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THE RUDIN KERNEL AND THE EXTREMAL
FUNCTIONS IN HARDY CLASSES

By SABUROU SAITOH

1. In [8], we have been concerned with the Rudin kernel and some associated
reproducing kernels on compact bordered Riemann surfaces. The Rudin kernel
which is analytic on S (i.e. the closure of S) is characterized by the following
reproducing property on a compact bordered Riemann surface S: Let Hy(S) be the
class of analytic functions f on S such that |f|?> has harmonic majorants on S.
For fixed z, t€S,

f(x)zz—lng F(ORE, 2) g< D g5, for all FeFHyS).

Here 9S is the relative boundary of S, g(r, ) is the Green function of S with pole
at ¢ and the derivative is taken along the inner normal. Furthermore the adjoint
L-kernel _[y(z,t) is characterized by the following relation:

(L1 R 22D g

:%‘,&(r, ) along 4S.

Here _fi(r,x) is an analytic differential on S except for a simple pole at & with
residue 1. However as we have pointed out (cf. [8], Lemma 3.1), the Rudin kernel
on a compact bordered Riemann surface does not characterize completely the Rudin
kernel. In the present paper, we shall be concerned with some further properties
of the Rudin kernel on an arbitrary Riemann surface and a general region in
the plane. Let S be an arbitrary open Riemann surface. For fixed z,#(€S), let
{Snf-0 (Se32,f) be a regular exhaustion of S. Let R{™(c,z) denote the Rudin
kernel of S, with respect to ¢# and x. Let g,(z, ) denote the Green function of S,
with pole at ¢ Let H,(S) (»>0) be the class of analytic functions f on S for which
|f1? has harmonic majorants on S. For any feHy(S), let %, denote the least
harmonic majorant of |f|?. Then we define H,-norm on S with respect to ¢ by
[1f1l%, p=u;(¢)"? for any fixed point ¢# on S.

The author wishes to express here his sincere thanks to Professor N. Suita
for his encouragement and useful criticisms.

2. At first, the following theorem is fundamental:
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38 SABUROU SAITOH

THEOREM 2.1. The sequence of the Rudin kernels {R{™(r,x)}5., converges
uniformly to an Hy(S)-function R(r,x) on an arbitrary compact subset of S.
Further it also converges to Ri(r,x) in Hynorm. Rz, z) is determined uniquely
and independently of the choice of regular exhaustions {S,). Moreover the kernel
is characterized by the following reproducing property:

1 w(Ty &
f(x):limz?g F@OR(z, 1) —=—— % (T ) ds.  for all feH,(S).
n—oo as.
Proof. From the reproducing property, we have

]_ n\¢ty
R™(z, z)= o Sa R™(z, ) R, 1) — 9% (T ) ds:.

Hence we have
|R{™ (7, 2)|P< R{™(x, ) R{™(z, 7).

Since R{™(x, x) decreases with respect to #n [8], {R{"(r, x)} is locally uniformly
bounded and therefore it forms a normal family. By passing to a subsequence
if necessary, we may assume that {R{™(r,x)} itself converges uniformly on
compact subsets of S to an analytic function Ry(r,z). At first, we shall prove
Ry(z, x)e Hy(S).

For any m, » such that S,>S,, we have

1 2 agm(T, t)
- Sasm‘R‘(T’ - 2mn D g

=tim5-{ (R 200D g
T JoSy, ov

nmseo 2

ag n(Ty ?)

élim—l—S |R™(c, ) ds.
T Jas,

oo &

=lim R{"(x, x)=Ry(x, x).

n—oo

On letting m tend to infinity, we have ||R.(z, z)||5.<R:i(x, z)/>. More precisely, we
shall show [|Ry(z, z)||%,.= Rz, x)".

Because R{™(z, x)/|R{"(x, ) is the unique extremal function minimizing H,-
norms among the functions feHy(S,) with f(z)=1 [8], we obtain

J_S
2r Jas,

(Note that Ry(z, z)=lim,_., R{(z, )=1.)

R{™(z, x)
R™(z, z)

Ry(z, x)
n Ri(x, x)

% 0gn(z, )
ov

B Ogn(r, 1) 1
ov ds: = 271' Sa

ds..
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Hence
e WL
R™(z,z) — 2z o

Letting » tend to infinity, we have R,(z, z)"*=<||R/z, )|l ..
Next, we shall see that R,(r,z) has the reproducing property on S. For any
SFeHy(S),

agn(f’ t) ds..

f(x)"z_lnsa P ) agn(r, D .

