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ON THE SPECTRUM OF LENS SPACES

BY TAKASHI SAKAI

Let (S2n~\ gQ) be a (2n—l)-dimensional sphere of constant curvature 1, and
be imbedded in Cn=R2n. Let T be an element of SO(2n) which is defined by

T : (zlf -. , zn) —+ (e^-"/=Γzlt - , e^~zn),

and G be a cyclic group of order p generated by T.
Then G acts on (S271'1, gQ) as a deck transformation group and we have the

lens space M=S2n~1/G which has a homogeneous riemannain metric of constant
curvature 1 (See J. Wolf [2]).

In M. Berger [1], spectrum of spheres, real and complex projective spaces
are given. In the present note we shall give the spectrum of homogeneous lens
space of constant curvature explicitely.

§ 1. Spectrum of (S2n~\ g0). (For the proof, see [1], pp. 172). Let S
be a shere of constant curvature 1. Let (zJt z3) 0 = 1 , ~- ,n) be complex co-
ordinates of Cn and put

3/3^=1/2(3/3^- V = Γ 3 / 3 ^ ) , 3/3^=1/2(3/3^+ V =

where (xlt-~ ,xn', 3Ί, ••• ,yn) be the coordinates of R2n=Cn, i.e. Zj=
(7=1, - , n ) .

Now we define the Laplacian acting on C~(Cn)—space of complex-valued
C°°-functions on Cn—by

Let P b e a bihomogeneous polinomial of bidegree (k, I), i. e., degree k on z and
degree / on z, then P is harmonic if and only if J P = 0 holds.

&k,ι (resp. JCkjl) denotes a ring of all bihomogeneous polynomials (resp.
harmonic bihomogeneous polynomials) of bidegree (k, I). Then we have

If we define ^*,i=5>*, I | (S 8 n" 1)> and JCkil=JCktιΓ\^k9h we have
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k,L

PROPRSITION 1.1. ^M=«5f* fi®^*-i,i-i, that is, φ c # M = φ ^ M holds., and this
k,L k,L k,L

k i is dense in C^S271'1) in the sense of uniform convergence.

If P(ΞJCkfl, then we have

=(k+l)(2n+k+l-2)P

and
From this we have

PROPOSITION 1.2. The spectrum of (S2n-\ g0) is the set λp=p(2n+p—2) (p; non-

negative integer) with multiplicity

2. Spectrum of homogeneous lens space. In this section we shall consider
the spectrum of homogeneous lens space M=S27l~1/G with constant curvature 1,

where G={T*}J=Γ1 with T: (zlf ••• , z^{e^~x zlf •••, e^~zn). First we con-
sider the bihomogeneous polynomials of bidegree (k, I) which is invariant under
the action of G. Since the monomial zl1 ••• z*nz{1 ••• z3

n

n (ix+ ••• +in=k, jλ+ •••

+Jn=l) is taken into e~*~v~1(-k~°z\i —zpzi1 —zin via the action of T<=G, bi-
homogeneous polynomial of bi-degree (k, I) is G-invariant if and only if k=l
(modi) holds.

Let §?kfl (resp. Jck,ι) denotes the space of functions on M, which is deduced
from &hjι (resp. JCkfi) by first restricting on S271'1 and next passing to quotient
by the covering map φ: S2*-1-*^/. By proposition 1.1, Jtkfl (k=l (moάp)) is a
subspace of proper subspace relative to the eigenvalue (fc+l)(2/ι+£+l—2).

Next we shall show that φ Jίk)l is dense in C™(M) in the sense of

uniform convergence. This implies that φ &w— © &k,ι gives the

decomposition of C™(M) by the proper subspaces of Laplacian ([1], pp. 143).
Since © &kι is a subalgebra of C™(M) which is self-conjugate and contains

k~L (mod]))

the constants, it suffices to show that φ <?M separates the points of

M=S2n"1/G (Stone-Weierstrass theorem [1] pp. 144).
Let i j e S 2 " " 1 be points with φ(x)Φφ{y). We put x=(zlf —, zn), y=(zl,— ,zi).

Since xΦy, there exists i such that ztΦzi holds.

