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ON THE SPECTRUM OF LENS SPACES

By TAKASHI SAKAI

Let (S*™! g,) be a (2n—1)-dimensional sphere of constant curvature 1, and
be imbedded in C*=R*". Let T be an element of SO(2n) which is defined by

T: (Z], Tty Zn) I (e2T”~/—1 2yttt e%“/‘l zn) ’
and G be a cyclic group of order p generated by T.

Then G acts on (S*! g,) as a deck transformation group and we have the
lens space M=S%""'/G which has a homogeneous riemannain metric of constant
curvature 1 (See J. Wolf [2]).

In M. Berger [1], spectrum of spheres, real and complex projective spaces
are given. In the present note we shall give the spectrum of homogeneous lens
space of constant curvature explicitely.

§1. Spectrum of (S**°', g,). (For the proof, see [1], pp. 172). Let S**"'CC"
be a shere of constant curvature 1. Let (2, Z,) (j=1,---,n) be complex co-
ordinates of C™ and put

0/0z,=1/2(8/0x;—~/—10/dy,),  0/0z;=1/2(8/0x;,+~—109/3y,),

where (x, -+, X,; Y1, -, ¥x) be the coordinates of R*"=C", i.e. z;=x;,++v—19,
(]_—_]_’ e n)'

Now we define the Laplacian acting on CZ(C™)—space of complex-valued
C=-functions on C"—by

- n 62 a2 . n aZf
“Af_,gl( ox? J+ 03 f>—4,§ 770z°

Let P be a bihomogeneous polinomial of bidegree (k, ), i.e., degree 2 on z and
degree [ on Z, then P is harmonic if and only if 4P=0 holds.

Py, (resp. H,,) denotes a ring of all bihomogeneous polynomials (resp.
harmonic bihomogeneous polynomials) of bidegree (%, {). Then we have

—_ 2
Pry=IH e DT Pr1,0-1 -

If we define @,,=2;,1(S* "), and H ;=S s, Ps,;, Wwe have
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PROPRSITION 1.1. E?k,¢=5_[k,@§>k_,,l_,, that is, @57,;,1:@@,1 holds., and this

DIy, is dense in CP(S*™ ') wn the sense of uniform convergence.
kil

If Pedl,,, then we have

45" p=( 4" P+ (2n— 1)—+ arP T2

|182n-1

=(k+1)(2n+k+1—2)P

and dim ﬁk,l:dim .EZ_’k,L—dim -q_)k—l,l—l-
From this we have

PROPOSITION 1.2. The spectrum of (S***, g,) 15 the set A,=p(2n-+p—2) (p; non-
negative integer) with multiplicity (2n+1) 1) (2n+p 3)

2. Spectrum of homogeneous lens space. In this section we shall consider
the spectrum of homogeneous lens space M=S*""1/G with constant curvature 1,

L .
where G={T*}4=p~! with T: (2, ,2,)—(€? ¥ 'z, -, e BT z,). First we con-
sider the bihomogeneous polynomials of bidegree (%, l) which is invariant under
the action of G. Since the monomial zi1--- zinZit ... Zin (4,4 - +i,=k, j,+ -

L - - . . .
+7,=10) is taken into el‘“’ b= )z‘lu-z,f"z{lu-z;" via the action of TG, bi-

homogeneous polynomial of bi-degree (k,[) is G-invariant if and only if k=!
(mod p) holds.

Let &, (resp. & r,.) denotes the space of functions on M, which is deduced
from @, (resp. 4;,;) by first restricting on S*~! and next passing to quotient
by the covering map ¢:S**'—M. By proposition 1.1, 4, (k=[ (mod p)) is a
subspace of proper subspace relative to the eigenvalue (k-+1)(2n+k+1—2).

Next we shall show that et (EB )ﬂ[ #, 18 dense in C7(M) in the sense of

uniform convergence. This implies that b = & (_P“ gives the
k=[ (mod p) k=l (mod p)

decomposition of CZ(M) by the proper subspaces of Laplacian ([1], pp. 143).

Since - (EB ﬂ’k,, is a subalgebra of C2(M) which is self-conjugate and contains

the constants, it suffices to show that GBd C_Pk,l separates the points of

k=l (mod p)
M=S?""1/G (Stone-Weierstrass theorem [1] pp. 144).
Let x,y=S*"* be points with ¢(x)#=¢(y). We put x=(z,,-+, z,), y=(2{,*+, 21).
Since x#}y, there exists : such that z;#z, holds.

Case I. zZ;#2z{z, (not summed up). In this case ¢(x), ¢(¥) are separated
by z.Z..

Case Il. zZ;=ziZ], but z;=z, for some j#t. In this case ¢(x), ¢(y) are
separated by z;Z,.

