L.O. CHUNG
KODAI MATH. SEM. REP
27 (1976), 464—474

ASYMPTOTIC BEHAVIOR AND DEGENERACY
OF BIHARMONIC FUNCTIONS ON
RIEMANNIAN MANIFOLDS

By LunG Ock CHUNG

One of the most fascinating results in harmonic classification theory is the
is the identity O¥,=O0%,, where H stands for the class of harmonic functions
h, 4h=0, with 4=do+0d the Laplace-Beltrami operator, and HD, HC are the
subclasses of functions which are Dirichlet finite, or bounded Dirichlet finite,
respectively. For any class F of functions, Op, Oy denote the classes of Rie-
mannian manifolds on which FCR or F&R respectively, and OF, OF are the
corresponding subclasses of manifolds of dimension N=>2.

A striking phenomenon in biharmonic classification theory is that, in con-
trast with the harmonic case, the inclusion Ox2:pCOp2e is strict, with H? the
class of nonharmonic biharmonic functions. This has been, however, known
only in the 2-dimensional case, in which it was established by undoubtedly the
most intricate counterexample in all classification theory (Nakai-Sario [6]). The
technique of complex analysis used therein is not available for an arbitrarily
high dimension.

Combining certain recent results in the biharmonic classification of the
Poincaré N-ball for the subclasses H2D, H®B of H? functions which are Dirichlet
finite or bounded, respectively (Hada-Sario-Wang [2], [3]), one can draw the
conclusion that O¥epCO¥z. is strict for N=5. However, for N=3, 4, the reason-
ing fails and the question remains unsettled.

The first purpose of the present paper is to give a complete and unified
solution to this problem by proving the strict inclusion

OZZD < O%ZC

for any dimension N=2. We shall, in fact, show more generally that O¥.z ¢ O%sp.
On the other hand, from recent results on the Poincaré N-ball (Hada-Sario-Wang
[2], [3]), we infer that OF:pTOf25. In summary, we have the following string
of strict inclusion relations:
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Proceeding from the special to the general, we state our most general
result which will be the content of our paper:
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for and N=2; X=H*®B, I', G, HP, HB, HD, HC; Y=H?D, H*L?. Here HF=
HANF, H:F=H?~F; 1<p<oo; I is the class of biharmonic Green’s functions
(Sario [9]); G is the class of harmonic Green’s functions; and P is the class of
positive functions. Of these relations, the following cases, in addition to the
aforementioned partial relations on H?B and H2D, have been previously known:
(X, Y)=(HP, H%D), (Sario-Wang [11]); (X, Y)=(HD, H*D), (HB, H%*D), (Sario-
Wang [13]); (X, Y)=(G; H?*D), (Nakai-Sario [8], Sario-Wang [12]); (X, ¥Y)=
(I", H?*D), (Wang [14]). The rest are new: in addition to the aforementioned
unsettled relation between H*B and H®D, the cases (X, H2L?), where X=G, HP,
HB, HD, HC, I', and H*B.

An essential aspect of our paper is that all the above inclusion relations,
old and new, are obtained in a simple and unified manner. The N-cylinder,
endowed with various simple metrics, is the only manifold we will need as a
counterexample. This unification of approach is made possible by a systematic
use of the asymptotic behavior of solutions of differential equations.

The proof of the above statement on the classes Oy and Oy will be pre-
sented in Lemmas 1-25 and §5.

1. Consider the N-cylinder.
M=RXxS"*'={|x|< oo, |y, |=7, i=1, -+, N—1}

with the faces y;=n and y;=-—r identified, for each i, by a parellel translation
perpendicular to the x-axis. Endow M with the metric

dsz=902(x)dxz+sl)2(ﬁc)a’y%+1:'§;1 dy3,

where ¢, ¢=C(—o0, c0). The proof of our theorem will consist, in essence, of
two parts. First we show that for a suitable choice of ¢, ¢,

MeO0¥NOENOENOF5NOFepNORerr ,
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and then that for another choice of ¢, ¢,
M, €08 NO%rNOFNO¥25NO0¥2pN\ONern

where M, is the manifold with the new metric, and F=P, B, D, C. This will

establish our claims O¥NOy+¢ and O¥NOy+#¢. The remaining relations
O¥NOF+¢ and OF¥NOF+¢ will then follow from other quite trivial choices of

¢ and ¢.

2. To establish the first string of relations in §1, we choose ¢=¢ on
(=00, ), p(x)=|x|"* for |x|>1.

LEMMA 1. A harmonic function h(x, y), y=(3,, -*-, Yn-1), has a representation

oo N1 . . .
h(x, y)=f. o(x)-l-n;f W(0)Gu(y), where G (y)= LIIG%(yi) with Gi(y;)==xsinn,y; or
+cos n,y; for some integer n,. The series converges absolutely and uniformly on

compact sets.

