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CRITICAL RIEMANNIAN METRICS ON
PRODUCT MANIFOLDS

By Yosio Muto

A critical Riemannian metric of this paper means a critical point of a func-
tional / of a C* Riemannian metric g on a compact orientable C* manifold M,
restricted by Vol (M, g)=1 and defined by an integral of the square of the cur-
vature tensor of (M, g). In the present paper a critical Riemannian metric g,
such that (M, g,)=(M,, 'g,)X(M,, 'g,) is studied and relations between critical
Riemannian metrics gy, £ and g, on M, M, and M, respectively are obtained.
Furthermore it is shown that in certain cases the index of [ at g,, is positive.

In a previous paper [5] the present author considered the space HM(M) of
C~ Riemannian metrics g on a compact orientable C* manifold M satisfying the
condition

(0.1) [ ave=1

where dV, is the volume element of M measured by g. He studied a mapping
I: M(M)—R induced by the integral

0.2) ILg1={ 1K1V,

where K, is the curvature tensor of (M, g) and [K,[[® is its square.

If % is a diffeomorphism of M and 7* its pull back, then we have »*(g)eM(M)
and I[g]=I[n*(g)]. Let D(M) be the group of diffeomorphisms of M and
M(M)/D(M) be the space where each point is an orbit O, by D(M) through an
element g of JH(M). Then we can deduce a mapping I: H(M)/D(M)—R from
the mapping I: H(M)—R by [(O,)=I[g]. As O, is a critical point of I if and
only if g is a critlcal point of I, we adopt the congention to say that g is a
critical point of / when O, is a critical_point of I. We also say that I has a
minimum or a local minimum at g when I has a minimum or a local minimum
at O,. Thus, if we say that / has a local minimum at g, this means that there
exists a neighborhood U of O, in “M(M) such that, if g, is a Riemannian metric
satisfying g, 0,, g, U, then I[g,1>I[g].

Remark 1. The manifold of C* Riemannian metrics on M, which we denote
for the present by M#¥(M) in order to distinguish from our M(M), has been
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studied by D. Ebin [4]. He has analysed the action of 2(M) on H¥(M) and
proved the existence of submanifolds S of M*(M) with a certain property. It
results that to study deformations in M*(M)/D(M) we need only study curves
in M*(M) whose tangent at g is in 67*(0), namely, orthogonal to the orbits (see
also M. Berger and D. Ebin [3]). The same is also valid with #(M) as the latter
is a submanifold of M*(M) invariant by the action of D(M).

Remark 2. The mapping I has been studied by M. Berger and the formula
for a critical point has been obtained [2].

It was proved in [5] that, when M is diffeomorphic to an S”, T has a local
minimum at a metric g, of positive constant curvature. 5

The purpose of the present paper is to study the mapping [ or / when M
is a product manifold M,XM, where M, and M, are compact orientable C*
manifolds.

When we say in the present paper that g is a critical Riemannian metric on
M, it always means that g is a critical point of the mapping I or I defined by
(0, 2). At that time (M, g) is called a critical Riemannian manifold.

First we get the following theorems.

THEOREM 1. Let M, M,, M, be compact orientable C™ manifolds such that
M=M, XM, and dim M,=m,, dim M,=m,. Let g,,=MM) be a C* Riemannian
metric such that there exist a Riemannian metric ‘g, homothetic to a critical
Riemannian metric g, on M, and a Riemannian metric 'g, homothetic to a critical
Riemannian metric g, on M, satisfying

(M, g12)=(M, "g,)X (M, 'g,) .

Then a necessary and sufficient condition that g,, be a critical Riemannian metric
on M isthat the square ||'K,|* of the curvature tensor of (My, 'g,) and the square
'K, |I* of the curvature tensor of (M,,’g,) be constant and

[§P€Y  F: y

my my

THEOREM 2. Let M, M,, M, be compact orientable C* manifolds and let
1. E M(M) be such that there exist a Riemannian metric ‘g, on M, and a Rieman-
nian metric 'g, on M, satisfying

(M, g1o)=(M,, 'g)X(M,, 'g,) .

