorem 5.1. Let f : I1 ! C� be a unit speed curve, z : I2 ! S3ð1ÞHC2 a
unit speed Legendre curve, and p ¼ pðtÞ a complex-valued function defined on I2.
Then the Lagrangian immersion Lfpz : ðU ; gfpzÞ ! C2 defined by
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Lfpzðs; tÞ ¼ f ðsÞzðtÞ �
ð t
0

pðtÞz 0ðtÞ dtð5:1Þ

is minimal if and only if either Lfpz is a totally geodesic Lagrangian surface or,
up to dilations and rigid motions, Lfpz is an open portion of the Lagrangian
catenoid.

Proof. Let f : I1 ! C� be a unit speed curve, z : I2 ! S3ð1ÞHC2 a unit
speed Legendre curve, and p ¼ pðtÞ a complex-valued function defined on I2.
Then (4.5) and Theorem 4.1 imply that Lfpz is a minimal Lagrangian immersion
if and only if we have:

(i) The curvature function kðsÞ of f satisfies

kðsÞj f ðsÞ � pðtÞj2 þ h f 0ðsÞ; if ðsÞ � ipðtÞi ¼ 0:ð5:2Þ

(ii) The curvature function lðtÞ of the Legendre curve zðtÞ in S3ð1Þ satisfies

lðtÞj f ðsÞ � pðtÞj2 � hp 0ðtÞ; if ðsÞ � ipðtÞi ¼ 0:ð5:3Þ

Now, let us assume that Lfpz is a minimal Lagrangian immersion.

Case (a). f 00ðsÞ ¼ 0. In this case we have k ¼ 0 and f ðsÞ ¼ c1sþ c2 for
some complex numbers c1, c2 with jc1j ¼ 1. Also from (5.2) we get h f 0; if � ipi
¼ 0. Thus, by applying (4.5) and (5.3), we know that Lfpz is a totally geodesic
immersion.

Case (b). f 00ðsÞ0 0. In this case we have k0 0 since f 00 ¼ ikf 0. By dif-
ferentiating (5.2) with respect to s, we find

k 0ðsÞj f ðsÞ � pðtÞj2 þ 3kh f 0ðsÞ; f ðsÞ � pðtÞi ¼ 0;

which can be expressed as

ðlnjkðsÞjÞ0 þ 3

2

q

qs
ðlnj f � pj2Þ ¼ 0:ð5:4Þ

By solving (5.4) we get

j f � pj2 ¼ c2ðtÞ
k2=3ðsÞð5:5Þ

for some real-valued function cðtÞ. Substituting (5.5) into (5.2) gives

h f ðsÞ � pðtÞ; if 0ðsÞi ¼ c2ðtÞk1=3ðsÞ:ð5:6Þ

Di¤erentiating (5.6) with respect to s gives

h f ðsÞ � pðtÞ; f 0ðsÞi ¼ � k 0c2ðtÞ
3k5=3

:ð5:7Þ
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Since f is a unit speed curve with k0 0, f 0ðsÞ, f 00ðsÞ=k form an orthonormal
frame over R. Thus, we obtain from (5.6) and (5.7) that

f ðsÞ ¼ pðtÞ � k1=3 k 0

3k2
� i

� �
c2ðtÞ f 0ðsÞ:ð5:8Þ

By di¤erentiating (5.8) with respect to t, we find

p 0ðtÞ ¼ 2k1=3 k 0

3k2
� i

� �
cðtÞc 0ðtÞ f 0ðsÞ:ð5:9Þ

If c 0ðtÞ0 0, then (5.9) gives

p 0ðtÞ
cðtÞc 0ðtÞ ¼ 2k1=3 k 0

3k2
� i

� �
f 0ðsÞ;ð5:10Þ

which implies that

p 0ðtÞ ¼ 2dcðtÞc 0ðtÞ; k 0

3k5=3
� ik1=3

� �
f 0ðsÞ ¼ dð5:11Þ

for some complex number d. Thus, we have

pðtÞ ¼ c2ðtÞdþ hð5:12Þ
for some complex numbers d, h. Substituting (5.12) into (5.8) gives

f ðsÞ ¼ d� k 0

3k5=3
� ik1=3

� �
f 0ðsÞ

� �
c2ðtÞ þ h;ð5:13Þ

which implies that c is constant. Thus, p is also constant by (5.12). Hence,
lðtÞ ¼ 0 by (5.3). Therefore, z ¼ zðtÞ is a Legendre great circle in S3ð1Þ. More-
over, from (5.5), we find

j f ðsÞ � pj2 ¼ a2

kðsÞ

� �2=3
;ð5:14Þ

where p A C and 00 a A R. Substituting (5.14) into (5.2) gives

hif 0ðsÞ; f ðsÞ � pi ¼ a4=3k1=3:ð5:15Þ
Now, let us reparametrize f as f ðsðxÞÞ ¼ pþ xþ iyðxÞ. Then we have

k ¼ y 00ðxÞ
ð1þ y 0ðxÞ2Þ3=2

; hif 0; f � pi ¼ y� xy 0ðxÞ
ð1þ y 0ðxÞ2Þ1=2

:ð5:16Þ

By combining (5.15) and (5.16), we get

a4y 00ðxÞ ¼ ðy� xy 0ðxÞÞ3:ð5:17Þ
Let u ¼ y� xy 0. We get du=dx ¼ �xy 00. Thus, (5.17) becomes a4u 0ðxÞ ¼ �xu3.

Solving this equation gives y� xy 0 ¼Ga2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a4c

p
for some constant c. After

solving this first order di¤erential equation, we have
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y ¼H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a4c

p

a2c
þ bx

 !
ð5:18Þ

for some real number b. Thus, we find

f ¼ pþ ð1H ibÞxH i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a4c

p

a2c
:ð5:19Þ

From (5.16) and (5.19), we discover that

k ¼ Ga8c3

ððxþ a2bc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a4c

p
Þ2 þ a4c2ðx2 � a4cÞÞ3=2

:ð5:20Þ

Hence, we obtain from (5.14), (5.19) and (5.20) that

ðxþ a2bc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a4c

p
Þ2 þ a4c2ðx2 � a4cÞ ¼ a4c2 x2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a4c

p

a2c
þ bx

 !20
@

1
A;

which implies that b2 ¼ ð1� a4c2Þ=ða4c2Þ. Thus, we have a4c2 a 1. Conse-
quently, we see from (5.18) that f ðsÞ � p ¼ xðsÞ þ iyðsÞ lies in the hyperbola:

