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§0. Introduction.

Let M be an n-dimensional Riemannian manifold covered by a system of
coordinate neighborhoods {U; x"} and with the fundamental metric tensor gji,
where and in the sequel the indices 4,1, j, -~ run over the range {l,2, -, n}.
A linear connection D with components I'% of M is said to be semi-symmetric
if its torsion tensor S;*=I"%—1I% is of the form S;;"=0%,—0p,, p; being a 1-
form and is said to be metric if it satisfies D,g;;=0.

The components of a semi-symmetric metric connection in a Riemannian
manifold are given by [3]

0.1) ru={" }+op—g,

{ jh z} being the Christoffel symbols formed with g;; and p"=p,g**. One of

present authors [3] proved that: In order that a Riemannian manifold admits
a semi-symmetric metric connection whose curvature tensor vanishes, it is
necessary and sufficient that the Riemannian manifold is conformally flat.

Let M be a Kaehlerian manifold with Hermitian metric g;; and almost
complex structure tensor F,". A linear connection D with components I'% of
M is called a complex conformal connection if it satisfies

Dkengji—_‘oy Dke2iji:0; (Fji:Fngtt)
I'y— '{Lj:_ZFjiqh

and

for a certain scalar p and a vector field ¢"
The components of a complex conformal connection are given by [4]

h
(0-2) Fﬁ':{j i}+5;'lpi+5{ij—gjiph+thq1+F'th]_Fjiqh7
where p;=0;p, p"=p,g", ¢, =—p,F,! and q*=q,g*", 0, denoting the partial deri-

vation with respect to x*. One of the present authors [4] proved that: If, in
an n-dimensional Kaehlerian manifold (n=4), there exists a scalar function »
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such that the complex conformal connection (0, 2) is of zero curvature, then
the Bochner curvature tensor of the manifold vanishes.

Let M be a Sasakian manifold with structure tensors (¢;”, &", ;, g;:) [2].
A linear connection D with components I'% of M is called a contact conformal
connection if it satisfies

Dkengﬁzzezppk%m ) ngpih_-:o , D;Eh—_—o

and
y—Tly=—2g,u*

for a certain scalar p and a vector field u".
The components of a contact conformal connection are given by [5]

03) Ti={ " J+ @8Ot =16, ~(g—n,100"

+S0;h((h—‘7]i)'f‘SDih(qJ—??;)_éDji(qh_Eh) ,
where p"=p,g'", ¢,=—p,¢:", ¢"=¢,g"™ and p satisfies p;£'=0. One of the present
authors [5] proved that: If, in a (2m+1)-dimensional Sasakian manifold (2m-+
1>3), there exists a scalar function p such that the contact conformal connec-
tion (0.3) is of zero curvature, then the contact Bochner curvature tensor of

the manifold vanishes.
On the other hand, the present authors [6] defined a semi-symmetric metric
F-connection in a Kaehlerian manifold as a linear connection D which satisfies

Dkgji:()y Dszh:()

and
F}i_FZ=5?pi_51tLp]—2Fjiqh

for a certain 1-form p; and a vector field g™
The components of a semi-symmetric metric F-connection are given by [6]

(0.4) [’?i:{jh i}+5?p¢_g;‘ipn+F;h‘h‘f‘Flhq]—Fjiqh

where p*=p,g*", ¢;=—p,F," and ¢"=¢q,g"

We proved [6] that: If, in an n-dimensional Kaehlerian manifold (n=4),
there exists a scalar function p such that the semi-symmetric metric F-connec-
tion (0.4) with p;=0;p is of zero curvature, then the Bochner curvature tensor
of the manifold vanishes.

We also gave another definition of a semi-symmetric metric F-connection

in a Kaehlerian manifold as a linear connection which satisfies
D,g;=0, D,F,*=0
and
F?i_F,’;i:a"ini_agp]+thqi_F‘th]_2Fjiqh

for a certain 1-forms p; and ¢, ¢* being defined to be ¢"=g,g"
The components of a semi-symmetric metric F-connection in this sense are

given by [6]
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h
(0-5) ’ﬁ:{j i}+57ﬁr‘gjiph'l‘F;hCh—Fjiqh,

where p; is a 1-form and ¢;=—p,F,". We proved [6] that: If, in an n-dimen-
sional Kaehlerian manifold (2=4), there exists a scalar function p such that the
cuvature tensor R,;;" of a semi-symmetric metric F-connection (0.5) with p,=a;p
is of the form R,;*=a,;F,", then the Bochner curvature tensor of the manifold
vanishes, and also that; If a Kaehlerian manifold of dimension #=4 admits a
semi-symmetric metric F-connection (0.5) with p,=0,p in the latter sense such
that the torsion tensor S;;" satisfies D,S;,"=0 and the curvature tensor R,;"
is of the form R,;"=a,;F,", then the manifold is of constant holomorphic
sectional curvature.