Case IIl. z,#z{ (k=1,---,n), but z,Z2,=2z/2/. In this case we may write
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z4=e>"""Tz, with 6,0 (mod 1), and we have z/Z=e* %7 zz If 0,=6,
(mod 1) for some distinct j, i, ¢(x) and ¢(¥) are separated by the z;2,. If

z{=e""7z, (k=1,--,n) holds for some 0=0 (mod1), we have (z{)?*'z/
=T (2,)P*z,. In the case ¢** T #1, o(x) and ¢(y) are separated by

(z,)?**z,. In the case ez"”"“’:=1, we have z/ ="’ T z, IZIZp—1; k=1,---,n)
and we have ¢(x)=¢().

So the eigenvalues of M is A, ,=2k+mp)xX(2n—24-2k+mp) (k=0,1,2,-
m=1,2,---) and the multiplicity of 4;, is equal to dim g’k,km,,—l—chm EPH,M,,

—dim -CPk 1yk- 1+mp_dlm EPk 1+mpyk-1-
But there is the possibility that 2k+mp=2k'+m’p holds for distinct values
k, k" and m, m’.

A) p: odd. The different values of 2k+mp (k=0,1,2,---: m=0,1,2,--+) are
the following ;

(1) 2(s—=Dp+2t (s=1,2,--: 0=t=(p—1)/2).
(ii) @s—=1p+2t (s=1,2,--: 0=t=(p—1)/2).

i) 2As—Dp+2(t+Po+ f’“) (s=1,2, - : 0=t=(p—3)/2).
(v) (s—Dp+2(t+LELY (s=1,2, - 0=t2(0-3)/2).
Case (1). For given s, t (s=1,2,---: 0=¢=(p—1)/2), the k and m’s which
satisfy 2k+mp=2(s—1)p+2¢t are
[ k=t s P+t (S—l)p+t
m=2(s—1), 2(s—2), .-+, 0

So the corresponding eigenvalue is 4{(s—1)p+1} {(n—1)+(s—1)p+¢} with multi-
plicity

WE: (n+t+ap—1)(n+t+bp—1)— 273: (n+t+ap—2) n—i-t—{—bp-g)/

“E\  ttap t4bp | avzo\ thap—1)\  t+bp—1)-

a,b=0
Case (i1). For given s, t (s=1,2,---: 0=t=(p—1)/2), the & and m’s which
satisfy 2k+mp=(2s—1)p+2¢ are

‘ k=t , b+t , (s—=1)p+t¢
m=2s—1, 2s—3, -+ , 1.

So the corresponding eigenvalue of Laplacian is {(2s—1)p+2t} {2n—2+(2s—1)p
42t} with multiplicity
agz(n—l—t—l—ap—l)(n—l—t—l—bp—l)-— %L(n—l—t—l—ap—Z)(n—l—t—l—bp—Z)

t+ap t+bp a t+ap—1 t+bp—1/°

25—1 25—1
4,020 020
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Case (iii). For given s, ¢ (s=1,2,: 0t=(p—3)/2), the  and m's which
satisfy 2k+mp=2(s_1)p+2(t+ p—lz-l ) are

[ b=t 2EL 4 3PEL s 1p1
m=2s—1) , As=2) 0.

So the corresponding eigenvalue of Laplacian is 4{(2s—1)p/2+t+1/2}{n+
(2s—1)p/24+t—1/2} with multiplicity

ntt+L 4 ap) [ntt+ 2 4o

>
I AN e

a,bz0

n+t+p_ +ap n+t+p +bp

3
_— 2 _ .
R W t+i’2—+b1> .
a,b=0

Case (iv). For a given s, t (s=1,2,---: 0=t=(p—3)/2), the k and m’s which
satisfy 2k+mp=2(s—1)+2(t+(p+1)/2) are

k=t+(p+1)/2, t-+(3p+1)/2, -+ , t+
m=2s—1 , 25—3 1.

So the corresponding eigenvalue is {2sp+2t+1}{(2n—2)+2sp+2¢t+1} with
multiplicity

(2s—1p+1
2

n—l—t—l-p +ap n+t+p +bp

>
o t+p—Jgi +ap t+1‘—5—1— +bp
a,b=0

ntt+ 252 v ap\ [t 252 4oy

— 2 . B
2\ 25 qap)\ e 25 ).

a,b=0

A) p:even. In this case the different values of 2k+mp (£=0,1,2, - :
m=0,1,2,---) are the following:

(i) (@2s—Dp+2t (s=1,2,-; 0=t=(p—2)/2).
(i) 2sp+2t (s=0,1,2,---; 0=t=(p—2)/2).