In fact, by a standard application of the Peter-Weyl theorem, we obtain for
any xo, A(x,, ¥)=F(x,)+ élfn(xo)Gn( y). Here the G, are invariant under varying

X, by virtue of continuity. The convergence follows by a standard argument
using differentiation with respect to y.

LEMMA 2. f(x) is harmonic if and only if f(xX)=ax-+b.

For the proof, solve the equation 4df=—g 2f”=0, where +/gdxdy is the
volume element.

LEMMA 3. MeOy with X=I", G, HP, HB, HD, HC.

From the harmonic classification theory, we have the the inclusions Ogz<
Oup<Oxp<Opp=0pyc. Moreover, O;<Op (Wang [15]). Thus it suffices to show
that M0, The harmonic measure @ of {x=c>0} on {0<x<c} is x/c in view
of Lemma 2. As c¢—oo, w—0. Similarly, the harmonic measure of the boundary
component at x=-—oo vanishes. Therefore, MeO,.

3. Having discussed the spaces Oy, Oyp, Or of the first string of relations
in §2, we turn to the spaces related to biharmonic functions. First we pre-
sent some preparatory results.

LEMMA 4. If f(x)G(y) is harmonic, then f is strictly monotone.

Suppose the claim false. Then for c¢,<c,, say, f|{c;<x<c,} is not strictly
monotone, and f takes on its maximum or minimum on {¢;<x<c,} at some
point of this open interval. So does, a fortiori, fG, in violation of the maximum
principle for harmonic functions.
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LEMMA 5. If f(x)G(y,) is harmonic, G(y,)==xsinn,y, or =cosmn,y, with
n,#0, then f(x)=ae ™%+be™”,

We obtain successively
A(fG)=(4f)G+f4G=0,
df=—gnfr,
AG=g"" ¢ *g " niG)=nig "G,
A(fG)=(—g {7 +nig ' *f)G=0,
with the fundamental solutions f,(x)=e™* and f,(x)=e ™7,
LEMMA 6. If f(x)G(y,) is harmonic with G(y;) not constant, i+1, then
f)=ax(1+o(1))+b(1+0(1)),  a+0
either as x—oo or else as x——oo.
This time we have

AfC)y=(——j F7+m2f)G=0,

hence

Jr=niVES.

We now make use of the following theorem of Haupt [4] and Hille [5]:
A necessary and sufficient condition for the equation

F"(x0)=p(x)f(x)
on (0, o) to have the fundamental solutions
fi()=x(1+0(1)),

fa(x)=1+0(1)
as x—oo is that
xp(x)e L0, o).

Since n2+/g =n?|x|"? for |x|>1, the condition of the theorem of Haupt and
Hille is satisfied, and we conclude that

f(O=a,x(1+0(1))+b,(1+0(1)) as x—oo,
or
f()=a,x(1+0(1))+b,(1+0(1)) as x——oo.

By Lemma 3, fG is not bounded and the same is true of f. Consequently a,#0
or a,#0.

LEMMA 7. If f(x)G(¥,, ¥s, ==+, Yn-1) 1S harmonic, with G not constant, then
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F(xX)=ax(14+0(1))+b(1+0(1))
either as x—oo or else as x——oo,

The proof is the same as for Lemma 6, the equation
N-1 —
Fr=(ZmVef
again satisfying the Haupt-Hille condition.

LEMMA 8. If f(x)G(y) is harmonic with G(y)——-Nl:[IGl(yl), G'(y,) not constant,
1=1
then
f(x)~ae™® with a0

either as x—oo or else as x——oo,
The equation 4(fG)=0 gives
f1=E g+ 5w
which for |x|>1 is reduced by the transformation f(x)=f(n,x) to the form
fr()=QA+-c| x| )f(x).
We now make use of the following theorem of Bellman [1]:

If p(x)—0 as x—oco and if j‘:pzdx< oo, then the equation f”=(1+p)f in (0, o)
has the fundamental solutions

Ffi(x)~exp [— (x+%f:0p(x)dx+o(1)>] ,

fimexp x5 [ p@dxtom].

In the present case, p(x)=c|x|® satisfies the condition of Bellman’s theorem,
and we obtain f=a,f,+b,f, for x>1 and f=a,f,+b,f, for x<—1 with

fi~exp[— (1l +4 pdzto)],

fidexp [ lxl 4 pdrron)].

If b,=b,=0, then f(x)—0 as |x|—oo, in violation of the maximum principle.
Therefore either b,#0 or b,#0, and in view of the above transformation, we
have the lemma.