x2 G
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a4c2

p

a2c
xy� y2 ¼ 1

c
:ð5:21Þ

By applying the following rotation:

x ¼ cos
1

2
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a4c2

p

a2c

 ! !
~xxH sin

1

2
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a4c2

p

a2c

 ! !
~yy;

y ¼Gsin
1

2
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a4c2

p

a2c

 ! !
~xxþ cos

1

2
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a4c2

p

a2c

 ! !
~yy;

on C2, equation (5.21) becomes ~xx2 � ~yy2 ¼ a2: Since zðtÞ is a unit speed Legendre

great circle in S3ð1ÞHC2 which can be represented by ð1=
ffiffiffi
2

p
Þðeit; e�itÞ, the

Lagrangian immersion Lfpz is thus congruent to ðaeueis; ae�ue�isÞ in E4. Thus,
up to dilations and rigid motions, Lfpz is an open portion of the Lagrangian
catenoid M0.

The converse can be verified by direct computation. r

6. Hamiltonian minimality

Oh [26] introduced the notion of Hamiltonian minimal surfaces as follows.
A Lagrangian immersion L : M ! C2 is said to be Hamiltonian minimal if it is
a critical point of the area functional restricted to (compactly supported) Hamil-
tonian variations of L, i.e., variations with normal variational vector field x such
that the dual 1-form ax of Jx on M is exact.
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Lemma 6.1. If f ¼ f ðsÞ : I1 ! C� is a unit speed curve, z ¼ zðtÞ : I2 !
S3ð1ÞHC2 a unit speed Legendre curve, and p ¼ pðtÞ a complex-valued function
defined on I2, then the Lagrangian immersion Lfpz : ðU ; gfpzÞ ! C2 is Hamiltonian
minimal if and only if we have

k 0ðsÞj f � pj6 þ fl 0ðtÞ þ 2kðsÞh f 0; f � pigj f � pj4ð6:1Þ

þ hlp 0 þ ip 00 þ hif 0; f � pi f 0; f � pij f � pj2

¼ 3hip 0; p� f ihp 0; f � pi;

where k is the curvature of f in C and l is the curvature of z in S3ð1Þ.

Proof. It follows from (4.2) and (4.5) that aH satisfies

�2aH ¼ kðsÞ þ h f 0; if � ipi

j f � pj2

 !
dsþ lðtÞ � hp 0; if � ipi

j f � pj2

 !
dt:ð6:2Þ

In views of (4.2), we know that e1 ¼ q=qs and e2 ¼ j f � pj�1q=qt form an
orthonormal frame. So, the dual frame of fe1; e2g is given by

o1 ¼ ds; o2 ¼ j f � pj dt:

From these we find

do1 ¼ 0; do2 ¼ h f 0; f � pi

j f � pj2
o15o2:ð6:3Þ

If � denotes the star operator on M, we obtain from (6.2) that

2ð�aHÞ ¼
lðtÞ

j f � pj �
hp 0; if � ipi

j f � pj3

 !
o1 � kðsÞ þ h f 0; if � ipi

j f � pj2

 !
o2:ð6:4Þ

Therefore, by applying f 00ðsÞ ¼ ikðsÞ f 0ðsÞ and (6.3), we know that Maslov 1-form
aH is co-closed if and only if (6.1) holds identically.

On the other hand, it is also known from [26] that a Lagrangian immersion
L : M ! C2 is Hamiltonian minimal if and only if its Maslov form is co-closed.
Therefore, we obtain the lemma by combining these two results. r

Lemma 6.2. If f : I1 ! C� is a unit speed curve and z : I2 ! S3ð1ÞHC2 a
unit speed Legendre curve, then the immersion

Lfz : I1 � I2 ! C2; ðs; tÞ 7! f ðsÞzðtÞð6:5Þ

is a Hamiltonian minimal Lagrangian immersion (with respect to the induced
metric) if and only if the following two conditions hold:
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(i) The curvature function lðtÞ of zðtÞ in S3ð1Þ satisfies l 0ðtÞ ¼ a for some
a A R.

(ii) The curvature function kðsÞ of f ðsÞ satisfies either

k 0ðsÞF 2ðsÞ þ ðaþ kðsÞF 0ðsÞÞF ðsÞ ¼ F 0ðsÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4FðsÞ � F 02ðsÞ

q
;ð6:6Þ

or

k 0ðsÞF 2ðsÞ þ ðaþ kðsÞF 0ðsÞÞFðsÞ ¼ �F 0ðsÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F ðsÞ � F 02ðsÞ

q
;ð6:7Þ

where FðsÞ ¼ j f ðsÞj2.

Proof. Let f : I1 ! C� be a unit speed curve and let z : I2 ! S3ð1ÞHC2 be
a unit speed Legendre curve. Assume that the Lagrangian immersion Lfzðs; tÞ ¼
f ðsÞzðtÞ is Hamiltonian minimal. Then Lemma 6.1 implies that the curvature k
of f ðsÞ and the curvature of zðtÞ in S3ð1Þ satisfy

k 0j f j4 þ fl 0ðtÞ þ 2kh f 0; f igj f j2 ¼ h f 0; f ih f 0; if i:ð6:8Þ

Since both k and f are independent of t, (6.8) implies that l 0ðtÞ is a real
number, say a. So, we obtain condition (i).

Because f ðsÞ is assumed to be of unit speed, we have

f ¼ h f ; f 0i f 0 þ h f ; if 0iif 0

which implies that

h f ; if 0i ¼H
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F � F 02ðsÞ

q
:ð6:9Þ

If h f ; if 0i ¼ � 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F � F 02ðsÞ

p
holds, then we obtain (6.6). Similarly, if we have

h f ; if 0i ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F � F 02ðsÞ

p
, then we obtain (6.7).

Conversely, by applying Lemma 6.1, it is easy to verify that conditions (i)
and (ii) imply the Hamiltonian minimality of the Lagrangian immersion Lfz. r

The following theorem determines Hamiltonian minimal Lagrangian immer-
sions defined by Lfz such that f does not contained in a line through the origin.