Then a necessary and sufficient condition that gy, be a critical Riemannian metric
is that ‘g, and ’'g, be homothetic to a critical Riemannian metric g, on M, and a
critical Riemannian metric g, on M, respectively and the squares of the curvature
tensors, |'K,||* and |'K,|? of the Riemannian wmanifolds (M,,’g,) and (M,,’g,)
respectively be constant satisfying

I"KGN2 1K)

m, M,
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In the last part of the present paper, the index of I at such critical Rieman-
nian metric g,, is studied and it is proved that this index is positive in certain
cases. Especially the mapping I: #(S™XS™)—R has positive index at a critical
Riemannian metric g;, such that (S™XS™2 g,)=(S™, ‘g,)X(S™, ’g,) where ‘g,
and ‘g, are Riemannian metrics of positive constant curvature, if m,=3 and
m,=3, or, if m;=4 and m,=2. This is a remarkable result as A. Avez has
obtained the following theorem [1].

THEOREM A. Let M be a compact orientable C* manifold of dimension 4.
Then the functional I[g] has an absolute minimum at g if and only if g is an
Einstein metric.

§1. Product manifold and Riemannian metrics.

Let M, M,, M, be compact orientable C* manifold such that M=M,X M, and
let M(M) be the space of all C* Riemannian metrics g on M such that the volume
of M measured by g is 1. Similarly we can define M(M,) and M(M,). Let us
consider a Riemannian metric g,,€#(M) such that there exist Riemannian
metrics ‘g, and ‘g, satisfying (M, g,,)=(M,, 'g,)X(M,, 'g,) where ‘g, and ’g, need
not satisfy ‘g, M(M,), or ‘g, M(M,). We denote the set of all such Riemannian
metrics gy, by M (M, X M,) or HM,(M).

To begin with we calculate the curvature tensor of (M, gy,).

Let U, £ 4,, and V5, pE 4, be coordinate neighborhoods of M; and M, re-
spectively such that {U;, é€4,} and {Vy, n=4,} cover M, and M, respectively.
Then {U:XVy, £€4,, ned,} covers M and we can use local coordinates

1 m mi+1 my+m:
(X, =y x@™, Y™, -, Y™ ™)

where m,=dim M,, my,=dim M,, to denote a point P=P,X P, of M if P=U:XV,.

We let the indices a, b, ¢, -+, h, 1,7, -+, b, q,7, -+ run the range {1, ---, m,}
and the indices «, 8,7, -, K, 4, ¢, -, @, p, 0, --- the range {m,+1, ---, m,+m,}.
We also let the indices A, B,C, ---, H, I, ], -, P,Q, R, --- run the range {1, -+,
my, m;+1, -+, m,+m,} so that a point of M may be denoted by (x&", ¥a") or
simply by (x* ¥%). Moreover, (x4) stands for (x”, ¥*). We use natural frame in
each coordinate neighborhood UgX V; so that a tensor is expressed by its com-
ponents. For example, a (1, 1)-tensor of M is given by T4 or, if written sepa-
rately, by T,% Ts% T", Tg".

Since M is a product manifold and the local coordinates in M are induced
by local coordinates in M, and those in M,, a (1, 1)-tensor field A,* on M, and
a (1, 1)-tensor field B;* on M, induce a (1, 1)-tensor field Cz* on M such that

CUP)=AP), G (P)=Bs"(P),  Ca"(P)=C(P)=0

where P=P,X P,. But in general a (1, 1)-tensor field T34 on M does not have
such a property, for example, T,*(P) may depend on »* and 73* need not vanish.
Now, let g,,=M,,(M) be a Riemannian metric on M such that
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(1.1 (M, g15)=(M,, "g) X (M, 'gs) .