LEMMA 9. A solution of dq=11is qo(x)z_f:jt«/g—(_s) dsdt. The general solu-
0
tion of dq=c is cq,(x)+h(x, y) where he H. Every q is unbounded.
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The only part of the lemma that needs proving is the unboundedness of gq.
Suppose that there exists a bounded ¢q. Then the transform (Tq)(x):j q(x, y)dy
Y

=aq,(x)+bx+c is bounded. Since g,——oc as |x|—oo, whereas bx changes its
sign with x, we have a contradiction.

LEMMA 10. A solution of A*u(x)=0 1s uo(x)zj:ft sv/g(s) dsdt. It satisfies

uo(x)~+alog|x| for some constant a as x—-+oo, respectwely. The general solu-
tion couo(x)+¢,qo(x)+cox+c; 15 unbounded.

The proof is analogous to that of Lemma 9.
LEMMA 11. M&Oyzp.

The function #,(x) of Lemma 10 is Dirichlet finite:
Duy=c| "~ (uiyogtdx

1 pe
— -2
-—cl—l-c(j_& +f1 )le dx<oo,
LEMMA 12. Me&Opyspp.
If fact,
luslig=c| " |uol? Vg dx<oo,

since |uy(x)|~|alog|x|| but V/g~|x|™® as x—=oo.

LEMMA 13. Let v(x) satisfy the equation A(w(x)G(3))=f(x)G(y,)eH with
fG+#0 and G(y,) not constant. Then v 1s unbounded.

We have
(—— \}g v+ %v)szG,
hence
v=nv—gf.

By Lemma 5, f(x)=ae™*+be ™% with |a|+|b]|#0. We may assume a<0; the
proof for the other case is analogous.

Suppose v is bounded. For sufficiently large x>0, njv—+/gf grows at the
rate of x7%¢™?* We thus have

v’(x):v’(xa)—}—j ’ (nv—ax3e™%)dx,
To
where we may choose x,>1. It follows that

2()=v(x) +o () r—x)+ [ [ (to(e)—as~emydsdt
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which is clearly not bounded.

LEMMA 14. Let v(x) satisfy the exuation A(w(x)G(y,)=f(x)G(y,)EH with
fG+0, i>1, and G(y,) not constant. Then v is unbounded.

The proof is analogous to that of Lemma 13, with
V'=niv/guv—~gf.
In applying Lemma 6, we may assume that f(x)=ax(1+o0(1))+b(1+0(1)) as x——o0
with a<0. If v is bounded, we have for x<—1,

v(x)=( ln%] t)=*u(t)dt— 1; t|-*fdt

w) =) =[ " mltlo(dtdz— " |¢1-fdtdx

for x,<x<x,<—1. As x,——oc0, the first integral converges but the second does
not. Thus v(x,) cannot be bounded as x,——oo, in violation of the assumption.

LEMMA 15. Let v(x) satisfy d(w(x)G(¥))=f(x)G(y)eH, with f(x)G(y) not
constant. Then v(x) 1s not bounded.

We may assume 7,#0 and at least one n;#0, :>1. We now have
N—1
v =(ni+ Z,; nia/gl—~gf.
1=

Since fG is harmonic, f~ae™ ! for either x—oo or else x——co. We may assume
the former. Clearly |vgf|—o as x—oco. If v is bounded, then 2/ will do-
minate the right-hand side of the equation. On integrating as in the proof of
Lemmas 13 and 14, we arrive at the contradiction that v is both bounded and

unbounded.

LEMMA 16. M&Oy2;.

Suppose there exists a u(x, y)e H*B. Write u(x, y)=vo(x)+§v,,(x)6n(y)
with G,#G, for n#m. Either v,x) or some v,G, is not harmo;i_cl. Suppose
this is true of v,;,G,,. Then the thransform

(Tu)(x)= uGuody=cva(x)

is bounded, in violation of Lemma 15.
With Lemma 16, the proof of the first string of inclusion relations in §1 is

complete.

4. We turn to the second string of relations in §1. We now choose ¢p=1
and ¢ a positive symmetric C* function with ¢(x)=exp '™ for |x|>1, and denote
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the resulting manifold by M,.
The same proof as for Lemma 1 shows that every harmonic function 4 on
M, has a representation

h(x, 9)=/o(0)+ B fa(R)Ca().
LEMMA 17. f(x) is harmonic 1f and only 1f f(x)=ajng’1dx+b.
0
This is seen by solving the harmonic equation 4f(x)=—¢ *(¢f")=0.

LEMMA 18. M,€0;"\Oyyx, where X=P, B, D, C.