Theorem 6.1. Let f : I1 ! C� be a unit speed curve defined on an open
interval I1 C 0 and z : I2 ! S3ð1ÞHC2 be a unit speed Legendre curve. If f ðsÞ is
not parallel to f 0ðsÞ for s A I1, then Lfz defined by (6.5) is Hamiltonian minimal if
and only if we have:

(a) The curvature function l of z in S3ð1Þ is given by lðtÞ ¼ atþ b for some
a; b A R; and
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(b) Up to rotations about the origin, the curve f ðsÞ is given by

f ðsÞ ¼
ffiffiffiffiffiffiffiffiffi
F ðsÞ

p
exp G

i

2

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F ðsÞ � F 02ðsÞ

p
FðsÞ ds

 !
;ð6:10Þ

where F ðsÞ with 4F ðsÞ > F 0ðsÞ2 is a positive solution of the di¤erential equation:

4F 2ð4F � F 02ÞF 000 þ F 0ðF 02 � 2FF 00Þ2 ¼G4aF ð4F � F 02Þ3=2:ð6:11Þ

Proof. Let f : I1 ! C� be a unit speed curve defined on an open interval
I1 C 0 and let z : I2 ! S3ð1ÞHC2 be a unit speed Legendre curve. Assume that
f ðsÞ is not parallel to f 0ðsÞ for any s A I1. Then h f ; if 0i is nowhere zero.

If Lfzðs; tÞ ¼ f ðsÞzðtÞ is Hamiltonian minimal, then Lemma 6.2 implies that
z has constant curvature in S3ð1Þ and f satisfies condition (ii) of Lemma 6.2.

By using the assumption that f ðsÞ is of unit speed, we find

f 00ðsÞ ¼ ikðsÞ f 0ðsÞ; f ¼ h f ; f 0i f 0 þ h f ; if 0iif 0:ð6:12Þ

So, by applying the first equation in (6.12), we find

F 00 ¼ 2þ 2kh f ; if 0i;

where F ¼ j f j2. Hence, from (6.9) and the second equation in (6.12), we obtain

kðsÞ ¼G
2� F 00ðsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4FðsÞ � F 02ðsÞ
p :ð6:13Þ

By substituting (6.13) into (6.6) and (6.7), we obtain (6.11). Due to F 0 ¼ 2h f ; f 0i
and (6.9), the second equation in (6.12) can be expressed as

f 0ðsÞ ¼ F 0ðsÞG i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F ðsÞ � F 02ðsÞ

p
2FðsÞ f ðsÞ:ð6:14Þ

After solving this di¤erential equation we obtain

f ðsÞ ¼ g
ffiffiffiffiffiffiffiffiffi
F ðsÞ

p
exp G

i

2

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4FðsÞ � F 02ðsÞ

p
F ðsÞ ds

 !
ð6:15Þ

for some complex number g.
Now, by a direct computation we obtain j f 0ðsÞj2 ¼ jgj2. Because f ðsÞ is

of unit speed, this implies that g is unitary. Hence, after applying a suitable
rotation about the origin in C, we have g ¼ 1. Consequently, up to rotations of
C about the origin, f ðsÞ is given by (6.10).

Conversely, assume that F ðsÞ is a positive solution of the di¤erential equation
(6.11) and it satisfies 4F > F 02. Let us define the curve f ðsÞ in C� by (6.10).
Then we have
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F ðsÞ ¼ j f ðsÞj2;ð6:16Þ

f 0ðsÞ ¼ F 0ðsÞG i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F ðsÞ � F 02ðsÞ

p
2
ffiffiffiffiffiffiffiffiffi
FðsÞ

p exp
i

2

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F � F 02

p

F
ds

 !
;ð6:17Þ

f 00ðsÞ ¼ ð2� F 00ÞðGiF 0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F � F 02

p
Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F 2 � FF 02

p exp
i

2

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F � F 02

p

F
ds

 !
:ð6:18Þ

It follows from (6.17) that j f 0ðsÞj ¼ 1. Hence f ðsÞ is a unit speed curve.
From (6.17), (6.18) and the identity f 00ðsÞ ¼ ikðsÞ f 0ðsÞ we know that the cur-
vature of f ðsÞ is given by (6.12). Thus, (6.11) can be expressed as one of (6.6)
and (6.7). From these, we conclude that the Lagrangian immersion Lfz is
Hamiltonian minimal according to Lemma 6.2. r

Remark 6.1. The third order di¤erential equation (6.11) admits infinitely
many positive solutions F ðsÞ with 4F ðsÞ > F 02ðsÞ. This can be seen as follows:

Let us put y1 ¼ FðsÞ, y2 ¼ F 0ðsÞ and y3 ¼ F 00ðsÞ. Then (6.11) is equivalent
to the following first order di¤erential system:

y 0
1ðsÞ ¼ y2; y 0

2ðsÞ ¼ y3;

y 0
3ðsÞ ¼

y2ðy22 � 2y1y3Þ2

4y21ðy22 � 4y1Þ
G

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4y1 � y22

q
y1

:

ð6:19Þ

It follows from Picard’s theorem (see, for instance [25, page 819]) that, for
any given initial conditions:

y1ðs0Þ ¼ y01 ; y2ðs0Þ ¼ y02 ; y3ðs0Þ ¼ y03

at an initial point s0 with y01 > 0 and 4y01 > y02 , the initial value problem has
a unique solution in some interval containing s0. Therefore, the third order
di¤erential equation (6.11) admits infinitely many positive solutions FðsÞ with
4FðsÞ > F 02ðsÞ.

Remark 6.2. If F 00ðsÞ0 2 (i.e., the curvature function of f ðsÞ is nonzero),
then the third order di¤erential equation (6.11) with a ¼ 0 can be written as

2
F 2ð2� F 00Þ2

4F � F 02

 !0

¼ 2F 0 � F 0F 00;ð6:20Þ

which is equivalent to

4F 2ð2� F 00Þ2 ¼ ð4F � wÞð4F � wþ cÞ;ð6:21Þ

where c is a real number. Equation (6.21) can be written as

4F 2 2� F 0 dF
0

dF

� �2
¼ ð4F � F 02Þð4F � F 02 þ cÞ:ð6:22Þ
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Solving (6.22) for F 0 yields

F 02 ¼ 4F � ðF � crÞ2

4rF
or F 02 ¼ 4F � ðcF � rÞ2

4rF
ð6:23Þ

for some positive number r. Therefore, if jðFÞ is an anti-derivative of

2
ffiffiffiffiffiffi
rF

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16rF 2 � ðF � crÞ2

q or
2
ffiffiffiffiffiffi
rF

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16rF 2 � ðcF � rÞ2

q ;ð6:24Þ

then the inverse function F ðsÞ ¼ j�1ðsÞ of jðFÞ is a solution of (6.23). Hence, it
is also a solution of the third order nonlinear equation (6.11) with a ¼ 0.