Denoting the components of gi,, '8y, ‘2. bY &s1, '8j4, '8us respectively, we have
85:i="8p, Bu='8m, 8i1=0.

li l4
Let {%}’ {]hl}, {:}2} be the Christoffel symbols derived from gs;, ‘g, 'Gu

respectively and Kg,/7, 'K,;", 'K,.;* be the components of the curvature tensors
of (M, g.,), (My,’g,), (M,,’g,) respectively. Then we have

(=18 (B0 aomer { Y=o

Kkﬁh:/Kkﬁh y Kv/u/c:/Ky#/:m , all other KKJIH:() .

and

The covariant components Ky, 'Kpjin, 'K, p2. and the contravariant components
KEJIH ' [kItR 1EVEIE alg0 satisfy

Kijin="Krjin, Kopre="K,pac , all other Kg;rz=0,
Kkjih:/Kkjih , Kv,ul/c:/Ku;sz , all other KKJIH:O )

We have also
Kji':,Kjiy KIMQZIK/M y all other KJ[:() s

Kii='K7*, Kri='Kr*  all other K/'=0

for the components of Ricci tensors of (M, g.,), (M,,’g;) and (M,,’g,). The scalar
curvature Sc(K) of g, and the scalar curvatures Sc(’K;) of ‘g, Sc('K,) of ‘g,
satisfy

Sc(K)=Sc('K,)+Sc('Ky) .

Then we have the following formula for the integral I[ g,,],

(L2) ILgu]= KesnK™™dV,

:jM[/Kkjih/Kkjih+/Kv1—llls/Kv#2x:|dvg
where
1
dV,={det ('g;;) det ('gu)}2dx* - dx™, m=dim M .

§2. A critical Riemannian metric on a product manifold

(Proof of Theorem 1).

Now we want to get a critical Riemannian metric g, on M=M,X M, such
that g,€ M,(M).
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The metric g;, in (1.1) satisfies g, M(M), while ‘g, and ’g, need not satisfy
‘gEMM,), ‘g, = M(M,). But it is easy to see that there exist some positive
numbers «;, and @, such that g,=(a,)*’g, and g.=(«,)*'g, satisfy g, M(M,) and
2, MM,). Let us find a relation between «; and «, If we denote for the
present the volume element of M measured by g;, by dV and the volume elements
of M, and M, measured by ‘g; and ‘g, respectively by d’V, and d’V,, then we

have dV=d'V,d’V,, hence
[, v [, v

On the other hand, if we denote the volume elements of M, and M, measured by
g, and g, respectively by dV, and dV,, then we have

(al)mleld/ 1:‘$‘MldV1=1y

(@)™ j L4 Ve= j L AVe=L1.
Hence we have
2.1) (a)™(a)™=1.

A necessary and sufficient condition that a Riemannian metric g be a critical
Riemannian metric was obtained by M. Berger [2] as a system of differential
equations involving the curvature tensor, the Ricci tensor, covariant derivatives
of the scalar curvature and the Ricci tensor. Let us examine the equations for
a moment.

For that purpose let M be for the present any compact orientable C* manifold.
If, using local coordinates x?,:--, x" and the natural frame, we denote tensors by
their components, so that the curvature tensor and the Ricci tensor by K,;;* and
K;;, and raise or lower indices by the components g’* or g;; of the fundamental
tensor, the equations in question are as in [5]

(2.2) oW 7 Sc(K)—4F , V7K,
4K, K —4K, K

—ZKqu] qup1+—é_chbaKdCbagji:ngi

where Sc(K) is the scalar curvature, V', means the covariant differentiation with
the use of the Christoffel symbols of g, and ¢ is 2 number which is chosen suitably
so that a solution may exist.

Let us assume g is a critical Riemannian metric and ‘g is a Riemannian
metric homothetic to g, namely, there exists a positive number a such that
g=a?'g. Let the components of ‘g be denoted by ‘g;; and the components of the
curvature tensor and the Ricci tensor of (M,’g) by ‘K,;;" and 'K;;. Let the
indices of these tensors be raised and lowered by the components ‘g’ and ‘g;;
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of the fundamental tensor ‘g and the scalar curvature of (M, ’g) be denoted by
Sc(’K). As g and ‘g have the same Christoffel symbols, covariant differentiation
is the same in (M, ’g) as in (M, g) and we have 'K,;;"=K,;", 'K;;/=K;;, Sc('K)
:CKZSC(K), /Vi:V“ /V1:a2Vi, ’K/‘:aZKl", /qupthqp:azK]qpqupy /qup]/Kqul
=a’K"? K,ipi, "Koopa K¥"=a* Ky, K. Hence we get

(2.3) 2V, 'V ;Sc('K)—4'V ,'V?'K;

+4'K,, ' K?,—4'K, 4, K
_ZIK'rqp]/qupi_}_%/chba/chba/gji___caA /gji ,
where ¢ is the same number as in (2.2).
As ¢ is not given beforehand, we get the following lemma.

