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A SIMPLE PROOF OF DUALITY THEOREM

FOR MONGE-KANTOROVICH PROBLEM
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Abstract

We give a simple proof of the duality theorem for the Monge-Kantorovich problem

in the Euclidean setting. The selection lemma which is useful in the theory of stochastic

optimal controls plays a crucial role.

1. Introduction

Let P0 and P1 be Borel probability measures on Rd and AðP0;P1Þ denote

the set of all m A M1ðRd � RdÞ for which mðdx� RdÞ ¼ P0ðdxÞ and mðRd � dxÞ ¼
P1ðdxÞ, where M1ðRd � RdÞ denotes the complete separable metric space, with

a weak topology, of Borel probability measures on Rd � Rd (see e.g. [1]). Take
also a Borel measurable cð� ; �Þ : Rd � Rd 7! ½0;yÞ.

The study of a minimizer of the following TðP0;P1Þ is called the Monge-
Kantorovich problem which has been studied by many authors and which has
been applied to many fields (see [2, 4, 6, 9, 10] and the references therein):

TðP0;P1Þ :¼ inf

ð
Rd�Rd

cðx; yÞmðdxdyÞ j m A AðP0;P1Þ
� �

:ð1:1Þ

The duality theorem for TðP0;P1Þ plays a crucial role in the proof of the
Monge-Kantorovich problem and has been proved for a wide class of functions
cð� ; �Þ (see [5, 8–10]).

They say that the duality theorem for TðP0;P1Þ holds if

TðP0;P1Þ ¼ sup

ð
Rd

cð1; yÞP1ðdyÞ �
ð
Rd

cð0; xÞP0ðdxÞ
� �

;ð1:2Þ

where the supremum is taken over all cðt; �Þ A L1ðPtÞ ðt ¼ 0; 1Þ for which
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cð1; yÞ � cð0; xÞa cðx; yÞ:ð1:3Þ
In [7] we obtained a stochastic control version of (1.2)–(1.3) and gave a new

approach to h-path processes for di¤usion processes as its application. We also
showed that its zero noise limit yields (1.2)–(1.3) (see [8]).

In this paper we give a simple proof for (1.2)–(1.3) since known proofs
for (1.2)–(1.3) are complicated. Indeed, Kellerer used a functional version of
Choquet’s capacitability theorem (see [5] and also [9]) and Villani did a minimax
principle (see [10, sect. 1.1]).

Our proof relies on the Legendre duality of a lower semicontinuous convex
function of Borel probability measures on Rd and on the selection lemma which
is useful in the theory of stochastic optimal controls (see the proof of Theorem
2.1).

I would like to dedicate this paper to the late Professor Nobuyuki Suita who
used to be very nice to me.

2. A simple proof for Duality Theorem

We first describe our assumption.
(A.1) c A CðRd � Rd : ½0;yÞÞ and cðx; yÞ ! y as jy� xj ! y, and

inffcðx; yÞ j y A Rdg is bounded.
(A.2) TðP0;P1Þ is finite.
(A.3) P0 is absolutely continuous with respect to the Lebesgue measure dx.
We give a simple proof to the following which can be obtained from the

known result (see [5] and also [9, 10]).

Theorem 2.1 (Duality Theorem). Suppose that (A.1)–(A.3) hold. Then
(1.2)–(1.3) holds.

Proof. We prove (1.2), where the supremum is taken over all cðt; �Þ A
CbðRdÞ ðt ¼ 0; 1Þ for which (1.3) holds. This implies the duality theorem for
TðP0;P1Þ since (1.2)–(1.3) with ‘‘¼’’ replaced by ‘‘b’’ holds and since CbðRdÞH
L1ðPtÞ ðt ¼ 0; 1Þ.