= |5\, OReE m R w12 s,

1 0ga(z, £ 172
=ity (5e § | 1REG =Rty 225 a5,

= |If 15 2[RI (w0, 2)— 2Rz, 2)+ IRz, 2)ll5,, )T

On letting » tend to infinity, we see that Rz, z) has the reproducing property
for {S,}. Because the H,-function which has this property is determined uniquely,
Ry(z, z) is determined uniquely and for any regular exhaustion {S,} (hence in fact
for any exhaustion in the sense of Lemma 3.1) Rz, z) has the reproducing pro-
perty on S.

From this theorem, we have a formula of Poisson-Jensen type on an arbitrary
open Riemann surface by making use of R,(f, z)=1 and the identity

f@)=lim %—S fo)R(z, x)Mdsr, for all feH,(S).
n—co 21T Jag, ov

COROLLARY 2.1.

agn(‘[y dsry

_— 1
f@==FO+lim | Rl Rz,

for all feHyS).

COROLLARY 2.2. flx)=f(t) for all feHyS) if and only if Rz, z)=1. Espe-
cially in a plane region G, for some x,t(€G, xxt) (and hence for all z,teG, z=xt),
Rz, x)=1 if and only if GeOun, (ie. the class of Riemann surfaces for which
H(S) contains only constant members).

3. Let H.S) denote the linear space of all feH,(S) with finite norm at Z€S.
Let H%S) be the unit ball |[f]||5»,=1. Now we consider the extremal functions
f¥(z; x, t) which maximize f(z) in the subfamily of H%(S) satisfying f(x)=0 (p=1)
(cf. [8]). If p>1, by virtue of the uniform convexity property and the com-
pactness, we have the following lemma easily.
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LemMA 3.1. The extremal functions f3(z; z,t) (p>1) exist uniquely. Let {Sm}
be a sequence of arbitrary domains containing x and t which exhausts S from
within. Then the sequence of the extvemal functions f¥.(z; x,t) which correspond
0 {Sm} comverges umiformly on compact subsets of S to fi(c; x,t). In particular,
we have

) S 2, =1 if and only if fi(r; z, )=1.
@ fixt, H=1
@) [ x, t) =Rz, x)| Ri(x, x)"2.

In addition, (1) and (2) are valid for f¥(c; z,1).

Now, we state Theorem 3.1 as a generalization of Corollary 2.2 which is a
direct result from Lemma 3.1 and the next lemma:

LemmMma 3.2.

I3 2, O 0,

1
f@k#ﬂaabkgg;&%ﬂﬂ oot w

Sfor all feH,(S) (p=1).

TrEOREM 3.1. fl2)=S() for all feHNS) if and only if fi(z;x, )=1 (p=1).
Especially in a plane region G, for some x,t(eG, x=xt) (hence for all z,teG, xxt),
f3(x; z,0)=1 if and only if GeOn,,

Proof of lemma 3.2. We set f,(r; x, £)=r%z; z, )| f¥(x; z, 1), then f, are the
extremal functions which minimize Hj,norms in the subfamily of Hy(S) satisfy-
ing f(z)=1. Consequently for any complex number 2 and feH,(S), we have

1 (T
1m7ﬁ VWwa%“”s,
T Jas.

n—oo

—ifz'zl‘ga |Foles 2, 04 270 Fpr 080D g

By using a natural norm preserving isomorphism between H,(S) and the closed
subspace of Hy({|z]<1}) (cf. [7], p. 179), and from the arbitrariness of A, we have

pr(‘f; z, H|? 0ga(z, 2)
f o(z; 2, 8) )

lim—l—S (F()—f (@) ds.=0.
T Jas,

nsoo &

Hence

_— 1 'fp(f’ Z, t)lp ag’n(fy t) d
F@)= (IprHs 7 Him o Sf O o

Thus we have completed the proof of the lemma.
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4. Next in connection with Theorem 3.1, we assert the existence of a non-
On, Riemann surface on which f(z)=f(f) (z=¢) for all feHyS) (»p>0). The
idea of this construction lies in Myrberg [6]. We introduce two copies S;, S; of
{z| |z|>1} and distinguish the segments [2x, 2n+1] (#=1,2,---). We construct the
desired surface S by joining S; to S; along their common distinguished slits in
the usual manner. Let {z,#} be the preimage of z (]z|>1) with respect to the
projection map. Then we see that S¢Ow, (p>0) and f(x)=f(#) for all feH,(S)
(cf. [5] pp. 36-37).