LEMMA 2.1. Let M be a compact orientable C* manifold and ‘g be a C”
Riemannian metric on M. A necessary and sufficient condition that there exist a
critical Riemannian metric g homothetic to ‘g 1s that there exist a constant c,
such that

2.4) 2V ,'V;Sc('K)—4'V ,'V?'K;;
+4'K,, ' K?,—4'K,;p, K
___Z/qup] /qupi_’_%/chbaleCba /gji:c1 /gji .
Now let us return to the subject and prove Theorem 1.
A necessary and sufficient condition that there exist a critical Riemannian

metric g, on M, such that g,=(a;)*’g,, where «a, is a positive number, is, as we
see immediately from Lemma 2.1, that there exist a constant ¢; such that

(2.5) 2,V Sc('Ky)—4'V ,'V?' K,

+4'K,, ' K?,—4'K,4,, K?

__ZIKqu] /qup1+"%'/chba/ch’m/gjizcl /gji
where all tensors, the scalar curvature Sc(’K,) and covariant differentiation are
those of the Riemannian structure in (M), 'g,). Similarly, a necessary and suf-

ficient condition that there exist a critical Riemannian metric g, on M, such that
g,=(w,)%'g, is that there exist a constant ¢, such that

(2.6) 27 'V 3 Sc( Ky)—4'F ,'V* K,
4K,y K47 K i/ K P

1
—2 /Kw'oy ! rap2+T/Krap7r/quP” /g/d: Cy /g,ul
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where all tensors, the scalar curvature Sc(’K,) and covariant differentiation are
those of (M,, ’g,).

On the other hand, a necessary and sufficient condition that g,, with com-
ponents g, be a critical Riemannian metric on M is that there exist a constant
¢ such that

@7 oV ,V ,Sc(K)—4F oV PK,,
+4K,;pKP 1 —4K ;op K9

—ZKRQPJKRQPI+'_%—KDCBAKDCBAgJI: g1

where all tensors, the scalar curvature Sc(K) and covariant differentiation are

those of (M, g,,).

As we have (1.1), all genuine quantities of (M, ’g;) do not depend on x* and
all genuine quantities of (M,, ‘g,) do not depend on x*. From (1.1) and all the
formulas following (1.1) we thus obtain following relations between quantities in
(M, g,,) and quantities in (M, ’g,) or (M,, ’g,),

ViSc(K)="V ;Sc('K,), VSc(K)="V;Sc('K,),

P,V Sc(K)="F,V;Sc(Ky), V. V3Sc(K)="F,/V:Sc(Ky), V,V:Se(K)=0,
VPVPKji:,Vp/Vp/KJi, VPVPKILd:/Vp/VF/K/J,Zy VPVPKJ]:O,

K

J

Kiopi K ="K,0p. K7, KuqpiK¥="Kyugp:' K7,  KjorK¥=0,

PKPiZ/KJp/sz ’ K;zPKPZ:IK;zp/KPJ; KjPKPZZOy

]{RQPjKRQPi_.__/KTQP] /qum , KRQP# KRQPz: /Krapﬂ /Kra'pl , KRQP]’KRQPZ:O ,
KDCBAKDCBA:,chba /chba_|_ /Kwpﬂ/Kra,oﬂ .

Thus (2.7) is equivalent in this case to the following set of equations (2.8)
and (2.9),

(2.8) 27 'V Sc(' K)—A'V VP K,
4K, KP4 K g, K7

_2/K7‘qp] /qupz-‘__%_(/chba /chba_I_/Kwp:/Krapz) /g]i:C/gji ,

(2.9) 27 7 1Sc('K)—4'F 'V e K,
FAK, KA K 0y K

_2/Kwp,u/Krayi'l_—%—(/chba ’K‘m"-}-’me’K“””’) /g,uAZCIg‘uA .
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Now let us assume that g,=(a;)*’g; and g,=(a,)*’g, are critical Riemannian
metrics on M, and M, respectively. Then we get from (2.5) and (2.8) or from
(2.6) and (2.9)