Remark 6.3. In principle, one can construct infinitely many examples of
Hamiltonian minimal Lagrangian surfaces by using the solutions of di¤erential
equation (6.11) via Theorem 6.1. Here we provide two families of such Hamil-
tonian minimal Lagrangian surfaces.

Example 6.1. For any c A R, a unit speed Legendre curve in S3ð1Þ with
curvature c is congruent to

zðtÞ ¼ ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

p
Þðeibt; be�it=bÞ

with b ¼ 1
2 ðcþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ c2

p
Þ.

On the other hand, the simplest solution of the di¤erential equation (6.11)
with a ¼ 0 is given by F ðsÞ ¼ r2, where r is an arbitrary positive number. The
unit speed curve f ðsÞ in (6.10) corresponding to FðsÞ ¼ r2 is the circle given by
f ðsÞ ¼ reis=r. Therefore, the corresponding Hamiltonian minimal immersion Lfz

is congruent to

Lfzbðs; tÞ ¼
reis=rffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

p ðeibt; be�it=bÞ:ð6:25Þ

By applying formula (7.1), we know that, for any real numbers r; b > 0, this
Hamiltonian minimal Lagrangian surface is flat.

Example 6.2. If we put r ¼ 1=4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
for some a A ð0; 1Þ, then jðFÞ ¼ffiffiffiffi

F
p

=a is an anti-derivative of the first function in (6.24) with c ¼ 0. Thus, the
inverse function F ðsÞ ¼ a2s2 is a solution of (6.11) with a ¼ 0.

It is easy to verify that the unit speed curve f ðsÞ corresponding to FðsÞ ¼
a2s2 is f ðsÞ ¼ as1þi

ffiffiffiffiffiffiffiffi
1�a2

p
=a and the curvature function of f ðsÞ is

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
=ðasÞ.

The corresponding Hamiltonian minimal immersion Lfz is thus congruent to

Lfzðs; tÞ ¼
as1þia�1

ffiffiffiffiffiffiffiffi
1�a2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

p ðeibt; be�it=bÞ:ð6:26Þ

For any real numbers a; c > 0, this Hamiltonian minimal Lagrangian surface is
flat.
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Remark 6.4. In general, the Hamiltonian stationary Lagrangian surfaces
given in section 4 of [3] seems to be di¤erent from the examples given above,
since our examples of Hamiltonian Lagrangian surfaces do not admit a circle
symmetry in general. However, the Hamiltonian stationary Lagrangian surfaces
f0;a ð0 < a < 1Þ given in Remark 4 of [3] are congruent to the Lagrangian
surfaces Lfzb defined by (6.25) with b ¼ 1 (i.e., to those with z being a Legendre
great circle in S3ð1Þ).

Remark 6.5. Hamiltonian stationary tori in C2 are also studied and con-
structed by Hélein and Ramon in [22] which include the examples previously
constructed by Castro and Urbano in [6].

Corollary 6.1. If f : I1 ! C� is a unit speed curve with constant curvature
k and z : I2 ! S3ð1ÞHC2 a unit speed Legendre curve, then the Lagrangian
immersion Lfz defined by Lfz ¼ f ðsÞzðtÞ is Hamiltonian minimal if and only if we
have

(i) z : I2 ! S3ð1Þ has constant curvature in S3ð1Þ and
(ii) f is either an open portion of a line through the origin or an open portion

of a circle centered at the origin.

Proof. Let f : I1 ! C� be a unit speed curve with constant curvature k
and z : I2 ! S3ð1ÞHC2 a unit speed Legendre curve in S3ð1Þ. Assume that the
Lagrangian surface defined by Lfzðs; tÞ ¼ f ðsÞzðtÞ is Hamiltonian minimal.

If k ¼ 0, we have f ðsÞ ¼ c1sþ c2 for some unitary complex number c1 and
complex number c2. Thus we obtain

Figure 1. Curve f ðsÞ ¼ s1þi=
ffiffiffi
2

p
. Figure 2. Curve f ðsÞ ¼ s1þ2

ffiffi
6

p
i=5.
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FðsÞ ¼ s2 þ 2hc1; c2isþ jc2j2:

Substituting this into (6.6) or (6.7) of Lemma 6.2 gives

aðs2 þ 2hc1; c2isþ jc2j2Þ ¼G
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jc2j2 � hc1; c2i

2

q
ðsþ hc1; c2iÞ;ð6:27Þ

which implies a ¼ 0 and jc2j ¼Ghc1; c2i. From a ¼ 0 we see that z has constant
curvature in S3ð1Þ. Since c1 is unitary, jc2j ¼Ghc1; c2i yields c2 ¼Gc1. So, we
get f ðsÞ ¼ c1ðsG 1Þ which shows that f ðsÞ is contained in a line through the
origin.

If k is a nonzero constant, then f is an open part of a circle with radius
r ¼ k�1. Thus, we may put f ðsÞ ¼ aþ reiks, where a is a real number. Hence,
we get FðsÞ ¼ a2 þ r2 þ 2ar cosðksÞ. Substituting this into (6.6) or (6.7) of
Lemma 6.2 gives

ða� 2ak sinðksÞÞða2 þ r2 þ 2ar cosðksÞÞG a sinðksÞðrþ a cosðksÞÞ ¼ 0;

which implies that a ¼ a ¼ 0. Hence, the Legendre curve z has constant cur-
vature in S3ð1Þ and f ¼ reiks. So, f is an open portion of a circle centered at
the origin.

The converse is easy to verify. r

Remark 6.6. For the special case that z is a closed Legendre curve in
S3ð1ÞHC2 and Lfz is a cone over z (i.e., f ðsÞ is contained in a line through the
origin of C), Corollary 6.1 was obtained in [27, Theorem 7.1].

7. Intrinsic properties

The following result classifies Lagrangian surfaces of constant curvature in
C2 which are obtained from our construction method.

