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ON ί-ADIC REPRESENTATIONS ATTACHED TO CERTAIN

ABELIAN VARIETIES OVER ALGEBRAIC

NUMBER FIELDS

BY TETSUO NAKAMURA

Let K be a field and let A be an abelian variety defined over K, of dimen-
sion g. Let / be a prime number different from the characteristic of K and let
Tt(Λ) be the Tate module of A. Let Fz(^)=Tί(^)(g)ziQί. The Galois group
Gκ=Ga\(K8/K) operates both on TL(A) and V^A). Write End (A) and Enάκ(A)
for the rings of all endomorphisms of A and of /ί-endomorphisms of A, respec-
tively. Then it is well known that the canonical map

(1) QίΘEnd^Λ) —+ End^ViCΛ))

is injective. It is conjectured that the map (1) is bijective for a field K which is
finitely generated over the prime field. Tate [8] has proved this in case K is
a finite field.

Let K be an algebraic number field. Let v be a place of K. We denote by
Kυ the completion of K with respect to v and by kυ its residue field. Let / be
a prime number different from the characteristic pΌ of kυ. If A has good reduc-
tion at v, we have the following canonical commuting diagram of injective
homomorphisms

> j
Q,® End,β(>l,) —•* End

Λ/

where A is the* reduction of ^4 at v. Since the Galois module Vt(A) is un-
ramified at v, the natural operations of Gκ and G*υ are compatible in the dia-
gram. In this paper we shall consider that Enάκ(A)®QL is embedded in
End(Fz(y4)) and identify Ena(Vt(A)) with M2ί(Qz), the total matrix ring of
degree 2g over Qj.

Now consider an abelian variety A defined over an algebraic number field
K, satisfying the following two properties:

(PI) £-End(A)(g)Q=Endκ(,4)(g)Q is a totally real field of degree g over Q.
(P2) There exist^ two places Vi and v2 of K where A has good reduction

such that £ί=Endftt,ί(^ίt,ί)(8)Q=End(^ίt,l)®Q (z=l. 2) are fields of degree 2g over
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Q and such that they are not isomorphic over E.
For such an abelian variety A we shall prove the following for every prime

number /, VL(A) is a semi-simple G^-module and the map (1) is bijective. Ap-
plying the above result, it is possible to determine the /-adic Lie algebra of
pι(Gκ\ where pt is a /-adic representation attached to A. For an abelian variety
A which satisfies (PI), Ribet [4] has obtained the similar results assuming, in-
stead of (P2), that A does not have everywhere potential good reduction.

It should be noted that the condition (P2) is not so much extraordinary for
simple abelian varieties which satisfy (PI). The jacobian varieties of the elliptic
modular function fields corresponding to the groups Γ0(23), Γ0(29), Γ0(31), (They
are all of dimension 2.) and /Ό(41)' (of dimension 3) satisfy (PI) and (P2). (cf.
Doi [2]. Matsui [3]) Also abelian varieties in Casselman [1], which will be
treated in the last of the paper, satisfy these properties.

1. Let K be an algebraic number field and let A be an abelian variety of
dimension g defined over K such that (PI) and (P2) are satisfied. Let / be a
prime number. Let Ei=E(^Ql= HE2, where λ ranges over all places of E lying

above / and Eλ is the completion of E at λ. Since Vt(A) is a free module of
rank 2 over E^End (A)®Qf, V^A) is canonically decomposed as TLV2, where

λ\L

each V λ is a ^-space of dimension 2. As Vλ is a G^-module, it defines Λ-adic
representation pλ\ G#->Aut (Vλ). (pλ), where λ runs over all places of E, forms
a compatible system of ^-rational Λ-adic representations of degree 2. (For details
of the above facts, see Shimura [6], §7.6, Serre [5], 1-13 and Ribet [4], Chap.
I, II.) It is a result of Tate [9] and Raynaud (unpublished) that VL(A) is a
Hodge-Tate module. (For Hodge-Tate modules and representations, see Serre,
1. c., Chap. III.)

LEMMA 1. Let λ be a place of E and ρλ be as above. If the semi-simplifica-
tion ρλ of pλ is abelian, then pλ is a locally algebraic representation in the sense

of Serre, I. c..

Proof. Regarding Vλ as a vector space over Q;, we denote it by W. Then
from the natural injection a : Aut (Vλ)— »Aut (W), we obtain an algebraic mor-
phism ά : GLVλ->GLw, which is defined over Eλ. Let η : Gκ->Aut (W) be defined
by η=zaopλ. Then η is a semi-simple abelian /-adic representation. Since sub-
modules and quotient modules of a Hodge-Tate module are also Hodge-Tate
modules, -η is locally algebraic, (cf. Serre, 1. c.) Therefore there exists an alge-
braic morphism r: T-+GLW, defined over Qj, such that r(x~1)=ηoιl(χ) for x<=Kΐ
=(#(S)QZ)

X close enough to 1, where T is a Q^torus such that T(Qί)=(^®Qί)x

and where iι:Kΐ->Gκ

ab is the canonical homomorphism of class field theory.
By definition of η, the image of some open neighborhood of 1 in Kΐ by ηoii,
which is Zariski dense in Im (r), is contained in the image of a. This shows
that there exists a morphism f\T-*GLVλ, defined over Eλ, such that r=άof.
Hence we have that f(x~l}=pλ°iι(x) for x^K^ close enough to 1. Thus our
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lemma is proved.

COROLLARY. // there exists a place λ0 of E such that ρλo is abelian, then for
every place λ, pλ is abelian.

