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A NOTE ON SEMIGROUPS OF MARKOV

OPERATORS ON C(X)

BY MASAYOSHI EGUCHI AND YOICHI KIJIMA

1. Introduction.

Let X be a compact Hausdorff space, and let C(X) be the commutative C*-
algebra of all continuous complex functions on X. A bounded linear operator
T of C(X) into itself is called a Markov operator it T^O, | |T| |=1, and 71=1.

Let Σ be a semigroup of Markov operators. For each/e C(X), co{T/: T<=Σ}
denotes the closed convex hull of {Tf: T^Σ). g<=C(X) is called a ^-invariant
function if Tg=g for all T e J .

In ergodic theory the following conditions on Σ are interesting: (I) Each
co{T/: T<=Σ} contains exactly one ^-invariant function. (II) Each co{T/: T<=Σ}
contains at least one I'-invariant function. In Theorem 1, we shall give some
necessary and sufficient conditions that (I) holds.

Let C(X)* be the dual Banach space of C(X). μeΞC(X)* is called a state if
μ̂ >0 and \\μ\\=μ(ΐ)=l. If T is a Markov operator and if μ is a state, then
T*μ is also a state where 71* denotes the adjoint operator of T. A state μ is
called a ^-invariant state if T^μ—μ for all T<ΞΣ.

Let KΣ be the set of all ^-invariant states. Then KΣ is a weak*-comρact
convex subset of C(X)*. μ^KΣ is called an extremal I'-invariant state if μ is
an extreme point of KΣ.

A proper closed ideal / of C(X) is called a I'-invariant ideal if T(I)aI for
all T<=Σ. There exists at least one maximal ^-invariant ideal, and each Σ-
invariant ideal is contained in some maximal I'-invariant ideal. If μ is a Σ-
invariant state, then Iμ={f^C(X): μ(|/|)=0} is a -ί-invariant ideal.

In Theorem 2, we shall show that if (I) holds, then μ-*Iμ is a bijection of
the set of all extremal ^-invariant states onto the family of all maximal Σ-
invariant ideals.

Our discussion is much due to Deleeuw and Glicksberg [1], Schaefer [2],
Sine [3], and Takahashi [4].

2. Theorems.

co Σ denotes the set of all finite convex linear combinations of operators
in Σ. col 7 is also a semigroup of Markov operators. We note that co{T/:
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= {Af: AGCO Σ}. /denotes the unique ^-invariant function in co{T/:
T(ΞΣ} whenever (I) holds.

L E M M A 1. // (I) holds, then for any ε > 0 and ft^C(X) ( ΐ = l , 2, •••, n), there
exists an A^coΣ such that | | / t —AΛH^ε ( ι = l , 2, •••, n).

Proof. It is easy to see that Λf=f for all/eC(Z) and ΛecoJ?. First we
choose an Λ1^coΣ such that H/ί—A/J^e. Next we choose an Λ ^ c o ί such
that ||Λ/2-i42(Λ/2)ll^e. Let i ^ Λ Λ Then ACΞCO Σ and Wfi-AM^e (i=l, 2).
An induction argument completes the proof.

Let B(Σ) be the commutative C*-algebra of all bounded complex functions
on Σ. For each /eC(X) and VGΞC(Z)*, we define f®v^B{Σ) by (/®v)(T) =
v(T/). Let L(Σ) be the linear span of { / ® V : / G C ( Z ) , V G C ( Z ) * } in J3(Γ). We
note that 1<=L(Σ) and φ*<E;L(Σ) if φ<=L(Σ) where ςp* denotes the complex con-
jugate function of φ, and that <ps (or sφ)^L(Σ) if S G I and φ^L(Σ) where φs

(or S 0 denotes the right (or left) translation of φ by S. m<^L(Σ)* is called a
right (or left) invariant mean on L(Σ) if m(φ)^Q whenever ^^0, | |m||=m(l)=l,
and in(φs) (or m(sφ)) = m(φ) for all SGE^1 and φ^L(Σ). A right and left invari-
ant mean m on L(2") is called a two-sided invariant mean on L(Σ). If m is a right
invariant mean on L(Σ), then for each state μ we can define P^KΣ by fi(f)=
m(f®μ). In the following theorem, MΣ denotes the set of all Jf-invariant
functions in C(X).

THEOREM 1. The following conditions are equivalent'
(1) (I) holds.
(2) There exists a two-sided invariant mean on L(Σ), and MΣ separates KΣ.
(3) There exists a right invariant mean on L(Σ), and MΣ separates KΣ.
(4) There exists a right invariant mean on L(Σ), and (II) holds.