(2.10) at I El=c, gl Kilt=c

where ‘K, and 'K, are the curvature tensors of (M, ‘g;) and (M,, 'g,) respectively.
Thus we have

(2.11) I K" — 1" K l*=2(c,—¢s)

which proves that, if g, g; and g, are critical Riemannian metrics on M, M, and
M, respectively, then |[/K,||* and ||'K,||* are constant on M.
Furthermore, we get from (2.5) and (2.6), by transvecting with ‘g’* and ‘g#?,

e 2 sy (b B,

(2.12)
== TS KD+ (=2 VGl

Hence 'V ,’V?Sc(’K,;) must be constant. But we have
j’ 17, VPSc("K)dV,,=0.
My

Thus we get Sc(’K;)=const. Similarly we get Sc(’K,)=const. At the same time
we get

(2.13) a=(F—2EN,  a=(g—m Kl
From this and (2.11) we get
WE® VKN
(2.14) mll = mzz
and

()KL _ (a)* I Koll®
m - my :

Conversely, if we have (2.14) where ||'K;||* and |’K,|* are constant, then we
have V,"V?Sc('K,)=const and 'V ,V*Sc('K,)=const from (2.12), hence Sc('K,)
=const and Sc(’K,)=const. Thus we get (2.13). Furthermore we can determine
¢ by (2.10). As we have (2.5) and (2.6), we get (2.8) and (2.9).

Thus we have proved Theorem 1.

From this theorem we get

THEOREM 2.2. Let M, M,, M, be compact orientable C* manifolds such that
M=M,XM,. Assume that g, and g, are non-flat critical Riemannian metrics on
M, and M, respectively. Then a necessary and sufficient condition that there exist
a critical Riemannian metric g, on M and Riemannian metrics ‘g, and ’g,
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satisfying
(M, g1)=(M,, 'g) X (M,, 'g,)
and such that ‘g, and 'g, are homothetic to g, and g, respectwely 1s that the

squares of the curvature tensors, |K,|* and |K,|? of (M,, g,) and (M,, g,) be
constant,

Proof. 1If such a critical Riemannian metric g,, exists and if we put
‘g =a,7’g, and ‘g =a,7°gy, we get 'K, |*=a M| K%, || K, lIP=a,' | K;|*. Thus |K|*
and | K,|* are constant because of Theorem 1. Conversely let us assume |K,|*
and ||/,||* are constant. If we put

M| K[ =my || K, |2 At ™o
A is constant and does not vanish as g, and g, are non flat. Then

Y -2 -2
‘gi=a,7gy, ‘gy=a, g,
where

a,=A"", a,=A™
are Riemannian metrics such that
VK P=A"" K, 'K |*=A"™|K.|?,

hence

K2 7 K)®
my T~ my

Moreover g, M(M) because of a,™ a,™=1. Thus g, is a critical Riemannian
metric because of Theorem 1.
§3. Proof of Theorem 2.

Next let us consider the case in which g, ‘g, and ‘g, satisfy (1.1) and g,
is a critical Riemannian metric on M. Then we get from (2.8) and (2.9)

=27, T PSe('Ky)— 2" Kq|I*+ m2‘ (KPP Ko )=muc

— 27 T #Se( I) =21 Kl + (I Kl I ol )=
Hence

i VT PSR+ K = 7 T2SeC K+ I EGl)

m,
=S K+ Kl —c]

is a constant which we shall write C. Then we have
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— 20+ (Kl N K =c

and consequently |'K,|% |I'K,l\% 'V ,'V?Sc('K,), 'V ,'V°Sc(’ K,) are constants on M.
Thus Sc(’K;) and Sc(’K,) are again constants.
On the other hand we get from (2.8)

27,V Sc(Ky)—4V ,'VP Ky +-4'K, ) K?,—4'K 4, K92
L S e e R L AR
which is equivalent to (2.6) if we put
clzc—%ll’Kzllz.

Taking Lemma 2.1 into account, we see that ’g, is homothetic to a critical
Riemannian metric on M,. Similarly ‘g, is homothetic to a critical Riemannian
metric on M,. Thus we have proved Theorem 2 in view of Theorem 1.