Theorem 7.1. Let f : I1 ! C� be a unit speed curve in C�, p : I2 ! C a
curve in C which does not intersects the curve f , and z : I2 ! S3ð1ÞHC2 a unit
speed Legendre curve. Then the Lagrangian surface Lfpz : ðI1 � I2; gfpzÞ ! C2 is
of constant curvature K if and only if, up to translations on s, one of the following
eight cases occurs:

(a) K ¼ 0, p is a complex number, and f ðsÞ ¼ pþ reis=r, i.e., f is an open
portion of circle of radius r centered at p;

(b) K ¼ 0, p is a real-valued function and, up to rigid motions on C, f is
given by f ðsÞ ¼ s;

(c) K ¼ 0, p is a complex number and, up to rigid motions on C, f is given by

f ðsÞ ¼ pþ ðr=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
Þs1þi=r for some nonzero real number r;

(d) K ¼ c2, c > 0, pðtÞ ¼ q� e�2iBðtÞ=2c for some q A C and some real-valued
function BðtÞ and, up to translations on s, f is given by f ðsÞ ¼ qþ e2ics=2c;

(e) K ¼ c2, c > 0, p ¼ c0 � a with c0 A C� and, up to translations on s, f ðsÞ
is given by
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f ¼ c0 � aþ a cosðcsÞ exp G
i

a

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ee�4c2b tan2ðcsÞ

q
ds

� �
;

where e ¼ 1 or �1 and a is a real number satisfying ac ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ee�4c2b

p
for

some real number b;
(f ) K ¼ �c2, c > 0, p is a complex number and, up to translations on s,

f ðsÞ ¼ pþ a exp csþ irG i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e�2cs � c2a2

p

ac
þ sin�1ðacecsÞ

 ! !
;

where r is a real number and a is a positive number;
(g) K ¼ �c2, c > 0, p is a complex number and, up to translations on s,

f ¼ pþ a sinhðcsÞ exp irG
i

a

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 cosh2ðcsÞ

q
cschðcsÞ ds

� �
;

where a and r are real numbers satisfying 0 < a2 < 1=c2;
(h) K ¼ �c2, c > 0, p is a complex number and, up to translations on s,

f ¼ pþ a coshðcsÞ exp irG
i

a

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 sinh2ðcsÞ

q
sechðcsÞ ds

� �
;

where r is a real number and a is a positive number.

Proof. Suppose that f : I1 ! C� is a unit speed curve, pðtÞ is a complex-
valued function defined on I2 which does not intersect f , and z : I2 ! S3ð1ÞHC2

is a unit speed Legendre curve. Then the induced metric gfpz via Lfpz is given by

gfpz ¼ ds2 þ j f ðsÞ � pðtÞj2 dt2:
Thus, the Gauss curvature K of Lfpz satisfies

Gss ¼ �KG; G ¼ j f ðsÞ � pðtÞj:ð7:1Þ

Case (1). K ¼ 0. Solving (7.1) gives

j f ðsÞ � pðtÞj2 ¼ ðAðtÞsþ BðtÞÞ2ð7:2Þ
for some real-valued functions AðtÞ and BðtÞ.

Case (1.1). AðtÞ ¼ 0. We obtain from (7.2) that

h f 0ðsÞ; f ðsÞ � pðtÞi ¼ 0;ð7:3Þ
which implies

h f 0ðsÞ; p 0ðtÞi ¼ h f 00ðsÞ; p 0ðtÞi ¼ 0:ð7:4Þ

If f 00 ¼ 0, then we have f ðsÞ ¼ asþ b for some complex numbers a, b with
jaj ¼ 1. Substituting this into (7.3) gives ha; pðtÞi ¼ ha; asþ bi ¼ sþ ha; bi
which is impossible. Thus, we get f 00ðsÞ0 0. Since j f 0ðsÞj ¼ 1, we find
h f 0; f 00i ¼ 0. Hence, f 00 0 0 and (7.4) imply that p is constant. So, (7.2)
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shows that B is a positive real number, say r. Therefore, by applying a suitable
translation on s, we have f ðsÞ ¼ pþ reis=r, p A C. This gives Case (a).

Case (1.2). AðtÞ0 0. We obtain from (7.2) and j f 0j ¼ 1 that

h f 0ðsÞ; f ðsÞ � pðtÞi ¼ A2ðtÞsþ AðtÞBðtÞ;ð7:5Þ

h f 00ðsÞ; f ðsÞ � pðtÞi ¼ A2ðtÞ � 1:ð7:6Þ

Case (1.2.a). f 00 ¼ 0. We have f ðsÞ ¼ asþ c1 for some complex numbers
a, c1 with a ¼ eic, c A R. Thus, after applying suitable rotation and translation
on C, we get f ðsÞ ¼ s. Also, from (7.6) we find A2 ¼ 1. Without loss of gen-
erality, we may assume that A ¼ 1. Substituting these into (7.2) shows that pðtÞ
is a real-valued function given by pðtÞ ¼ �BðtÞ. This gives Case (b).

Case (1.2.b). f 00 0 0. Since f 00ðsÞ ¼ ikf 0 with k0 0, we obtain from (7.5)
and (7.6) that

f ðsÞ ¼ pðtÞ þ ðA2ðtÞsþ AðtÞBðtÞÞ f 0ðsÞ þ A2ðtÞ � 1

kðsÞ

� �
if 0ðsÞ:ð7:7Þ

By di¤erentiating (7.7) with respect to s, we find ðAsþ BÞAk3 ¼ ðA2 � 1Þk 0,
which is nothing but

1

k2

� �0
¼ 2A2ðtÞs

1� A2ðtÞ þ
2AðtÞBðtÞ
1� A2ðtÞ :ð7:8Þ

Thus we get

1

k2

� �00
¼ 2A2ðtÞ

1� A2ðtÞ :ð7:9Þ

Since the left-hand-side of (7.9) is independent of t, (7.9) implies that there
exists a nonzero real number a such that

1

k2

� �00
¼ 2a; A2ðtÞ ¼ að1� A2ðtÞÞ:

From these we obtain 1=k2 ¼ as2 þ c1sþ c2 for some real numbers c1, c2. So,
by applying a suitable translation on s, we have

1

k2
¼ as2 þ b; A2 ¼ a

aþ 1
ð7:10Þ

for some real number b. From (7.8) and (7.10), we find B ¼ 0. Hence, (7.7)
reduces to

f ðsÞ ¼ pþ as

aþ 1
� i

ðaþ 1ÞkðsÞ

� �
f 0ðsÞð7:11Þ

which implies that p is constant.
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Case (1.2.b.i). b ¼ 0. In this case, we get a > 0. Let us put a ¼ r2 with
r > 0, so we find from (7.10) that k ¼ 1=ðrsÞ. Substituting this into (7.11) gives

f ðsÞ ¼ pþ rðr� iÞs
r2 þ 1

f 0ðsÞ:ð7:12Þ

After solving (7.12) we have f ðsÞ ¼ pþ ms1þi=r for some complex numbers m.