The proof is divided into the following (2.1)–(2.3):

TðP0;P1Þ ¼ sup
f ACbðRd Þ

ð
Rd

f ðyÞP1ðdyÞ �T�
P0
ð f Þ

� �
;ð2:1Þ

where for f A CbðRdÞ,

T�
P0
ð f Þ :¼ sup

P AM1ðRd Þ

ð
Rd

f ðyÞPðdyÞ �TðP0;PÞ
� �

:

For f A CbðRdÞ,
jðx; f Þ :¼ sup

y ARd

f f ðyÞ � cðx; yÞg A CbðRdÞ;ð2:2Þ
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T�
P0
ð f Þ ¼

ð
Rd

jðx; f ÞP0ðdxÞ:ð2:3Þ

We first prove (2.1). We only have to prove TðP0; �Þ : M1ðRdÞ 7! ½0;y� is
lower semicontinuous and convex. Indeed, this and (A.2) implies (2.1) from [1,

Theorem 2.2.15 and Lemma 3.2.3], by putting TðP0;PÞ ¼ y for P B M1ðRdÞ.
Suppose that Qn ! Q weakly as n ! y. Then it is easy to see that

6
nb1

AðP0;QnÞ is tight in M1ðRdÞ. Take mn A AðP0;QnÞ ðnb 1Þ for which

TðP0;QnÞ þ
1

n
>

ð
Rd�Rd

cðx; yÞmnðdxdyÞbTðP0;QnÞ:ð2:4Þ

For any convergent subsequence fmkðnÞgnb1 of fmngnb1 and its weak limit m0,
m0 A AðP0;QÞ and

lim inf
n!y

ð
Rd�Rd

cðx; yÞmkðnÞðdxdyÞb
ð
Rd�Rd

cðx; yÞm0ðdxdyÞð2:5Þ

since cb 0 from (A.1). Hence TðP0; �Þ : M1ðRdÞ 7! ½0;y� is lower semicon-
tinuous. TðP0; �Þ : M1ðRdÞ 7! ½0;y� is also convex since for any P;Q A M1ðRdÞ
and l A ð0; 1Þ,

flmþ ð1� lÞn j m A AðP0;PÞ; n A AðP0;QÞgHAðP0; lPþ ð1� lÞQÞ:

We next prove (2.2). From (A.1), for f A CbðRdÞ and x A Rd ,

�y < inf
y ARd

f ðyÞ � sup
x ARd

inf
y ARd

cðx; yÞ
( )

a jðx; f Þa sup
y ARd

f ðyÞ < y;ð2:6Þ

which implies that jð� ; f Þ is bounded.
From (A.1), the following set is not empty for any x A Rd and is bounded on

every bounded subset of Rd :

Dx :¼ fy A Rd j jðx; f Þ ¼ f ðyÞ � cðx; yÞg:ð2:7Þ

Suppose that xn ! x as n ! y. Take yn A Dxn and y A Dx. Then there exist a
convergent subsequence fykðnÞgnb1 and ~yy such that ykðnÞ ! ~yy as n ! y and such
that

lim sup
n!y

jðxn; f Þ ¼ lim
n!y

f f ðykðnÞÞ � cðxkðnÞ; ykðnÞÞgð2:8Þ

¼ f ð~yyÞ � cðx; ~yyÞa jðx; f Þ:

The following together with (2.8) implies that jð� ; f Þ A CðRdÞ:

lim inf
n!y

jðxn; f Þb lim
n!y

f f ðyÞ � cðxn; yÞg ¼ jðx; f Þ:ð2:9Þ

We prove (2.3) to complete the proof. For f A CbðRdÞ,
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T�
P0
ð f Þ ¼ sup

P AM1ðRd Þ
sup

ð
Rd�Rd

ð f ðyÞ � cðx; yÞÞmðdxdyÞ j m A AðP0;PÞ
� �� �

ð2:10Þ

a

ð
Rd

jðx; f ÞP0ðdxÞ:

(A.1) implies that the set 6jxjar
ðfxg �DxÞ is compact for any r > 0. Indeed,

the set 6jxjar
ðfxg �DxÞ is bounded as we mentioned in (2.7) and is closed since

the set D :¼ fðx; yÞ A Rd � Rd j jðx; f Þ ¼ f ðyÞ � cðx; yÞg is closed from (2.2) and
since

6
jxjar

ðfxg �DxÞ ¼ DV fðx; yÞ A Rd � Rd j jxja rg:

Hence there exists a measurable function u : Rd 7! Rd such that uðxÞ A Dx, dx-a.e.
by the selection lemma (see [3, p. 199]). In particular, from (A.3) and (2.10),

T�
P0
ð f Þa

ð
Rd�Rd

f f ðyÞ � cðx; yÞgP0ðdxÞduðxÞðdyÞaT�
P0
ð f Þ:ð2:11Þ Q.E.D.
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