Proof. (1) implies (2): If μx and μ2 are distinct I'-invariant states, then
μλf)*μάf) for some / G C ( I ) . This implies that A£1(/)=/ι1(/)#/£a(/)=/ιa(/).
Thus MΣ separates KΣ. For each φ=Yι

rt=xfi®vi^L{Σ), we define rn(φ)=Σ>i=i ^(Λ).
We shall show that m(φ) is independent of the particular representation of ψ
and that m is a two-sided invariant mean on L(Σ). Suppose Σ ^ i Λ ® ^ is
identically zero. By Lemma 1, for any ε>0 there exists an ^IGΞCOI7 such that
Wfi-ΛfiWSe (i=l, 2, - , n). Then we have

I Σ v*(Λ)I ^ I Σ vt(ft-Aft) I +1 Σ v*(4Λ)i ^( Σ
1 1 l 1

Since ε>0 is arbitrary, ΣF=i ̂ ί(Λ)—0. Thus we may unambiguously define m(φ).
It is easy to see that m is linear and m(l)—1. We shall show that | |m||=l.
Since m(l)=l, it suffices to show that | |m||^l. Suppose ^=Σ?=i/iΘ^i. Again
by Lemma 1, for any ε>0 there exists an A^zoΣ such that \fχ—AfiW^ε (z=
1, 2, •••, n). Then we have
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•IΣvΛΛ/OI^ΣI
t = l ι = l

Since ε>0 is arbitrary, \m(φ)\^\\φ\\. It is easy to see that m(φ*) = m(φ). Sup-
pose ^ = Σ ? = i / t Θ ^ 0 . Then m(φ) is real. We assume that a=m(φ)<0. Let ε
be a number such that 0<ε< — a. By Lemma 1, we can choose an ^ E C O I
such that | |Λ-4Λ||^e/Σ?=i 11*̂*11 0 = 1 , 2, •••, n). Let j8=Σ?=i v<(A/t). Then /3^0
and |α—/3|<ε, so we have 0^/3= \a—/3|+α^ε+α<0. This is a contradiction.
Thus m(φ)>0. If ^=Σ?=iΛΘ^, then φ,=Σ,U Sfi<g>vt and ^=Σ?=i/ i®S*^. It
is easy to see that m(φs) = m(sφ) = m(φ).

(2) implies (3): Evident.
(3) implies (4): Let m be a right invariant mean on LC-Σ7), and let δx be

the point measure at I G Z . For each /<=C(Z), we can define Pf^C(X) by
(Pf)(x)=m(f<g)δx) (see [3] and [4]). Then P i s a Markov operator such that
PT=P for all TΪΞΣ and Pg=£ for all g^MΣ. We shall show that Pf is a 21-
invariant function in cδ {Tf: Teϋ 1}. Let // be a state. Then P*T*μ, P*μ and
μ are i^-invariant states. If g is a ^-invariant function, then (P*T*μ)(g) =

Tg) = μ(g), (P*μ)(g) = μ(Pg) = μ(g), and μ(g) = m(g®μ) = μ(<g). Since
separates /ί̂ -, we have P*T*μ=P*μ=β, which implies that TP=P for all

and v(Pf)=m(f<g>v) for all f^C{X) and I E C ( I ) * . Thus P/ is a J -
invariant function. If Pf is not contained in co {Tf: T^Σ}, there exists a

)* such that sup {%tιv(Tf): T e ί } <9̂ e y(P/), but SteK^/)=Scm(/®v) =
)v))^sup {̂Re v(T/): Te l 7 } . This is a contradiction.

(4) implies (1): The proof is similar to [4].

THEOREM 2. // (I) holds, then μ-*Iμ is a bijection of the set of all extremal
Σ-invanant states onto the family of all maximal Σ-invariant ideals.

Proof. Let / be a maximal i'-invariant ideal. As well known, there exists
an l o G l such that any function in / vanishes at x0. For each f^C(X) we
define μ(f)=f(χo)> then μ is a ^-invariant state which vanishes on /. The
Schwarz inequality μ( \f\)^ Vμ( |/ | 2) implies that Idlμ and therefore I=Iμ. Let
KΣJ—\μ^KΣ: I=Iμ}, then KΣtI is a nonempty weak*-compact convex subset of
C(X)*. By the Krein-Milman theorem there exists an extreme point μ0 of KΣtϊ.
It is easy to see that μ0 is also an extreme point of KΣ.

Let μ be an extremal ^-invariant state. If Iμ is not maximal, then there
exists a maximal I'-invariant ideal / containing Iμ. We can choose a I'-invaπant
function g from I—Iμ such that 0 < ^ l and 0<μ(g)<l. Let μ1(f)=μ(fg)/μ(g)
and μ2(f):=μ(f(l—g))/μ(l—g)> Then μλ and μ2 are I'-invariant states, and μ—
aμχ+0-—a)μ2 where a—μ{g). Since μ is extremal, μ\—μ2 and therefore μλ(g)
=μi(g)y which implies μ(g2)=(μ(g))2. It follows easily from the Schwarz in-
equality that μ(\g—μ(g)l\)=0. This shows that g—μ(g)l^I and therefore
1<E/. This is a contradiction.

Let μx and μ2 be distinct extremal I'-invariant states. Then there exists a
^-invariant function g such that O^g^l and μi(g)^μ2.{g). If Iμi=Iμ2, then
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0<μi(g)<l. Let μ,(f)=μ1(fg)/μ1(g) and A*4(/)=jMi(/(W))/j"i(W). Then μz

and μ4 are Jf-invariant states, and μ1=aμz-\-(l—a)μi where a=μ1(g). Since μx

is extremal, μ3=μ4. As in the above paragraph, it follows that g—μ1(g)l^Iμi

and therefore g—μi(g)l^Iμ2, which implies that μi(g)=μ2(g). This is a con-
tradiction. Thus we conclude that Iμi and Iμ2 are distinct.
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