Since j f 0j ¼ 1, we find jmj ¼ r=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
. Therefore, after applying a suitable rigid

motion on C, we obtain

f ðsÞ ¼ pþ rs1þi=rffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p :ð7:13Þ

This gives Case (c).

Case (1.2.b.ii). b0 0. We obtain from (7.10) and (7.11) that

f 0ðsÞ ¼ ðaþ 1ÞðasG i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
as2 þ b

p
Þ

aðaþ 1Þs2 þ b
ð f ðsÞ � pÞð7:14Þ

which implies

j f � pj2 ¼ að1þ aÞs2 þ b

ð1þ aÞ2
:ð7:15Þ

Thus, by comparing (7.2) and (7.15), we conclude that b ¼ 0 which is a con-
tradiction. Hence this case is impossible.

Case (2). K ¼ c2, c > 0. Solving (7.1) gives

j f ðsÞ � pðtÞj ¼ AðtÞ cosðcsþ BðtÞÞð7:16Þ

for some real-valued functions AðtÞ0 0 and BðtÞ. Thus we have

h f 0ðsÞ; f ðsÞ � pðtÞi ¼ � c

2
A2 sinð2csþ 2BÞ;ð7:17Þ

h f 00ðsÞ; f ðsÞ � pðtÞi ¼ �c2A2 cosð2csþ 2BÞ � 1:ð7:18Þ

If f 00 ¼ 0, then (7.18) gives c2A2ðtÞ cosð2csþ 2BðtÞÞ þ 1 ¼ 0 for all t, which
is impossible. Thus, f 00 0 0, and f 0ðsÞ, f 00ðsÞ=k form an orthonormal frame.
Hence, using (7.17) and (7.18), we have

f ðsÞ ¼ pðtÞ � c

2
A2 sinð2csþ 2BÞ þ i

k
ðc2A2 cosð2csþ 2BÞ þ 1Þ

� �
f 0ðsÞ:ð7:19Þ

Di¤erentiating (7.19) with respect to s gives

k 0ðsÞð1þ c2A2ðtÞ cosð2csþ 2BðtÞÞÞ ¼ c

2
ðk3 � 4c2kÞA2ðtÞ sinð2csþ 2BðtÞÞ:ð7:20Þ
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Case (2.a). k is constant. In this case, (7.20) implies that k2 ¼ 4c2. Hence,
f is contained in a circle of radius 1=2c. Without loss of generality, we may put
k ¼ 2c. Since f ðsÞ is a unit speed curve, we may also put

f ðsÞ ¼ qþ e2ics

2c
ð7:21Þ

for some q A C. Substituting this into (7.17) and (7.18) gives

hie2ics; q� pðtÞi ¼ � c

2
A2 sinð2csþ 2BÞ;ð7:22Þ

2he2ics; q� pðtÞi ¼ cA2 cosð2csþ 2BÞ:ð7:23Þ

From these two equations we get

2q ¼ 2pðtÞ þ cA2ðtÞe�2iB:ð7:24Þ
Combining this with (7.21) yields

f ðsÞ ¼ pðtÞ þ c

2
A2ðtÞe�2iB þ e2ics

2c
ð7:25Þ

Thus, we find

4c2j f ðsÞ � pj2 ¼ ðc2A2 � 1Þ2 þ 4c2A2 cos2ðcsþ BÞ:ð7:26Þ
Comparing (7.26) with (7.16) gives A ¼ 1=c. Hence, (7.25) reduces to

f ðsÞ ¼ pðtÞ þ e�2iB þ e2ics

2c
:ð7:27Þ

Case (2.a.i). B is constant. If we put B ¼ b, then (7.27) implies that p is
constant and

f ðsÞ ¼ pþ e�2ib þ e2ics

2c
;ð7:28Þ

which gives Case (d) with constant B.

Case (2.a.ii). B is non-constant. By applying A ¼ 1=c, we obtain from
(7.21) and (7.24) that

f ðsÞ ¼ qþ e2ics

2c
; pðtÞ ¼ q� e�2iBðtÞ

2c
;ð7:29Þ

where q A C and BðtÞ is an arbitrary real-valued function. This gives Case (d)
with non-constant B.

Case (2.b). k is non-constant. Solving (7.20) yields

kðsÞ ¼G
2cð1þ c2A2 cosð2csþ 2BÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ c2A2 cosð2csþ 2BÞÞ2 H e�8c2b

qð7:30Þ
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for some real number b. Since k is non-constant, we see from (7.30) that A0 0
and B is constant. Without loss of generality, we may assume that B ¼ 0.

Substituting (7.30) into (7.19) gives

f ¼ p� c

2
A2 sinð2csÞG i

2c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ c2A2 cosð2csÞÞ2 H e�8c2b

q� 	
f 0;ð7:31Þ

which implies that

4c2j f � pj2 ¼ 4c2A2 cos2ðcsÞ þ ð1� c2A2Þ2 H e�8c2b:ð7:32Þ
By comparing (7.32) with (7.16), we get

A2ðtÞ ¼ ð1þ ee�4c2bÞ=c2; e ¼ 1 or �1;

which implies that A is a real number, say a, satisfying a2c2 ¼ 1þ ee�4c2b. We
may assume that a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ee�4c2b

p
=c. Thus, (7.31) can be written as

f 0 ¼ �2c
a2c2 sinð2csÞH i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ a2c2 cosð2csÞÞ2 � e�8c2b

q
1þ a4c4 þ 2a2c2 cosð2csÞ � e�8c2b

8<
:

9=
;ð f � pÞ:

So, by applying a2c2 ¼ 1þ ee�4c2b, we have

f 0 ¼ � c tanðcsÞH i

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ee�4c2b tan2ðcsÞ

q� �
ð f � pÞ:ð7:33Þ

Solving (7.33) gives

f ¼ pþ a cosðcsÞ exp G
i

a

ð s
s0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ee�4c2b tan2ðcsÞ

q
ds

� �
ð7:34Þ

for some s0, a A R with a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ee�4c2b

p
=c. Since j f � pj2 ¼ a2 cos2ðcsÞ, we

must have a ¼Ga. Without loss of generality, we may assume that a ¼ a.
Moreover, we may also assume that s0 ¼ 0 by applying a suitable translation on s
if necessary. Thus, we have

f ¼ pþ a cosðcsÞ exp G
i

a

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ee�4c2b tan2ðcsÞ

q
ds

� �
;ð7:35Þ

which implies that p ¼ c0 � a, c0 ¼ f ð0Þ A C�. Consequently, we obtain

f ¼ c0 � aþ a cosðcsÞ exp G
i

a

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ee�4c2b tan2ðcsÞ

q
ds

� �
;

whose curvature function is given by

k ¼G
2a2c2 � e�4c2b sec2ðcsÞ
a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ee�4c2b tan2ðcsÞ

p :

This gives Case (e).