The main purpose of the present paper is to obtain results similar to those
for semi-symmetric metric F-connections in a Kaehlerian manifold, in the case
of a Sasakian manifold, the Bochner curvature tensor in a Kaehlerian manifold
being replaced by the so-called contact Bochner curvature tensor.

§1. Preliminaries.

Let M be a (2m—+1)-dimensional differentiable manifold covered by a system
of coordinate neighborhoods {U: x"} in which there are given a tensor field ¢,"
of type (1.1), a vector field £* and a 1-form 7, satisfying

(L1) Qe =—0; +,6",  @"'=0, p'=0, 7p&=1,

where and in the sequel the indices 4, 1, j, --- run over the range ({(I1,2,--,
2m+1}. Such a set of ¢, § and 7 is called an almost contact manifold. If the

set (o, &, 1) satisfies

(1.2) N;i"+(0;7:—0:m,)8"=0,

where N;;” is the Nijenhuis tensor formed with ¢,* and 0,=0d/0x’, then the
almost contact structure is said to be normal and the manifold is called a
normal almost contact manifold. If, in an almost contact manifold, there is
given a Riemannian metric g;; such that

(1.3) gzs?;tﬁois:gji_ﬁjﬁu ﬂz:gihsh ,

then the almost contact structure is said to be metric and the manifold is called
an almost contact metric manifold. In this case, ¢;;=¢,’g;, is skew-symmetric.
Since 7;=g:,£", we shall write " in stead of &* in the sequel. If an almost
contact metric manifold satisfies gojiz—;—(ajm—amj), then the almost contact

metric structure is called a contact manifold. A manifold with a normal contact

structure is called a Sasakian manifold.
It is a well known fact that in a Sasakian manifold we have

(1.4) Vi7ih=§0ih ,
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(1.5) Vipl=—g;n"+0iy,,

4 , denoting the operator of covariant differentiation with respect the Levi-
Civita connection. Since we have -L£g,,=V;7,+Vnp,=¢;;+¢;,=0, L denoting
the Lie derivative with respect to ", %" is a Killing vector.

Now the contact Bochner curvature tensor in a Sasakian manifold is given

by [1], [5]
(1.6) Biji" =K "+ (010" Lji— (07— 1;0") Lau+ Li" (85— 7571)
—L"(gri— )+ 0" M= ¢," My +Mi 05— M, "4,
—2M 0"+ M) (04 05— 0, 0 r—204,04") ,
K,;" being the Riemann-Christoffel curvature tensor of the manifold, where

(L7) Lyi=—Q/2m+1)K;;+(L+3)g,—(L—1)y;m],  Li"=Lug™,

(1.8) Mj=—Lups, MS=Mu.g",
and consequently

19 M;=(1/20m~+ 1)K ;0. —(L+3)p;:],
and

(1.10) L=g?L,,,

Kj;; being the Ricci tensor of the manifold. The L;; is symmetric and M;; is
skew-symmetric. From (1.7) and (1.10), we find

(1.11) L=—{K+2(3m+2)} /4m+1),

K being the scalar curvature of the manifold.

§2. Semi-symmetric metric ¢-connections.

We consider a linear connection D with torsion in a Sasakian manifold the
components of which are [%. If D satisfies

@21 D,g;;=0,

D is called a metric connection. If we put
h
(2.2) ry={," J+U;",
then U,;* are components of a tensor and the torsion tensor of D is given by

(2 3) Sjithjih_U”h.

If the connection D is metric, i. e. (2.1) holds, then from (2.2) we have
Uiii+Ur,=0, where U,;;=U,,'g,. From (2.3) and this, we find
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@2.4) U h=—3(S;+S%,+S%,), where S*;=S5,,8"g.,
If D satisfies
(2.5) D;p"=0, D=0,
D is called a ¢-connection. In this case, we have, from (2.2) and (2.5),
(2.6) Ujite"—Uji"oi'=—g;m"+81m
2.7) Usl'n'=—p,".

Assume that the torsion tensor S;;” of the linear connection D is of the
form

(2~8) Sji"=(5?~77;?7”)171—(52‘—ﬂiﬂh)Pj—ZSDjiuh,

where p; is a 1-form and u* a vector field. We call a semi-symmetric connec-
tion a linear connection whose torsion tensor has the form (2.8).

