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HARMONIC AND BIHARMONIC DEGENERACY
By Leo Sario aAND CeciLia WaNG

1. In the biharmonic classification theory of Riemannian manifolds, an interest-
ing problem is to relate the biharmonic and harmonic null classes to one another.
In the present paper we consider bounded and Dirichlet finite functions and ask:
Does a biharmonic degeneracy imply, or is it implied by, the corresponding har-
monic degeneracy? We shall show that the answer is in the negative. Explicitly,
let O% g, O¥p be the classes of Riemannian manifolds of dimension N=2 which do
not carry (nonconstant) bounded or Dirichlet finite harmonic functions, and 0%:g,
0%:p the corresponding (nonharmonic) biharmonic null classes. For any null class
O¥ let O be its complement. Then for X=B,D and Y=B, D, the classes O%x
N 0%y, O% 2 N O%oy, O x N 0%y, 0%z N Oy are all nonvoid for every N.

The crucial classes are O}xNO%y. We shall show their non-emptyness by
proving that OYzpNO0%¥25 N OYap+0.

The essence of the problem lies in finding a manifold and a metric which
satisfy the following simultaneous conditions: (1) the Laplace-Beltrami equation is
explicitly integrable, (2) the metric grows in such a manner that both A?B- and
and H?D-functions are excluded, yet HBD-functions are not, (3) the argument holds
for an arbitrary N.

2. We introduce the slit N-torus

T‘:{le <1) lyiléﬁy i=1’ 2) Yy N_]-}

endowed with the metric
N-1
ds*=A%dz*+ 3, A¥V-Ddy.
=1

Here y;=—= and y;=r are identified for each 7, and A=4(z)eC*(—1, 1)).
For a trial solution of 42=0 we set A=f(x)II}-}g:(y:;) and obtain
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N-1
____2—2/(1\7-1)]2[2—2(N—2)/(N—1)f”f-1+ > 9795t =0.
=1

In { }, each term depends on one variable only and is therefore constant. For g;,
the eigenvalues give ¢} = —n%g;, where the #; are integers =0. The solutions are

0i1=CO0S #;Y, Qiz= sin niYi.

For n=(n,, ---, ny-1) with 0=(0, ---,0) and for a function j: n—{1, 2}, set

N-1
Gy = ]_[1 9:5(na)-
1=
Then fuGa;e H(T) if fu(x) satisfies f7 =p*22V-/W-1f,, where »*=ZV5'ni. For the
present we assume N>2, choose
Az)=(1— %)~ W=D/ &H-2

and designate by 7, this particular 7. To solve the resulting equation
A=a22f7=9"fn

we make the substitutions f,=(1—=x?'2#(z), dx/dz=1—x?, which transform our equa-
tion into #/(2)=1+x»t(z). The functions t=e*vitr:=[(1+x)/(1—x)]t YT+ give
the solutions

For=A+2) 0+ Vitg/z(1— )1~ Vitad/e,
Jre=(14+2) 0= v1r/2(1 —2)AF Vitadyre,

LEMMA 1. Znji=/faxGrje HTo) for k=1, 2.

3. In the case =0 we have A¢1=14+z, hos=1—2, and

T

n 1
D(hm>=g S S A dadys - dyy=2Y751,
- J—1

-x

LeMMA 2. ToeO%gp for N>2.

We could also have obtained this result by 4k(x)=—21-%*4"'(z)=0, which gives
h(x)=ax+be HBD(T,) for every A.

4. An arbitrary harmonic function % on 7, restricted to a fixed x has the
eigenfunction expansion = Y2, Cnj(x)Gr;. This is readily seen to imply:

LeMMa 3. Every he H(T,) has an expansion on T,

h=§ ; %: anjkfnanj-
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5. We claim:
LemMa 4. T,€0%:p, for N>2.