Case (3). K ¼ �c2, c > 0. Solving (7.1) gives
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j f ðsÞ � pðtÞj ¼ aðtÞ coshðcsÞ þ bðtÞ sinhðcsÞð7:36Þ

for some real-valued functions aðtÞ and bðtÞ. We divide this into several cases.

Case (3.1). a ¼Gb. In this case, (7.36) becomes

j f ðsÞ � pðtÞj ¼ aðtÞeGcs;

where a is a positive function. Without loss of generality, we may assume that

j f ðsÞ � pðtÞj ¼ aðtÞecs:ð7:37Þ
Thus we have

h f 0ðsÞ; f ðsÞ � pðtÞi ¼ ca2e2cs;ð7:38Þ

h f 00ðsÞ; f ðsÞ � pðtÞi ¼ 2c2a2e2cs � 1:ð7:39Þ

If f 00 ¼ 0, then (7.39) gives 2c2a2ðtÞe2cs ¼ 1 for all t which is impossible.
Thus, we have f 00 0 0. So, by applying (7.38) and (7.39), we find

f ðsÞ ¼ pðtÞ þ ca2e2cs þ i

k
ð2c2a2e2cs � 1Þ

� �
f 0ðsÞ:ð7:40Þ

Di¤erentiating (7.40) with respect to s yields

k 0ðsÞ þ a2ðtÞcð4c2kðsÞ þ k3ðsÞ � 2ck 0ðsÞÞe2cs ¼ 0:

From this we know that k 0 0 0 and a is positive. In views of (7.37), we may put

f ðsÞ ¼ pðtÞ þ aecsþiy;ð7:41Þ

for some real-valued function y ¼ yðs; tÞ. By applying (7.41) and j f 0ðsÞj ¼ 1, we
find

ys ¼G
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e�2cs � c2a2

p
=a:

Hence, y is given by

y ¼H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e�2cs � c2a2

p

ac
þ sin�1ðacecsÞ

 !
þ cðtÞð7:42Þ

for some real-valued function c ¼ cðtÞ. Let us put

jðsÞ ¼H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e�2cs � c2a2

p

ac
þ sin�1ðacecsÞ

 !
:ð7:43Þ

Then we obtain from (7.42) that jðsÞ ¼ y� cðtÞ. Now, by di¤erentiating (7.41)
with respect to t and using (7.42), we find

0 ¼ p 0ðtÞ þ iac 0ðtÞecseijðsÞeicðtÞð7:44Þ

for all t which is impossible unless p and c are constant. Thus, up to transla-
tions on s, we have
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f ðsÞ ¼ pþ aecsþijðsÞþic;ð7:45Þ

where p is a complex number and c is a real number, say r. Thus, we obtain

f ðsÞ ¼ pþ a exp csH i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e�2cs � c2a2

p

ac
þ sin�1ðacecsÞ

 !
þ ir

 !
:

This gives Case (f ).

Case (3.2). aðtÞ ¼ 0. In this case, (7.36) reduces to

j f ðsÞ � pðtÞj ¼ bðtÞ sinhðcsÞ:ð7:46Þ
Thus we have

h f 0ðsÞ; f ðsÞ � pðtÞi ¼ c

2
b2ðtÞ sinhð2csÞ;ð7:47Þ

h f 00ðsÞ; f ðsÞ � pðtÞi ¼ c2b2ðtÞ coshð2csÞ � 1:ð7:48Þ

If f 00 ¼ 0, then (7.48) gives c2b2ðtÞ coshð2csÞ ¼ 1 for all t which is impossible.
So, we have f 00 ¼ ikf 0 0 0. Hence, (7.47) and (7.48) imply that

f ðsÞ ¼ pðtÞ þ c

2
b2 sinhð2csÞ þ i

k
ðc2b2 coshð2csÞ � 1Þ

� �
f 0ðsÞ:ð7:49Þ

Di¤erentiating (7.49) with respect to s gives

2k 0ðsÞð1� c2b2ðtÞ coshð2csÞÞ þ ckðsÞb2ðtÞð4c2 þ k2Þ sinhð2csÞ ¼ 0

which implies that b is a nonzero real number, say a. Without loss of generality,
we may assume a > 0. Thus, in views of (7.46), we may put

f ðsÞ ¼ pðtÞ þ a sinhðcsÞeiyð7:50Þ
for some real-valued function y ¼ yðs; tÞ. From (7.50) and j f 0ðsÞj ¼ 1, we find

a2 sinh2ðcsÞy2s ¼ 1� a2c2 cosh2ðcsÞ;ð7:51Þ

which implies that a2c2 a 1 due to coshðcsÞb 1. If a2c2 ¼ 1, then (7.51) becomes

ð1þ a2y2s Þ sinh
2ðcsÞ ¼ 0

for all s which is impossible. So, we must have a2 < c�2. Hence, we obtain
from (7.51) that

ys ¼G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 cosh2ðcsÞ

q
a sinhðcsÞ :ð7:52Þ

If we put

jðsÞ ¼G

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 cosh2ðcsÞ

q
a sinhðcsÞ ds;ð7:53Þ
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then we obtain from (7.52) that yðs; tÞ ¼ jðsÞ þ cðtÞ for some real-valued function
cðtÞ. Substituting this into (7.50) gives

f ðsÞ ¼ pðtÞ þ a sinhðcsÞ exp Gi

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 cosh2ðcsÞ

q
a sinhðcsÞ dsþ icðtÞ

0
@

1
A:ð7:54Þ

By di¤erentiating (7.55) with respect to t, we get

ip 0ðtÞe�icðtÞ ¼ a sinhðcsÞeijðsÞc 0ðtÞ;

which is impossible unless both p and c are constant. Therefore, up to trans-
lations on s, we have

f ðsÞ ¼ pþ a sinhðcsÞ exp irG
i

a

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 cosh2ðcsÞ

q
cschðcsÞ ds

� �
;ð7:55Þ

where p is a complex number, a is a nonzero real number and r is a real number.
Consequently, we obtain Case (g).