Now we suppose that a linear connection D is semi-symmetric and metric.
Then substituting (2.8) into (2.4), we find

(2.9) Ui =0 —n;m"pi— (81— 100"+, uit 0 u,— @;u"

where p"=p,g"* and u,=g;u’.

Next suppose that a linear connection D is skew-symmetric, metric and
moreover is a ¢-connection. Then substituting (2.9) into (2.6) and contracting,
we find

(2.10) Uy=—Dps" — 7
and substituting (2.9) into (2.7), we find
(2.11) pi"]zzo .

Thus we have

PROPOSITION 2.1. In a Sasakian manifold with structure tensors (", 9:, 8ji).
A semi-symmetric metric @-connection 1s given by

h
(2.12) Ti={," [+ @ =00~ nm0 "+ ¢, v 0w —pat”
where p; 1s a 1-form satisfying (2.11) and u, is given by (2.10).
If p; in (2.12) is the gradient of a scalar function p, we call the connection
a special semi-symmetric metric ¢-connection.
§3. Curvature tensor of a semi-symmetric metric ¢-connection.

We consider a special semi-symmetric metric ¢-connection (2.12) in a Sasa-
kian manifold and compute the curvature tensor R,;;" of the connection D. By
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a long but straightforward computation, we find
CNY R =K"= (0= 00"+ (32 —1,0" b rs— D" (& —7,71)
+0,"(8ri— 1) — 0" Uit 0, " dri— 0" P11+, P
+ (7 20;—V ;02)0:"+204,(q. 0" —:q")
H@e "= 0, Pri—20150:") s

where
(3.2) Pji=VjPi_P;Pi+(qi—7]1)(‘1@—7]1‘)4'%1%17:(&;'—7717]i) )
(8.3) q_ii:qui_pj(Qi_7]i)_pi(qj_77])+’%_ptpz90ji ,

a=—D0:',  D"=Du8",  0"=qug"™
and consequently
Gi=—Du¢i’y, D=0+ .
If we assume that R,;;"=0, then we have from (3.1)
3.4) K" = (0= 0un")5e— (03— 70" ri-+D" (86— 1,71)
=0, (G0N 08" Ui — 0, U T 4" — 1, " P
+a40:" + 01 B — ("0 1i— 0, " Pri—200;0")

where we have put a,;=—F ,q,—V;q,) and B;*=2(p;q"—q;p"). We can write
(3.4) in the covariant form

(35) Kkjih: (Gen— 7]k77h)pji “(gjh—ﬁjﬂn)pki 'H)kn(gji“’]; /D)
—D5n(ri— 1) T PG~ Pind it enPii— I nPre
+akj€0ih+ﬁokj,@ih—“@khﬂﬁji—?jnﬂﬂki"’290kj90ih) ,

where Bin=2(p:9,—D1rq.).
Using the identity K,;;n=XKinr, and p;;=p;,, we find from (3.5)

(36) (Iji"i‘q;j—:o.

Using p;;=p:, and ¢;,=—¢,,, we can find, from (3.5), p;;, ¢;;, @, and B
as follows.

(3.7) pji=—L,, g=—Mj;,
(3.8) oy =2My, +{(L+1)/(m+2)} @, ,
(3.9) ‘Bih':ZMih.— {(L+1)/(m+2)} Din y

L;; and M,; being given by (1.7) and (1.9) respectively.
Substituting (3.7), (3.8) and (3.9) into (3.4), we find B,;;"=0. Thus we have
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THEOREM 3.1. If, n a (2m+1)-dimensional Sasakian manifold (m=2), there
exists a scalar function p such that the special semi-symmetric metric ¢-connection
(2.12) with p;=0;p 15 of zero curvature, then the contact Bochner curvature tensor

of the manifold vanishes.

§4. Another definition of semi-symmetry.

In § 3, we assumed that the torsion tensor of a linear connection D is of

the form (2.8) and called it a semi-symmetric connection.
In this section, we assume that the torsion tensor of a linear connection D

is of the form

(4.1) S;t=(0—nm")pi— (0t —nm™p, + @, " u;— ¢ "u,—2¢;u",

where p; and u, are 1-forms and u"=u,g"™ and call a semi-symmetric connection
a linear connection whose torsion tensor has the form (4.1).

