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¢-TRANSFORMATIONS ON A K-CONTACT
RIEMANNIAN MANIFOLD

By K0z1 MATSUMOTO

§0. Introduction. It is very interesting to make reserches on the subject
of manifolds admitting a tensor field invariant under a certain transformation.
Now, S. Tanno has studied ¢-transformations on almost contact Riemannian
manifolds and given several important conclusions ([4]). The main purpose of
the present paper is to prove Theorems 2.2, 3.1, 4.2 and 4.4.

§1. Preriminaries. Let M be a (2n-+1)-dimensional differentiable manifold
satisfying the second axiom of countability. In this paper, manifolds, geometric
objects and mappings we consider are assumed to be differentiable and of class
C=. If there exists a tensor field ¢,* of type (1.1), contravariant and covariant
vector fields & and %, on M which satisfy the following conditions:

(L.D) &'ni=1,
(1'2) SDTlSD]r:—&]l-}’Sl’]] ’

then M is said to have an almost contact structure and called an almost contact
manifold. The suffices %, j, ---, 1 run over the range {1,2,---,2n+1} and the
summation convension will be used. For an almost contact structure the fol-
lowing identities are established ([3]):

(1.3) 06" =0,  7.9,7=0.

Let M be an almost contact manifold. Then there exists a positive definite
Riemannian metric g;; such that

(1'4) vizgirér ’
(L5) &+, 0" =85 M -

Such a metric tensor gj; is called an associated Riemannian metric with the
given almost contact structure. If a differentiable manifold M admits tensor
fields (¢,%, &', 7, 8;;) such that g;; is a Riemannian metric associated with the
almost contact structure, then M is called an almost contact Riemannian
manifold.
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An odd dimensional differentiable manifold M (dim M=2n-+1) is said to
have a contact structure and to be a contact manifold if there exists a 1-form
7 on M such that pA(dn)"#0 everywhere on M, where dy means the exterior
derivative of » and the symbol A means the exterior multiplication. Then 7 is
called a contact form of M. A contact manifold has an almost contact metric
structure (¢,% &%, 9, &,;) such that

, 1
8ir P, :SDji:’z_(aﬂ?t_aiv;) ’

7; denoting components of 7, where the operator 0 denotes the partial differen-
tiation with respect to the local coordinates. An almost contact structure con-
structed from a contact form % is called a contact (metric) structure associated
with ». An almost contact (Riemannian) manifold constructed from a contact
form 7 is called a contact (Riemannian) manifold associated with 7.

A contact metric structure (contact Riemannian manifold) is called a
K.contact metric structure (K-contact Riemannian manifold), if its contact form
7y, determines a unit Killing vector field §'=g*"y,. If M is a K-contact Rieman-
nian manifold, the following identities are established ([3]):

(1.6) ij:%‘i, Vj{:l:%l,
(L7 V.pi"=2n7,,
(1.8) V5tV 00tV i02;=0,

where the operator V is the covariant differentiation with respect to gj.
An almost contact metric structure is called a Sasakian structure if it
admits a unit Killing vector field »; satisfying the following relations:

(1.9 Ve0;:=7,80—:8, ,
or equivalently
(1.10) Ryjn& =85 — 87 ,

where R,;;” denotes the curvature tensor field of gj;.
A K-contact Riemannian manifold is called an 7-Einstein manifold, if the
Ricci tensor field R;; of g;; bhas the following form:

(1.11) Rji=ag;+bym;,

where a and b are constant satisfying a-+b=2n for n>1.
A Sasakian manifold is said to be of constant ¢-holomorphic sectional cur-
vature &, if the curvature tensor field has the following form ([2]):

k k—
—Ii(gkhgji_gktgjh)_ 41 (D en&si+E8enh 12

(1.12) Ryjin=

—NeNi8in— ki N — PenPjit PriPin +290kj90ih) .
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§2. A certain tensor field invariant under a ¢-transformation. Let M be
a (2n+1)-dimensional almost contact Riemannian manifold with structure tensor
fields (¢,", &', 7:, &;:) and f be a diffeomorphism of M. If f leaves the tensor
field ¢,* invariant, then we say that f is a ¢-transformation of M. For the
o-transformation of a contact Riemannian manifold, the following proposition
was proved by S. Tanno ([4]):

PROPOSITION 2.1. Let M be a contact Riemannian manifold. If f 1s a
o-transformation of M, then there exists a positive constant a such that

E-i:afl ’ 7i=an,, Pji=a&P;;,
@.1) ) ’
gji=agjtala—1)n;n;,
where fxE=E, f*n=7 and so on.
From (2.1), we can easily obtain

Lgﬂ._-aa—-z‘l_e.iél .