Case (3.3). a2 > b2. We put AðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

q
, a ¼ A cosh h and b ¼

A sinh h. Then (7.36) becomes

j f ðsÞ � pðtÞj ¼ AðtÞ coshðcsþ hðtÞÞ;ð7:56Þ
which implies that

h f 0ðsÞ; f ðsÞ � pðtÞi ¼ c

2
A2ðtÞ sinhð2csþ 2hÞ;ð7:57Þ

h f 00ðsÞ; f ðsÞ � pðtÞi ¼ c2A2ðtÞ coshð2csþ 2hÞ � 1:ð7:58Þ

Equation (7.58) shows that f 00 ¼ ikf 0 0 0. So, we find from (7.57) and
(7.58) that

f ðsÞ ¼ pðtÞ þ c

2
A2ðtÞ sinhð2csþ 2hÞ þ i

k
ðc2A2 coshð2csþ 2hÞ � 1Þ

� �
f 0ðsÞ:

Di¤erentiating this equation with respect to s gives

2k 0ðsÞð1� c2A2ðtÞ coshð2csþ 2hÞÞ þ ckðsÞA2ðtÞð4c2 þ k2Þ sinhð2csþ 2hÞ ¼ 0

which can be written as

A2ðtÞ ¼ 2k 0ðsÞ
2c2k 0 coshð2csþ 2hÞ � ckð4c2 þ k2Þ sinhð2csþ 2hÞ :ð7:59Þ

By di¤erentiating (7.59) with respect s gives

cothð2csþ 2hÞ ¼ ð4c2 þ k2Þk 00 � 3kk 02

2cð4c2 þ k2Þk 0ðsÞ :ð7:60Þ

Since the right-hand-side of (7.60) depends only on s, (7.60) implies that hðtÞ is
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constant which is a real number. Thus, by applying (7.59) we know that A is
also constant which is a positive number.

Let us denote h and A by r and a, respectively. Then, by using (7.56), we
have

f ðsÞ ¼ pðtÞ þ a coshðcsþ rÞeiy

for some real-valued function y ¼ yðs; tÞ. So, by applying a suitable translation
on s, we have

f ðsÞ ¼ pðtÞ þ a coshðcsÞeiyð7:61Þ
for some real-valued function y ¼ yðs; tÞ.

From (7.61) and j f 0ðsÞj ¼ 1, we obtain

a2y2s cosh2ðcsÞ ¼ 1� a2c2 sinh2ðcsÞ:
Thus, we obtain

ys ¼G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 sinh2ðcsÞ

q
a coshðcsÞ :

Hence, we get

y ¼ fðsÞ þ cðtÞ; fðsÞ ¼G

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 sinh2ðcsÞ

q
a coshðcsÞ ds;ð7:62Þ

where cðtÞ is a real-valued function. By di¤erentiating (7.61) with respect to t
and applying (7.62), we find

ip 0ðtÞ ¼ ac 0ðtÞ coshðcsÞeifðsÞeicðtÞ;

which is impossible unless p and c are both constant. Hence, we have

f ðsÞ ¼ pþ a coshðcsÞeifðsÞeic

where a > 0, c are real number and p is a complex number. This gives Case
(h).

Case (3.4). a2 < b2. We put

AðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
; a ¼ A sinh h; b ¼ A cosh h;

then we get from (7.36) that

j f ðsÞ � pðtÞj ¼ AðtÞ sinhðcsþ hðtÞÞ:ð7:63Þ
From (7.63) we find

h f 0ðsÞ; f ðsÞ � pðtÞi ¼ c

2
A2ðtÞ sinhð2csþ 2hÞ;

h f 00ðsÞ; f ðsÞ � pðtÞi ¼ c2A2ðtÞ coshð2csþ 2hÞ � 1:

109construction of lagrangian surfaces in complex euclidean plane



Thus, we may applying the same argument as Case (3.3) to conclude that A and
h are real numbers, say a and g, respectively. So, after applying a suitable trans-
lation on s, we obtain j f ðsÞ � pðtÞj ¼ a sinhðcsÞ. Thus, this reduces to Case (3.2).

Conversely, by straight-forward computation, we know that all of the as-
sociated Lagrangian surfaces obtained from Cases (a)-(i) are of constant cur-
vature. r

Remark 7.1. Up to rigid motions on C2, the Lagrangian surfaces of con-
stant curvature obtained in Theorem 7.1 are given respectively by

(a 0) Lfpzðs; tÞ ¼ reis=rzðtÞ;

(b 0) Lfpzðs; tÞ ¼ szðtÞ �
ð t
0

pðtÞz 0ðtÞ dt;

(c 0) Lfpzðs; tÞ ¼
rffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ r2
p s1þi=rzðtÞ;

(d 0) Lfpzðs; tÞ ¼
1

2c
zðtÞe2ics þ

ð t
0

e�2iBðtÞz 0ðtÞ dt
� �

;

(e 0) Lfpzðs; tÞ ¼ azðtÞ cosðcsÞ exp G
i

a

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ee�4c2b tan2ðcsÞ

q
ds

� �
; with a ¼

1

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ee�4c2b

p
and e ¼ 1 or �1;

(f 0) Lfpzðs; tÞ ¼ azðtÞ exp csG i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e�2cs � a2c2

p

ac
þ sin�1ðacecsÞ

 ! !
;

(g 0) Lfpzðs; tÞ ¼ azðtÞ sinhðcsÞ exp G
i

a

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 cosh2ðcsÞ

q
cschðcsÞ ds

� �
;

(h 0) Lfpzðs; tÞ ¼ azðtÞ coshðcsÞ exp G
i

a

ð s
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2c2 sinh2ðcsÞ

q
sechðcsÞ ds

� �
.

Remark 7.2. For each closed Legendre curve z ¼ zðtÞ in S3ð1Þ, the
Lagrangian surface defined by (a 0) is complete. Such a Lagrangian surface is a
flat torus which is contained in S3ðrÞ.

Remark 7.3. The local classification of Lagrangian surfaces of constant
curvature in the complex Euclidean plane have been obtained [11]. And the
local classification of Lagrangian surfaces of constant curvature in the complex
projective plane or in the complex hyperbolic plane was established in a series of
recent articles [12, 13, 14, 15, 16].

Acknowledgement. The author thanks the referee for the many valuable
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