Case I. ZiZiΦzlzί (not summed up). In this case <p(x), ψ{y) are separated
by ztzt.

Case II. zizi=z[zf

ly but Zj—z'3 for some jφi. In this case <p(x), <p(y) are
separated by ztZj.

Case III. zkφzl (fc=l, ••• , n), but zkzk=zk

rzί. In this case we may write
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z'k=e2πθ^~zk with θkm (modi), and we have zfβi=e2πί$J"$iW=Γzj2t. If θ^θ%

(mod 1) for some distinct j , i, φ(x) and φ(y) are separated by the zμt. If

Z,=ze2πβv—Zk (k=if... tn) holds for some Θ^O ( m o d i ) , we have (zί)p+1zί

(zk)
p+1zk. In the case e2*pθv~=l, we have zί =e2πfvZTzk (l^l^p-1 k=l, •••, ft)

and we have φ(x)=φ(y).

So the eigenvalues of M is λkfm=(2kJ

rmp)x(2n-2+2k+mp) (k=0,1,2, •••

m = l , 2, •••) and the multiplicity of λkjm is equal to dim &kfk+mp+dϊm &k+mPfk

—dim ίjfe-i,A-i+mj,-dim SVi+mp,fc-i

But there is the possibility that 2kJ

Γmp=2kfJrm/p holds for distinct values
k, kr and m, m''.

A) ί : odd. T h e different values of 2k+rnp (k=0,1, 2, ••• : m = 0 , 1 , 2, •••) are

the following

( i ) 2(s-l)/>+2f (s=l, 2, -. : 0 ^ ί ^ ( ί -
(ii) (2s-l)ί+2ί (s=l, 2, -.

(iii) 2 ( s - l ) # + 2 ( ί + ^ ± L ) (s=l, 2,

(iv) (2s-l)ί+2(ί+^|i-) (s=l, 2, .-

Case (i). For given s, ί ( s = l , 2, ••• : 0 ^ f ^ ( / > - l ) / 2 ) , the A and m ^ which
satisfy 2k+mp=2(s-l)p+2t are

k=t ,p+t , ••• ,(s

m=2(s-l),2(s-2),.. ,0 .

So the corresponding eigenvalue is 4{(s—l)ί+ί} {(?2—l)+(s—l)p+t) with multi-
plicity

Σ ln+t+αp-l\ln+t+bp-l\- Σ ln+t+αp-2\ln+t-\-bp-2\
2(s-i) 2(5-1) I
α ^o \ t+αp l\ t+bp I *.teo\ t+αp—ll\ t+bp—lj'

Case (ii). For given s, ί ( s = l , 2, ••• : 0^f^(/>—1)/2), the k and m rs which

satisfy 2k+mp=(2s-l)p+2t are

m=2s-l, 2s—3, ••• , 1.

So the corresponding eigenvalue of Laplacian is {(2s—l)p+2t} {2ft—2+(2s—]
+2t} with multiplicity

Σ In + t+ap—1\ ln+t+bp—ϊ\ — Σ /fi

άSίJ\ f+αί /\ t+bp I «'̂ o\ t+ap-lj\ t+bp-lj '
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Case (Hi). For given s, t ( s = l , 2 , ««•: O^t^(p—3)/2), the k and m's which

satisfy are

m=2(s-l) ,2(s-2) , - ,0 .

So the corresponding eigenvalue of Laplacian is 4{(2s—ϊ)p/2+t+l/2}{n+
(2s-ϊ)p/2+t-l/2} with multiplicity

n+t+£=^-+bp\

t+

2
P+l +bp

- Σ
α+δ=

(

n+t+- -+ap ln+t+

t+

P-3
2

P-l

+bp\

+bp I

Case (iv). For a given s, t (s=l, 2, •••: 0^f^(/>—3)/2), the fe and m's which
satisfy 2ife+TO/>=2(s-l)+2(ί+(/>+l)/2) are

m=2s—1 , 2s—3 , 1.