2:2) =

Because of (2.1) and (2.2), we have
(2.3) {kij}z{kij}+ 01;1 ngAkJr_%L{krj}ﬁrgl

— e pgra,,,,

1 1 . . .
where {k ]} and {k j} are respectively the Christoffel symbols_formed of
gji and 8ji and where Ajih is defined by
(2.4) 4;30=0;(:n)+0:(nan,)—0n(n;7.) .

Hereafter our manifold is assumed to be a K-contact Riemannian manifold.
Then (2.4) can be written as

(2.5) Ajm=2<77;90in+77t901h+{j r i}’?r’/h) .

Substituting (2.5) in (2.3) and calculating the curvature tensor field R,;;" of1Z;;,
we get

(2.6) Rji"=Rus" Ha—1)20u0 " + 010, — 004" 0 "0s,
+V o= j0.M)+(a—1)%(0"7;—9,"n)7. .
From (2.1) and (2.6), we have
(o)) Wt =W gji*+(a—1)(— 7 *@u,+1,7 20" =04V 50"
+(@—1)%0s"7;—0," 7671 ,
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where we put
(2.8) ijih=Rkjtn—(290kj§0ih+€0ki%h—'¢ji90kh) .

Taking account of (2.1), (2.2), (2.3) and (2.5), we can easily obtain the following
.equations :

1}1.7"90”:—(11!—771.[7_%5“-{-(04—1)(5k”7;j—51"1]k)7/i ,

From two equations above, we have
(2.9) (a=D) 0l spi" =1V 50" =V "¢4,)

=@V =T 8. =T "G,) — (0, wpi®

=0V 50" =V "Pr;)—20(a—1)(8,"9;—8," )7, .

Thus we have, from (2.7) and (2.9),
(2.10) Tyji"=T ;" —(—=1)(04"0,—3,"n0)74 ,
where we put
(2.11) Taji=W i @itV 0" =0 "¢4,) -
Taking account of (2.1),, (2.8), (2.10) and (2.11), we have

THEOREM 2.2. If a K-contact Riemannian mamifold admits a ¢-transforma-
twon, then a tensor field Z,;" 1s wnvariant under this transformation, where the

tensor field Z,;" is defined as follows:
(2.12) Zyii"=T ;" +(04"n;—0,"n)n;
or equivalently as
(2.13) Zyyi"=Ryji"— Qoui 0"+ 01 0," — 0,:04")
=0V 60"+ 0"+ " as (04", — 0, )ni .

Next, let X* and Y* be vector fields on M such that they are orthogonal to
&'. Then transvecting (2.13) with Y*X’7,, we have

(2.14) ijihYkX]ﬁh:Rkjihkajvh.
On the other hand, the following proposition is well-known ([1]):

PROPOSITION 2.3. A K-contact Riemannian manifold 1s a Sasakian manifold
if and only if
RkjihYkXJY]h-:O

for any vector fields Y* and X' orthogonal to &
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Thus we have, from (2.14) and the Proposition 2.3,

THEOREM 2.4. A necessary and sufficient condition for a K-contact Rieman-
man manifold to be a Sasakian manifold 1s that

(2.15) Z4i"Y ¥ X 9,=0
for any vector fields Y* and X* orthogonal to &', which is equivalent to
(2.16) Zyjin=Rjin—1;0:8en+&inN s+ 0101851

=0 8ri— (204 Pint PriPin—PjiPsn) -

§3. The manifold satisfying Z,;;"=0. In this section, our K-contact Rie-
mannian manifold is assumed to satisfy the condition Z,;;"=0. Then we have
from (2.16)

Rijin=00:18n—8inNeNi— 0008 js+ 000kt 2020
FOriPin—PjiPrn -
Thus, we have, from (1.12) and the above equation,

THEOREM 3.1. If a K-contact Riemannian manifold satisfies the condition
Z.;i"=0, then the manifold is a Sasakian manifold of constant ¢-holomorphic
sectional curvature —3.