Case (i) For a given s,t (s=1,2,--; 0<t=(p—2)/2), the k and m’s which
satisfy 2k+mp=(2s—1)p+2t are
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[ k=t , t+p, - ’ t—]—(s—‘l)ﬂ

m=2s—1, 2s—3, --- , 1,
or

k=t+D/2 | -, -, t+(25—1)p/2
{ m=2(s—1), 2(s—2), ---,0.

So the corresponding eigenvalue is {(2s—1)p+2t} {2n—24(2s—1)p+2t} with
multiplicity

ntt+ap—1\[ntt+bp—1
>
45\ ttap t+bp
1 1
ntt+(a+—)p—1\ [n+t+(b+—5)p—1

e t+(a+—)p t+(b+-5)p

2(s—1)
a,bz0
n+t+ap—2\ [n+t+bp—2

>
oy t+ap—1 t+bp—1

t+(b+5-)p—1).

ntt+(at1)p—2\ [ntt+(b+4-) p—2
_g )
i\ (o)

<

Case (i) Foragiven s, t (s=0,1,2,-+; 0=t=(p—2)/2), the £ and m’s which
satisfy 2k-+mp=2sp+2t are

{ k=t A

m=2s, 2(s—1), ---, 0
or

E=t40/2, th-3p, -+, +(25—1)p/2
{ m=2s—1,2s—3 , -, 1.

So the corresponding eigenvalue of Laplacian is 4(t+sp)(n—1+4¢+sp) with multi-
plicity
n+t+ap—1\ [n+t+bp—1

P>
G\ ttap t+bp
a,bz0
nttt(at—)p—1\ [nrt+(b+-1)p—1

)
T e(er L) t+(b+4)
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(i) p: odd.

eigenvalues of 4

range of s, ¢

H=Dp+tH{(n—1)+(s—1)p+1}

3:]_’ 2y e

t=0,1, -, (p—1)/2

{@s—=1)p+2t} {2n—2+(2s—1)p+2t}

321, 2’ ee

t=0,1, -, (p~—1)/2

4H{(2s—1)p/2+1t+1/2} {n+(2s—1)p/2+1—1/2}

t=0, 1, -, (p—3)/2

{2sp+2t+1} {(2n—2)+-2sp+2t4-1}

t=0, ]-r Tty (p-B)/Z

(i) p: even

{(2s—1)+21} {2n—2+(2s—1)p+2t}

S=1, 2y vee
t:Oy 17 Tty (1)_2)/2

A(sp+-t)(n+t+sp—1)

s=0, 1,2, -
t:()! ]‘7 ot ’ (p—p)/z

Table 1.
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multiplicity

n+t+ap—1\ [n+t+bp—1 n+t+ap—2\ [ntt+bp—2
az(g—l) t+ap t+bp “2(’;"1) t+ap—1 t+bp—1

ntttap—1\ [n+t+bp—1 nd-t+ap—2\ [n+t-+bp—2
9\ ttap t+bp “h\ trep—1f\ bl
2 a,b20

n+f+p +ap n+f+ﬂ+bp n+t+—p;—3+ap n+t+———p—£3+bp
g t+‘2i5L+af’ t+24 L+ bp “z+<3§,1> 22 pap\ e 2T by

ntt+L ot ap\ fntt+ 24 bp ntt+ 223 4 ap) [nrt+ 253 4 bp
AR +1+ap R e 0\ RIS st R | QRS R A
a,b=0 a,b20

nttt+ap—1 n+f+b1>—1 n+t+(a+%)p—1 n—l—t—l—(b—l——%—)p—l
Z;égg t+ap t+40bp 2(s—1) t—l—(a—l—%) P t+<b_|__%_>p
M\ tap—l t+bp—1 “JJ;:D t+<a+—%—)p—l t+(b—|—-%—>p—l

nt+ap—1\ [nti4bp— ntt+(at2) o1\ fnt i (b)) p—1
S5\ trap—1)\ t+bp “*3: A tr(ar5)p t+(b+2)p

1 1

ntt+ap—2\ [nttbp— ntt+(at—) p—2| [ntt+(b+— ) p—2

Gvzet\  ttap—1]\  t4bp—1 “*3;1 t+(at—) -1\ t+(b+5)p—1

Table 2.
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n+t+ap—2\ [n+t+bp—2

>
ato= t4ap—1 t+bp—1

a,b=0

n—l—t—l—(a-l—%)p—Z n+t+(b+%)p—2

-

atvs t+<a+%)p—l t+(b+%)1>—1 .

a,b=0
Summing up the above, we have the following :

THEOREM. The spectrum of homogeneous lens space M=S?""*/G of constant
curvature 1 with cyclic fundamental group of ovder p is given in the following
table.

Remark. If p=2, the spectrum in the table coincides with the result in ([1],
pp. 166).
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