The function f(x)= j‘ xg[;"dx is bounded and its Dirichlet integral is
0

D(f)=fMl(f’)2¢dxdy=c_f_&¢v'1dx<oo .
LEMMA 19. The function
a(=—{ ¢ 0f p(s)dsdt

is quasiharmonic, that is, 4g,=1. Every quasiharmonic function has the form
g=go,+h with heH.

This is verified by direct computation of 4q,.
LEMMA 20. M,E0y:5.
In fact, g, H®B, since
t
'¢-l(t)j gb(s)dslwe"" as |t|—oo.
0

For verification, first apply I'Hospital’s rule to the left-hand side to see that it
goes to 0 as |t|—oco, and then show, again by [I'Hospital’s rule, that

|e'“¢-1(t)j:¢(s)dsl—»1 as |#]—oo.
LEMMA 21. For h(x)eH, the function
u)=[ 97O $hdsat

is biharmonic. Every biharmonic function of the form u(x) can be written u(x)
=uy(x)+c.

The proof is again by direct computation.

LEMMA 22. Every mnonharmonic biharmonic function of the form u(x) has
infinite Dirichlet and LP norms.
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An estimate similar to that in the proof of Lemma 20 shows that |u/(t)|~e™'*!

either as t—oo or else as t——oo. The Dirichlet integral is
D(wy=c~ (wy'pdr=oo.

Since u/(t) does not decrease faster than e™'"! at least in one direction, the
same is true of u(f). Therefore,

lulg=c " lulgdz=co.
LEMMA 23. If v(x)G(y) 1s a nonharmonic biharmonic function, with G(y)
not constant, then ve L?.

Suppose v&L? for some 1=<p<oco. Then |v(x)|P¢(x) is integrable and de-
creases to 0. Let 4(wG)=fG. Since vG is nonharmonic biharmonic, f does not
vanish in the neighborhood of at least one component of the ideal boundary,
say x=co. As in Lemma 15, 4(vG)=fG gives

N-1
(¢v’)’:(nf¢"+l=2z nPyv—of .

For large x>0, we may assume f(x)<e<0, by changing the sign of G if
necessary. Since |v|—0 rapidly, the dominating term on the right-hand side is
—¢f, and we obtain

(Pv"Y =Zcp>0

for all sufficiently large x>0. On integrating from a sufficiently large x, to a
larger x, we obtain

¢v’gcfz¢dx.
o
An estimation exactly as that in the proof of Lemma 20 yields
v'=ce .

Thus v can not be decreasing faster than ce™®. This contradicts |v|?¢(x)—0
and completes the proof of the lemma.

LEMMA 24. The Dirichlet and L? norms of the function vG of Lemma 23
are 1nfinite.

By Lemma 23, ve& LP. Therefore
lvGlg=c[ " |v|?pdr=co.

By the proof of Lemma 23, |v/|=ce™'*! either as x—co or else as x——oo. There-
fore,
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D(WG)= fMl(v’G)Zgbdxdy n jmg(v gf ) gtdxdy

= _:(v’)ngdxzoo )

LEMMA 25. M,€0y210N\Opys2p.

Let u(x,y) be a nonharmonic biharmonic function. Write u(x, y)=
vo(x)—l—ni)lv,,(x)Gn(y). By Lemmas 22 and 24, neither v, nor any v,G, belongs to
DUL? 1—f it is nonharmonic. By the Dirichlet orthogonality of v, and the v,G,,

we conclude that v,+ > v,G, is Dirichlet infinite.
n=1
Suppose v,+ X v,G,€LP. Choose a nonharmonic term v,,G,, Since v,,Gn,
n=1
& LP, there exists an L? function fG,, such that (v,,Gn,, fGno)sz VnoGnofGrodV
1

=o0. On the other hand, (V4,Gngy fGro)=(o+ i‘, V,Ga, fGry) <0, a contradiction.
n=1

With Lemma 25, the proof of the second string of relations in §1 is complete.

5. It remains to show that OyNOy+#¢ and éxm6y¢¢. The metrics we
shall choose will result in simple computations which also are completely an-
alogous to those in §§ 2:4, and we can be brief.

To show that OxN\Oy+#¢, we choose ¢=1 and ¢(x)=|x|~* for |x|>1. Then
the solutions 4(f(x))=0 and 4(g(x))=1 turn out to belong to the desired func-
tion classes X, Y.

To prove OxNOy+#¢, let p=¢=1. It is easy to explicitly solve the equation
A*u=0 in all cases and to show that the solutions do not belong to X or Y.

6. We have completed, by Lemmas 1-25, and §5, the proof of the fol-
lowing result:

THEOREM. The classification scheme
O%
L
O¥ur Oy
<
o¥
holds for X=G, HP, HB, HD, HC, I', H®*B; Y=H*D, H*L®.

The author is indebted to Professors L. Sario and C. Wang for valued advice.
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