§4. Manifolds satisfying certain conditions with respect to 2, In this
section, we shall consider manifolds such that the curvature tensor field R,;,"
of g;; satisfies some special kinds of conditions. At first, we assume that our
K-contact Riemannian manifold admitting a ¢-transformation is of constant
curvature k with respect to Z;;. Then by assumption we have ([5])

4.1) -R-kjih:k(akhgji_(;]hgkl) .
By using (2.1),, and (4.1), we have, from (2.6),
(4.2) Rkjih:k{a(akhgji—ajhgkz)"‘a(a_1)(5kh77j_51h77k)7]i}

—(@=1)(204;0:"+ P, " — P;:0x" =1V " P4,
+0,7 0" =i ;0" —(@—1)*(04"n,;—0," )7, -
Transvecting (4.2) with »,, we have
(4.3) Ryji"mn=(ka—a+1)(0,85i—7,8%) -
Since 7, is a Killing vector field, (4.3) can be written as
(4.9 Vipji=—(ka—a+1)1:8;:—7,8%) -
Substituting (4.4) in (4.2), we have
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(4.5) Ryi"=k{a(8,"g;i—0,"gn)+ala—1)(8"9;—0:"n:)n:}
—(a—=D2¢4;0:"+@ui,"— @104
+(ka—a+1){(8,"7;— 8, )0 —(E"gri—7:0:")7,
+(6"85:—1:0,")m4} 1—(@—1)%(04"1;—6,"n&)1: -

Transvecting (4.5) with 7,, we have

(4.6) Rkjihﬂh: {ra—(a—1)(ka—a+1)} (W kgji—ﬁjgkz) .
Comparing (4.3) with (4.6), we have
4.7 k=1,

where we assume that the ¢-transformation is non-isometric. Tnus we have

THEOREM 4.1. If a K-contact Riemannian manifold admitting a non-isometric
o-transformation is of constant curvature k with respect to g;;, then k=1.

Substituting (4.7) in (4.3) and (4.4), we have
(4.8) Rkahvhzﬁkgji—ﬁjgkl ,
(4.8) V0w =:851—7,8 »

respectively. Hence our K-contact Riemannian manifold is Sasakian. Substitut-
ing (4.8)" in (4.2), we have

(4.9 Rkjih:a(gkhgji_gjhgkz) ‘{‘(1—“)(290”90:‘);'5‘ PriPijn
— QPN e&int 0N en— 7]17]hg1n+77k77hgji) .

Thus our manifold is a Sasakian manifold with constant ¢-holomorphic sectional
curvature 4a—3,

Conversely, if our manifold admitting a ¢-transformation is assumed to be
a Sasakian manifold with constant ¢-holomorphic sectional curvature 4a—3,
then (2.6) can be written as

Ekjihza(akhgji_thgkz)_]_a(a'_1)(5kh7/j—61h77k)7]1 .
By virtue of (2.1),, and the above equation, we get
Elzjih:5khgji—5]hgkz .
Thus we have

THEOREM 4.2. If a K-contact Riemannian manifold M admitting a non-
1sometric @-transformation is of constant curvature with respect to gj;, then its
curvature is equal to 1 and M 1s a Sasakian manifold of constant @-holomorphic
sectional curvature 4a—3. Conversely, 1f a Sasakian manifold M admitting a
o-transformation 1s of constant -holomorphic sectional curvature 4a—3, then M
is of constant curvature 1 with respect to Zj;.
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From (2.6), we have

(4.10) ﬁ,izR,-,-—Z(a—l)gﬁ+2(a—1)(na+n+l)vjvz )
where the tensor fields R ;i and R;; are the Ricci tensor fields of Z;; and gy

respectively.
We assume that our manifold is an Einstein manifold with respect to gj;,

that is, that

(411) Eji=a§ji y

where a is constant ([5]). Then by virtue of (2.1),, and (4.11), we have, from
(4.10),

(4.12) R;=2na+a—1)g;—2(a—1)(n+1)n7;,

and hence we see that our K-contact Riemannian manifold is an 7-Einstein

manifold.
Conversely, if we assume that the K-contact Riemannian manifold is an

»-Einstein manifold and dim M>3, then we have

(4.13) R;;=bg;i+(@2n—b)n;m; .
Substituting (4.13) in (4.10), we have
(4.14) Rji= b—ZS:r—l) 8+ 2na—-b;—2a——2 N7, .