Proof. By Lemma 1, ρλo is a locally algebraic abelian semi-simple repre-
sentation. Since (fo) forms a compatible system of semi-simple Λ-adic repre-
sentations, they come from an E-linear representation of some Sm. (cf. Serre [5],
IΠ-16) Therefore, for every λ, pλ is abelian.

Now let Fλ be the Qrsubalgebra generated by pχ(Gκ) in End(V^), and let
Fl=TLFλ. (direct sum in End (1^(4)) Then Ft is the Qrsubalgebra generated

λ\ι

by />,(G*) in

LEMMA 2. Let Fλ be as above. Then

Proof. For a place v of K where A has good reduction, let συ be a Fro-
benius element in Gκ with respect to v. If l3=pv, pι(συ) corresponds to the Fro-
benius endomorphism fv of Av relative to kυ. Denote by aυ the trace of pχ(σv)
for λ\L Then av<=E and it is independent of the choice of / (=£/>„) and λ. Let
Φ be the field over Q generated by all aυ. Then ΦdE. Let S be any finite
set of ^places of K which contains all places of K where A has bad reduction.
Then Cebotarev's density theorem shows that Φ— Q({αjves). Now by (P2) we
have Q(Λ, +/„,)=£ (i=l, 2), hence Φ=E. Therefore we have Fλl)Eλ.

PROPOSITION 1. pλ is not abelian for each place λ of E.

Proof. Let / (Φpvιt Pv^) be a prime number such that £ι®Qt and £2®Qί
are not isomorphic as £®Qr algebras. The existence of such a / is obvious
because of (P2) and Cebotarev's density theorem. In view of the corollary of
Lemma 1, it suffices to show that pL is not abelian, since ρt is the direct sum
of pχ (considered as /-adic representation). Now suppose ρt is abelian. Since
FilDEi0Qi (i=l, 2) by (P2), we have that the semi-simplification PI of FL con-
tains Ei®Qι. Therefore we have /i=£1(8)Qί=£2®Qί However the choice of /
gives a contradiction and hence pt is not abelian. This completes the proof.

THEOREM 1. For every rational prime /, Vt(A) is a semi-simple Gκ-module
and the map (1) is bijective.

Proof. By Proposition 1, we can easily deduce that Vλ is a simple Eλ[_Gκ~]~
module and, therefore, Vλ is a semi-simple Q^ [G#] -module so Vt(A) is semi-
simple. Hence to complete the proof it suffices to show that the commutor of
Ft is Et and hence that the commutor of Fλ in Endq^F^) (—all endomorphisms
of Vλ considered as Qrspace) is Eλ, which is clear by Lemma 2 and Proposition 1.

Remark. The assertion of Theorem 1 remains true even if K is replaced
by a finite extension of K, since (PI) and (P2) are unchanged.
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THEOREM 2. For each prime number I, let gz be the l-adic Lie algebra of
pi(GK) in M2,(Qt). Then

where I is the unit matrix and where %lz(Ej)= |ί ΛeM2(jB>i)|(2+<i=θ|

§I2(-SJ α^ diagonally embedded in M2i(Qt) in the obvious manner. (Theorem 2
follows from Theorem 1 directly, but we omit its proof since it is essentially con-
tained in Ribet [4], Chap. IV.)

Remark. Let Gl be the canonical image of pι(Gκ} in Aut (Tl(A)/lTl(A)\
Then Ribet [4], Chap. V, determined Gl for almost all / if A satisfies (PI) and
does not have everywhere potential good reduction. It is still true if A satisfies
(PI) and (P2). The proof in Ribet, 1. c., is clearly applicable to our case by the
preceding considerations.

2. Let N be a prime such thatN=l (mod. 4); let k=Q(<VN) and let ψ(ά)

— ( - ) be the Legendre symbol. Then there exist an abelian variety A defined

over Q and an abelian sub variety Af defined over k such that A'-\-A/ε=A and
A is isogenous to A'xA' over k, where ε is the generator of Gal (&/Q). Further
there exists a CM field K of degree dim (A) with an embedding θ : /f-»End (A)®Q.
Let /C7 be the maximal real subfield of K. Then we can define an embedding
θ' of K' into End (-4'XS>Q so that 0'(s) is the restriction of θ(s) to A' for every
se/f'. Let p (^Λf) be a prime and $ be a prime ideal of k dividing p. Let
the tilde denote reduction mod p. Let πp be the Frobenius endomorphism of A
of degree p and π$ be the element of End (.4) such that πp π*=p. Then we
have πp+(/>(p) π$=θ(ap), where ap is the eigen value of the Hecke operator
acting on the cusp form associated to A. (For these abelian varieties, see Shi-
mura [6], Chap. 7, and Casselman [1].) If N=29, 53, 61, 73, 89, or 97, A' is
simple and not of CM type (so A' satisfies (PI).) and Casselman (1. c.) proved
that A1 has good reduction at each place of k. Now let N= 73. Then K'

^Q(V5") and dim^x=2. We show that in this case A' satisfies (P2). For p=2
and 3, ap satisfy the equations X2+X— 1=0 and X2— X— 1=0, respectively, (cf.
Wada [9]) Since ψ(2)=ψ(ty= 1, we can compute ττ2 and ττ3. Then Q(τr2)/Q and
Q(π3)/Q are not Galois extensions and the prime ideal (41) is ramified in Q(ττ2)/Q
and unramified in Q(τr3)/Q. These facts show that A1 satisfies (P2).

If N=:97, then dim(A')=3 and ap satisfy the equation X*-3X-1=Q for
p—2 and p=3. (cf. [9]) In this case we also easily see that A' satisfies (PI)
and (P2).
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