Suppose we H2D(T,), with du=heH(T,). For all peCY(T,) with supp pccf
cT,, we have at once (cf. Nakai-Sario [1])

0= Sm oxdu=(dp, du)e+ (¢, )a,

(7, @I/ v/ D) = v/ Dlw) < co.

Let % have the expansion of Lemma 3. For constants 0<g<y<1 let p,eC¥(—1,1)),
supp 0o C (B, 7). If @nju#0 for some (n,j5), set px)=po((I—2)/t),2>0, and ¢;=p:Gn,
for n#0, ¢;=p, for n=0. Then

1_
1

Bt
|(h; (Pt)l =CS (anjlfnl +dnj2fn2)‘0t12dx-
rt

Here and later C is a constant, not always the same. As #—0, fy—oo if #+0, and
Jm—2 if =0, whereas f.,—0 for each n. Therefore limy_i|@njifn1+@njafna|>|@nj)

>0.
We have for all sufficiently small #

1-8t

0 90 >C\ " pit—ay-aor-ndy
=T

=Ct2 W=D/ W=D +1 = Cp=N/ N =2

T (s s g (10
—zd—1

~r =1 0 1

D(sm)=$ )z)zzdxdy e dyys

1-8t
<S (crpf? +ca(l — )2 eb)dz=0(-) + Ot Y),
1-7rt
and v D(g)=0@¢"%). Since —N|(N—2)< —1/2, |(%, ¢,)|/ v/ D(g;)—>cc as t—0, a con-
tradiction. Therefore @,;,=0 for every (, j).

If @n;#0 for some (u,j), take p, as above but p(x)=po((x+1)/£). Then

limx__x Ianjlfnl+anj2fn2l > Ianﬂ, >0 and
14

rt
puda=CtN/ V-,
—1-+8¢

’(h’ Sot)l >Ct_2(N—l)/(N_2) S

Since v/ D(p)=0(t""?) as before, we again have a,;;=0 for all (»,j), and Lemma
4 follows.

6. We proceed to show:
LeMMA 5. To€O%:p for N>2.
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Suppose ue H*B(T,) and set du=heH(T,). Trivially (&, ¢)=(du, p)=(u, d¢) and
therefore (cf. Nakai-Sario [2])

(4, ¢)]
(1, 1]y =SHP 14 <c

for every ¢eC¥7,). If some a,;;#0, choose ¢: as in the first case above so as to
obtain |(%, ¢,)|~Ct=¥/¥-®_ On the other hand,

Adoy= —2172( 0!G, i+ 122N~/ N-D NZ_I P*Gay
Dt A 0Ot n]+/2 Ot > ’
1=1 0y}

Bt
(Cllpt[”+Czl‘_2p5)dx=01l(_l+02t_l.

—rt

a, Ié’sonl)~gi

Since —N|(N—2)< —1, |(h, p)|/(1, |d¢,|)—>c0 as t—0, a contradiction. Therefore
ani=0 for all (n,7). If some a.;»#0, we again take p(x)=pi((x+1)/¢) and arrive
at a contradiction. Lemma 5 follows.

7. We are ready to state:
THEOREM. For X=B, D and Y=B, D, the spaces
Oz N Oy, O%x N O%ap, Oz N Oy, O%ix N Oep
are all nonvoid for every N=2.

In fact, for N>2, Lemmas 2,4,5 give O%xNO%y+0. For N=2, the unit disk
with any conformal metric is trivially in O%zp, since such a metric affects neither
harmonicity nor the Dirichlet integral. Thus we are free to choose this metric
such that the H?B-and H2D-functions are excluded (Nakai-Sario [1, 2]).

It is known that O¥NO%:p+0 and O%N OYzp+0 for Y=B, D, with O¥ the class
of parabolic N-manifolds (Sario-Wang [4, 5]). In view of O¥cO%zc 0%, (e.g., Sario-
Nakai [3]), we have O¥yNO¥y+0 and 0% N O%:p+0. The remaining relation
O0%xN 0%y #0 is trivial by virtue of the Euclidean N-ball.
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