From (4.14), if the constant b satisfies the following relation:
(4.15) b=2(na+a—1),

then the manifold is an Einstein manifold with respect to Z;; and the Ricci
tensor field of g;; is given by (4.12). Thus we have

THEOREM 4.3. If a K-contact Riemanman manifold M admitting a ¢-trans-
formation is an Einstein manifold with vespect to g;;, then M is an 7-Einstein
manifold. Conversely, if a K-contact Riemannian manifold M admitting a
o-transformation is an p-Einstein manifold and satisfies the relation (4.15), then M
1s an Einstein manifold with respect to 2;;, where we assume that dim M>3.

At last, we assume that our K-contact Riemannian manifold is conformally
flat with respect to Z;; ([5]), that is, that
(4-16) Ekjih:z—nl_T(akhﬁji—5jhﬁkz+ﬁkhgji—ﬁjhgkz)

R .
~Znn—1) Ox'8s—0,"8n),

where R denotes the scalar curvature of Z;;. Then we have
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(417) Ekjihz"znlj(akh]eji‘“&]h}zkt+Rkhgji_R]hgkz)

R+6n(a—1
——2+71(2£,§i—1))_ (5khgji—5jhgkt)

+ 2D () g gt

+2an—:11(Rkh7]J —R, "7,

—1 2 2n— —R
@ ){zn(z?zglfl)wg) } (0:"9;—0,"n1)7. ,

where we usedsthe following equations:

5. 15, 2a—1) s,, 2a—Dn+1) .,
R] :_a—R]_ (aa )5] + (a a)(n )77]5

and ) on(a—1)
R=-gR—"=5—".

Substituting (4.17) in (2.6), we have

(4.18) Rkjih:‘z_nl_T{5thfi_5Jthz+Rkhgji”thgln

+2(a—1)("+1)(77kgji“7]jgkz)5h+(a_1)(Rkh77]

R+6n(a—1
—R,pynd — S (5,00, "g1)

— 2 —R
PR oy 5

‘(0(—1)(250k150ih+90ki90;h—90j190kh“7]z‘7h‘,0k]
+9 v =iV ;0.7 .
Transvecting (4.18) with &%y, we have

R—-2 R—2
(4.19) Rji= P " gﬁ—l—(Zn— o £ )771771-

Substituting (4.19) in (4.18) and transvecting %, with the equation thus obtained,
we can see that the manifold is Sasakian. Then the curvature tensor field
R,;" has the form

(4.20) Ry;it= Rgiz(%(‘skhgﬂ_@hgm)

. —R+2n(3at2n—2
’ anE(Zna—l)n ){(5,,";71—51"77,%)7/1

+(7]kgji_77jgkz)5h} —(a— 1)(2§0kj</7ih+ <Pk1‘90;h—€0ji€0kh) .
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Conversely, we assume that for a Sasakian manifold admitting a ¢-trans-
formation its curvature tensor field R,;;* constructed from g;; is given by
(4.20). Then by a straightfoward calculation we can see that our manifold is
of conformally flat with respect to Z;;. Thus we have

THEOREM 4.4. A necessary and sufficient condition for a K-contact Rieman-
man manifold admitting a -transformation to be conformally flat with respect
to Z;; 1s that our manifold 1s a Sasakian manifold and the curvature tensor field
of g, is gwen by (4.20).

From Theorem 4.2 and (4.20), we have

COROLLARY 4.5. If the scalar curvature of g;; satisfies the following equation:
R=2n2na+2a—1),

and if the Riemanman mauifold M with §;; is conformally flat, then the manifold
1S of constant curvature 1 with respect to Zji, where we must assume that our
o-transformation is non-isometric.
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