5. Let E be a compact subset of S such that S—FE is connected. Then we
shall investigate a property of E for which R{®(x, x)=R{SP(x,z) (%1, x>¢ and
xz,teS—F) is valid. In the cases of the Szegt kernel and the Bergman kernel
(with respect to the class of single-valued, square integrable, analytic functions
having a single-valued indefinite integral) in the plane region, it is well known
that such a case happens if and only if the analytic capacity of E is zero and E
is a Np-null set respectively (cf. [1], [4]). In our case, the condition of this type
is quite different from theirs. We obtain such a condition from the following
theorem by making use of the identity f¥(z; x, £)=R(z, x)/Ri(x, )2

THEOREM 5.1. Any non-constant H,(S— E)-function f can be continued ana-
Iytically to S in the following way:

”f”fs,p=”f“fs—E.p

if and only if (logavithmic) Cap E=0. Here the mnorms are considered with respect
to an arbitrary point t{(eS—E) (hence all teS—F).

CoROLLARY 5.1. For some z,t(€S—E, xxt) (hence for all x, teS—E, x=t),
RSz, £)=RS2(x, z)(x1) if and only if Cap E=0.

Proof of theorem 5.1. At first, we assume that a non-constant H,(S) (S=S—E)
function f can be continued analytically to S in the following way: || fH}”:H %o
Let % and % be the least harmonic majorants of |f|? on S and S, respectively.
Then we have 4(r)=u(r) on S. From the assumption, we have #()=u(t) for
#(€S). Hence from the maximum principle we have @(r)=u(c) on S. Let {Snla,
be a regular exhaustion of S and we define Sm. as the component of SnNS,
which contains £. Then #(z) may be represented as follows:

i) = 1imiS @ 2m®D g forall ceS,
noco 2 JaSy, n oy

m—oo

If Cap E+0, at least F contains a regular boundary point @, in the sense of the
Dirichlet problem (cf. [2]). Because |f]? is continuous on F, we have

lim @(c) =d(ao) =u(as) = f(a0)|".
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From the maximum principle, we have |f(¢)|?=u(r), which is absured.

On the other hand, if Cap £=0, it is well known that H,(S)-functions can be
continued analytically to S [7]. It is readily verified that this extension has the
desired property.

6. In this section, we shall consider the relations between the extremal func-
tions f3(r; x,#) and the Rudin kernel Ry(r,z) on S. If Ry(r,x) has no zeros and
Ry(r, 2)¥? becomes a single-valued analytic function in S, then in some cases
these relations are very simple. Here the branch of Ry(r, z)*? is determined by
Rz, z)¥?=1 in the sequel. In addition, these relations should be compared with
the case of E,-classes in the plane region which was considered by Havinson [4].

TrEOREM 6.1. (I) 2>p=1: For all n>ne (for some ny), if R™(z,x) has no
zeros in S, and Rz, x)¥? is a single-valued analytic function in S, then the follow-
ing relation (6.1) is valid.

A) p>2: If Rir,x) has no zeros and Ryz,x)¥®? is a single-valued analytic
Sfunction in S, then (6.1) is valid.

— 2/P—~1 13 _!‘__ 'RL(T’ x)l2 agn(Ty t)
@D T(@)=Rila, 2y U e Sasn IO Re T w
Jfor all feHyS).
In particular, from (6.1) we have

Ry(z, z)**

K[ e —_
fp(T, Z, t)— RL(x, x)l/p ’

and iz =, O 2, =1

Proof. In the case (I), we assume that R{™(r,x) has no zeros in S, for all
n>n,. For any fixed S,, we set

~ R(”) X 2
Frntei )= P (S, and
t ’
S 11 R 2L )
h],n(‘l‘, Z, t>—W—nGW 7 Rc (x, x) Rzn)(r,x)z .

Here Wa(z, ) is defined by g.(z, #)+igk(zr, t), where ¢} is the conjugate harmonic
function of g¢,(z,#). From (1.1), we have

Frn(t; @ Oh1, () =7 1.0(@; @, 8)] F1.n(; 2, 8)] on 8S,,  and
1F1n(5s 2, B[, =1.
From Theorem 3.1 in [8], we have
Finle; 2, )= fEa(e; 2,8)  and  Fyn(0)= ko).

Here f%*, and h,, are the extremal functions on S, which we have stated there,
Hence we have
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R{™(z, 2)°
3k . — t )
fl,"(z-’ Z, t) Rgn)(x, x) N

On letting # tend to infinity, we have f¥ (r; z,#)=Ry(r, 2)*/R,(x, x), and therefore
from Lemma 3.2 we have

f(z)=Ry(x, x)~3£r271;83 f(z) g‘gg ag"a(: D gs., for all feHy(S).