So the corresponding eigenvalue is {2sj&+2ί+l}{(2n—2)+2s£+2ί+l} with
multiplicity

+bp •

A) p: even. In this case the different values of 2k+mp (k=Q, 1, 2,
m=0,1,2, •••) are the following:

(i) (2s-ΐ)p+2t (s=l, 2,...
(ii) 2s^+2ί (s=0,1,2,

Case (i) For a given s, ί (s=l,2, ••• (Kf^(/>-2)/2), the fe and m;5 which
satisfy 2k+rnp=(2s-l)p+2t are
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k=t , t+p, ••• , t+(s-l)p

m=2s-l, 2s-3, - , 1,

k=t+p/2 , t+-γp, ••• , t+(2s-l)p/2

m = 2 ( s - l ) , 2 ( s - 2 ) , ••• , 0 .

So the corresponding eigenvalue is {(2s—l)p+2t}{2n—2+(2s—l)p+2t) with
multiplicity

ίn+t+ap-l\

α

2

+

s

δ_ϊ \ ί + α £

+ Σ

Σ
2 S - 1

t+bp

t+ap-1

n+t+bp-2

t+bp-I

- Σ
α+δ=

(ϊi) For a given s, f (s=0,1, 2, — O^t^(p—2)/2), the fe and m's which
satisfy 2^+m^=2s^+2ί are

k=t , f+ί , •••

m=2s, 2(s-l), ••• , 0
or

k=t+p/2, t+-γp, •••

τn=2s—1,2s—3 , ••• , 1.

So the corresponding eigenvalue of Laplacian is 4(t+sp)(n—l+t+sp) with multi-
plicity

ln+t+ap-ί\ln+t+bp-l

Σ
α2+

s>

= \ t+ap l\ t+bp

n+t+(a+-^-)p-l\
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(i) p: odd.

eigenvalues of Δ

4{(s-l)p+t} {(n-l)+(s-ί)P+t]

{{2s-ΐ)ρ+2t} {2n-2+(2s-l)p+2t}

4{(2s-l)p/2+t+l/2}{n+(2s-l)p/2+t-l/2}

{2sp+2t+l} {{2n-2)+2sp+2t+l}

range of s, t

s=l,2,

t=0,1, ... , (p-l)/2

s=l, 2, -

ί=0, 1, - , (p-ϊ)/2

5=1,2,-

ί=0,1, - , (ί-3)/2

s=l,2,

ί=0, 1, - , (ρ~3)/2

(ii) ^ : βf en

{(2s-l)+2ί} {2n-2+(2s-l)p+2t}

A(sp+t)(n+t+sp-l)

s=l, 2, -

ί=0,1, - , (p-2)/2

s=0,1, 2, -

f=0,1, - , (P~P)/2

Table 1.
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multiplicity

n+t+ap-l\

t+ap

n + t + bp-l\ ln+t+ap-2

t + bp

I
" ^ Λ I

α+δ= \
2(s-l) \ t+ap-1

n + t + bp-2

t + bp-1

2
α.δ^O

n + t+ap-1

\ t+ap

n+t+bp-l\

t+bp
- Σ

n+t+ap-2

t+ap-l

n+t+bp-2

t+bp-ί

-Λ- ap\ •bp\

-+ap]

2

P-1 Λ-bp

Σ
α + δ =

2S-1

J^-+«P
- Σ

α+δ=
2s-l

δ

A
α+δ= I

2s-i \

- Σ
α+δ=

2s-l

ln+t+ap-1
Σ

S>=o2s\ t+ap-l\

ln + t+ap-2

- Σ
a,+4l)2s\ ί+aί-1

ln + t + bp-1

\ t+bp

n+t+bp-2)

t+bp-li

+ β + Σ

n+t+bp-ί\ ι

]+ Σ
t+bp / a+L=-J

/n+ί+6/>-2\

\ t+bp-lj °+lT-i

v 2 / 1

'n+t+(a-\—o-)ί~l\

<+( 4 > )

Table 2.
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- Σ
a+b=
2s

n+t+ap-2\

t+ap-lj

n+t+bp-2\

t+bp-l

n+t+(a+4-)p-2 n+t+(b+-j-)p-2

Summing up the above, we have the following:

THEOREM. The spectrum of homogeneous lens space M—S2n~1/G of constant
curvature 1 with cyclic fundamental group of order p is given in the following
table.

Remark. If p=2, the spectrum in the table coincides with the result in ([1],
pp. 166).
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