If M, admits a locally flat Riemannian metric ‘g,, then we have |’K,||*=0.
Hence (2.14) is not satisfied if ||/K,[|?>0. Thus we obtain

THEOREM 3.1. A Riemannian manifold (M, g)=(M,, 'g,)xX(M,, 'g,) can not
be a critical Riemannian manifold 1f (M,,'g,) 1s locally flat and (M,,'g,) is not
locally flat.

§4. The index of a critical Riemannian manifold (A7, 'g,)X(M,, ’g,).

Let M, M,, M, be the same as before and g, in (M, g,,)=(M,, 'g,) X (M,, 'g,)
be a critical Riemannian metric. By Theorem 2 ‘g, and ‘g, are homothetic to
g, and g, respectively which are critical Riemannian metrics on M; and M, re-
spectively with constant Sc(K)), Sc(K,), |K,|* and |K,|?. We examine now the
index of I: M(M)—R at the critical point g;,, which we call the index of the
critical Riemannian manifold (M, ’g,) X (M,, ’g,).

We do not calculate the exact value of this index, but intend to show that
in certain cases the index is positive.

Let us take Riemannian metrics ¢ on M=M,X M, such that the components
gs; of g are given by

(4.1) g;:=e"Y'g;,  Lu='8m, &=0

where ‘g;; and ‘g,; are respectively components of ‘g, and ‘g, again and a(y) is
a function of x* only (¢=m,+1, .-, m,+m,).

As g, M(M), in order to maintain the relation g M(M), we take a(y) such
that

[ emedv,,=1.
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Hence, if dV, is the volume element of M, measured by ’g,, or g, homothetic to
'g,, we have

4.2) f L emdV.= j 2,4V

We denote in §4 the Christoffel symbols obtained from g by {?[}, while
/ 7
{]hz} and {;1} are the same as defined in §1. Then the Christoffel symbols

{%}, written separately as {]hl}, {]Kl} and so on, satisfy the following equa-

(=0

{fz }:%gﬂr(_afgji):_gjilyxa ,

tions,

{]hl }:%ghpalgfpzayhazGZ(?]”’Vza ,
{530, (o
{:2}:/{:,1} ’

where 'V ; means covariant differentiation in (M,, ’g,) and V*='g**'V ,=g**'V ,,
From these equations we can calculate the components of the curvature
tensor of (M, g) and get®

K ih="K;,"—'V,a'V*a(d,"g;,—0,"8w) ,

K,;f=—V,Vea+'V,a'V*a)g;;,

Ko ="K, ",

K,;, =0, K,,; =0, K, =0.

Furthermore we get
KrrigKE M=K, i KW 44K, KT K g KH
=e % K KM —4e™**Sc('K)'V ,a'V*a

+2m,(m,—1)('V ,a'V*a)?
+4m (‘7 ,V 3a+V ,a'V 0)('VeViat-"Fra'Va)
K, e K

1) In these formulas VAV B always means (FA)(VB).
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Let us assume |a| to be so small that we can neglect ¢°. Then we get from
(4.2)

___my 2
J*MZade- 9 L{Za dv,,

hence

m
j‘Ma d 22— 21 j‘Maz d Vgxz .
Consequently we have
.y — 2
[ Kesmbrrmay, = M[/Kkﬁh/KW{1+(ml—4)a+i’”l—2ia2}
—4Sc('K )V ,a’Vea+4m,'V 'V a'V#'Va
+ /Kp,uzx /Kvgz;cemla]dvglz

where we have neglected a®.
Let us denote this integral by /[a]. Then, as Sc('K),), ||’K;||* and ||'K,|* are
constant, we get

JLa)—JL0)=—20m,— DI K, | a*dV

a
M
—4Se( Ky JPoa'PradVtdm, | VVaa' P ady

where dV is the volume element of M measured by gi,.
Let f(y) be a function on M, satisfying

TVif==Af, [, Frave=1

where 4, is the smallest positive eigenvalue of the Laplacian. If « is a small
positive number and

a(9)=af(y)—TF-a (f),
we get
My e My 2
fﬂzaa’l/z_— 2‘ a’= 5 sza dv,
neglecting a®. In this case we have
J[a]—J[()]:[{—2(m1—4)II’K1I|2—41156(’K1)}
+4m, | STV fdV]e?,
or, if we use

f STl adv= { LTuTraydy— J KT a0V,
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then
JLad—JL0]=[ {—20m,— )| K,|*—44,Sc( K )}

—}—47711212——4771153{’1{”"’V,_‘f’szdV]az .