Now we suppose that a linear connection D is semi-symmetric in this sense
and metric. Then substituting (4.1) into (2.4), we find

(4.2) U,-i"=(5§‘— ﬂjﬂh)Pt—(gji— 77;77«;)Ph+ SDJhui“ﬁojiuh y

where p"=p,g"" and ut=u,g'"

Next suppose that a linear connection D is semi-symmetric in the sense of
this section, metric and moreover is a ¢-connection. Then substituting (4.2)
into (2.6) and contracting, we find (2.10) and substituting (4.2) into (2.7) we find

(2.11). Thus we have

PROPOSITION 4.1. In a Sasakian manifold with structure tensors (¢, 9:, &),
a semi-symmetric, in the sense of this section, metric ¢-connection 1s giwen by
(4.3) ?i={jh i}“f‘(‘;?—anh)Pi—(gji—7]j7/i)Ph+SDJhui—§0jiuh )
where p; 1s a 1-form satisfing (2.11) and u, is gwen by (2.10).

If p; in (4.3) is the gradient of a scalar function p, we call the connection

a special semi-symmetric metric ¢-connection.
We consider a special semi-symmetric metric ¢-connection (4.3) in the above
sense in a Sasakian manifold and compute the curvature tensor R,;;"* of the

connection.
Then by a straightforward computation similar to that done in the previous

section, we find

(4.4) R ji"=K ;" —(8k—0in™)p ;i +(02— 10" bri— 0" (&y6—1,7:)
+0, (8= 17— P U+ P, Ui — 0"+ 4," P
+201 (090" — 40" H @ P 1i— 0, " Pri—201;0:") ,

where p., and ¢, are respectively given by (3.2) and (3.3).
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If we assume that the curvature tensor R,;" of a special semi-symmetric
metric ¢-connection in the sense of the present section is of the form R,,;"=
a,;p," for a certain skew-symmetric tensor a,,, then we have, from (4.4),

K" = (08— 7an™b,i— (0 =0, r+ 04" &= 1,;7:)— D, (Ges—1271)
+0i"q;— %thz +4kh€0jz’ “q]h%n ‘f'akj%h‘l‘sokjﬁih
—(0"Pji— P, P —201;0.") -

where fB,*=2(p.¢"—q,p"), from which, eliminating p;;, ¢,;, @, and B;*, we find
that ths contact Bochner curvature tensor vanishes. Thus we have.

THEOREM 4.2. If, in a (2m+1)-dimensional Sasakian manifold (m=2), there
exists a scalar function p such that the curvature tensor R,;" of a semi-symmetric
metric o-connection (4.3) with p,=0a;p n the sense of the present section is of the
form R,;i"=a,;0," then the contact Bochner curvature tensor of the manifold
vanishes.

We now assume that a special semi-symmetric ¢-connection (4.3) in the
sense of the present section satisfies.

(4.5) Dijih: 7];2(5?141;_6?“]) .

Substituting (4.1) and (4.3) into (4.5), and taking account of D,g;;=0 and
of D,p,"=0, we find

(07— Dyp;— (02— 9")D b, — @, i D0 +@i"¢ ;o Dy p°
—20,;:0." Dy p' =1 (0ju;—0}u,) ,

from which, contracting with respect to 4 and j, we find D,p,=n,u,, that is,

(4.6) Vibo—brpst+ust,+p,p(Gei—147:)=0.
Thus, from (2.2) and (3.3), we find
4.7 Pji=——%—f)zpt(gji"7]j%) )
__ 1 ¢
(4.8) q,;i= ——2_1%]5’ Qi

respsctively. From (27), (47) and (4.5), we have
(4.9) L;;=(L/2m)(g,;;—n;7:),
(4.10) M;;=(L/2m)p,;,

Now if we assume that the curvature tensor R,;;* of the connection is of
the form R,;"=a,;¢;", then we have B,;;"=0. Thus, substituting (4.9) and (4.10)
into B,;;"=0, we have
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Kkjih= —(L/m){(0%— Wkﬂh)(gjt'—7]}’]1)—'(5?"77177’1)(‘3'“— 60}

—L4+m

+t—n (" Psi— 0, " Pri—2010:™) .

Thus we have

THEOREM 4.3. If a 2m-+1)-dimensional Sasakian manifold (m=2) admits a
special semi-symmetric metric ¢-connection D with p,;=0,p in the sense of the
present section such that the torsion tensor Sy satisfies D,S;=7,(0%u,—0ku,),
u, being given by (2.10) and the curvature tensor R,;" 1s of the form R,;'=
a0 for a certain skew-symmetric tensor ay,, then the manifold is of curvature
of the form (4.11).

(1]
[2]
£3]
[4]
(5]
[6]
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