Thus we have the following lemma.

LEMMA 4.1. Let (M, g1,)=(M,, 'g,) X (M,, 'g,) be a critical Riemannian mani-
fold and let 2, be the smallest positive eigenvalue of the Laplacian on (M,,'g,).
Let f be an eigenfunction satisfying

j” f2dv,=1.
M2

If, in this case,
—2(m,— |’ Ky|I*—44,Sc(' K))

+dm, A, —dm, f ST AV

s negatwe, the index of the Riemannian mamifold (M, g,,) is positive.

COROLLARY 4.2. Let the Riemanman manifolds (M, g.,), (My,’gy), (M,,’'g,),
the number A, and the function f be as in Lemma 4.1. Furthermore let (M,,'g,)
be an Einstein manifold. If, in this case,

—2(m,—4) Il’KlIl2—41150(’K1)+4m1212‘4m"2‘§%>_

is negatwe, the index of the Riemanmian manifold (M, g,,) 1s positwe,

§5. The index of a critical Riemannian manifold (M, g,,)=(M,, 'g,)X(M,, 'g,)
where M, is a sphere.

Let us consider a critical Riemannian manifold
(M, g15)=(M,, '81) X(S, 'g.)

where S is an m,-sphere and ‘g, is a Riemannian metric of constant curvature

with Sc("K,)>0. Then we have
2= Sc('K,)
T om,—1

and there exists a function f on S satisfying

Sc('K,)
7112(m2—21)_f/g”] :

/V#/sz:_

In this case we get
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JLad—Jr0d=[—2(m,— o)’ K, —4->LEDSCH).

my(Sc('K,))* _ , mi(Se('K,))*
R vy v ey
because of

K= S K, g

On the other hand we have (2.14) where we can put

I = ESCEDYE

Consequently we get
(6.1)  JLal—Jr0]

=[4m = ,;23(),(nm2_1)12+m2 (Sc(’ Ky))t— _SM_)]

Thus we have proved the following theorem.
THEOREM 5.1. Let (M, g,,) be a critical Riemannian manifold such that
(M, g1)=(M,, 'g)X(S, 'g»)

where S is an m,-sphere and 'g, is a Riemannian metric of constant curvature
with Sc("K,)>0. If Sc('K,)=0 and m, and m, are such that

(m—4)(my,—1)—m,>0,
then the wndex of this critical Riemannian manifold 1s positive. If m,=4 and

4Sc('K,)
my(m,—1) ’

Sc('K,)>
then the windex of (M, gy,) is also positive.
We can also prove the following theorem.
THEOREM 5.2. Let g,, be a critical Riemannian metric on S; XS, such that
(5:1XS;, 812)=(Sy, '81) X(S,, '85)

where S, 15 an m,-sphere and S, 1s an m,-sphere and each of ‘g, and ‘g, is a
Riemannian metric of positive constant curvature. If m,=3 and m,=3, or, if
m,=4 and m,=2, the index of (S;XS,, g1,) is positive,

Proof. As we have

I = AR

my(m,—1) ’

2(Sc('Ky))*

’ 2__
Kol =

we get
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(Sc(' K1) (Sc('Ky))®
m(m,—1) = my*(m,—1) °

Substituting this into (5.1), we get

JEaI~JL03= iy L, —4)m,—1)

my*(my,—
+my(vVm;—1 Vm,—1 —1)WaSc('K,))*.
From this equation we immediately obtain Theorem 5.2.

Remark 3. If
(82X S?, g1,)=(S% 'g1) X (5% 'gs)

is a critical Riemannian manifold where ‘g,=’g, is a Riemannian metric of
positive constant curvature, (S®XS? g,,) is an Einstein manifold. This exists
and by Avez’s theorem [1] this is a critical Riemannian manifold with index null.

The author wishes to express his hearty thanks to Prof. M. Berger who
kindly informed him of Avez’s theorem.
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