Next we note that for p=1,

|f(©)Ri(r, )4~ l”’)|< Lf ()] + 1 |Ri(z, )%,

and therefore
SF@) Rz, 2)**~VP e H(S) for all feHyS) (p=1).
Hence we have

Rz, z) dga(r, )

Riea) o O

1
f(x):RL(x, x)Z/P—l llm—z‘— S f(T)Rt(T, x)z(x—up)
n—oo &I 8y
for all feH,(S) (p=1), and therefore we obtain (6.1) for p=1.
At last, as to (II), we have

S@)Ri(z, 2)"¥P e Hy(S), for all feHy(S) (p=2),
and from Theorem 2.1, we obtain (6.1), similarly.

In the case of a simply connected region, we see that all assumptions of
Theorem 6.1 are satisfied. More generally, in the case of a finitely connected
plane region, we have the following theorem:

THEOREM 6.2. Let G be a finitely connected plane region. For fixed t(€G),
there exists a mneighborhood U{) of t such that Rz, z) (xeUl)) has no zeros and
Rz, 2)¥? (p>0) becomes a single-valued analytic function in G. In addition, in
this case for p=1 (and thervefore for p=1) the formula (6.1) is valid.

Proof. Without loss of generality, we may assume that G is a regular re-
gion. Let U,(#) be a neighborhood of ¢ such that te U,(#)c Us(f)cG. In particular,
Ry(z, z) (2€3G, zeU,(D) is a continuous function for two variables z and z and
therefore it is uniformly continuous on G X U(f). Hence for one, there exists
>0 such that

|Ri(2, ) — Ri(21, 21)| <1 for all |z—z|+|z—a1]| <0 (2, 21€0G; , x1€ Uo(t)).

On setting z,=z and «x,=¢, then from R,(z,#)=1 (as we see from Theorem 2.1),
we have
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|Ry(2, x)—1| <1, for all zedG and all z€Uy(f) such that |z—¢|<é.

Hence we have a desired neighborhood U(%):
U@t)={z| |z—¢t| <o} N Uo(®).

From the conformal invariance of the Hp-norms and the proof of Theorem 6.1,
we see that (6.1) is valid for p=1 in these cases.

Here we remark that in the case of infinitely connected plane region, Theorem
6.1 is no more valid in general. In fact, Hejhal [3] have pointed out the existence
of a region G such that GeOy, and G4¢Ox,. From Theorems 3.1 and 6.1, we shall
see that for this region G, Theorem 6.1 is not valid. Further we note similarly
that in the Case (I), the assumption “R{™(z,z) (for all n>mn,) has no zeros in
S, can not be substituted for “Ry(z,x) has no zeros in S” in general. Next for
a regular region G, let F{"(z; z,#) be the extremal functions which maximize
[d¥f(2)|dz¥],=» (N=1) in the subfamily of HXG) satisfying [d¥f(2)/dz"],--=0 (p=1).

It is easy to see that

N 2N 1/2
F{(z a, t)z[——a Iaegl(j y)] / [_a af;é‘;’”y)] . and  FM™(t 2, 8)=0.

Y= 2=
Y=z

Therefore we note that for these extremal functions the circumstances as Theorem
6.1 does not happen. In addition, in connection with FM™(¢ x,#)=0, we see that
FM™ x,H)=0 (p=1, px2, N=1) is not valid in general.

7. Let G be an #-ply connected regular region in the plane. It is well-
known as a very important property that the Szegt kernel and the Bergman
kernel (which we have stated in No. 5) on G have z—1 and 2n—2 zeros in G,
respectively ([4], [9]). In this section, we shall consider the problem of the ex-
istence of zeros of the Rudin kernel. Unfortunately the total number of zeros
depends on G, z, and £. We shall see these circumstances for the doubly con-
nected plane region in detail. Without loss of generality, we may assume that
A is an annulus such that {z| »<|z|<1}. Let f¥(z; z,#) and /Z(z) be the extremal
functions which we have considered in ([8], Theorem 3.1). Then we have

(7.1 F¥& 2, () =1 2, )| fHz 2, )] on JA.

Here #,(2) is the unique extremal function which minimizes ess. sup |A(z)| (z€9A)
in the class of meromorphic functions such that

{ iW’l(z, D) (i(zix) ! (z)>

Since #%,(z) is analytic on A and has at most one simple zero in A except for ¢
(as we see from (7.1) by the argument principle), 4:(2)/f¥(x; x,t) is characterized

for all feHl(A)}.
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as the unique extremal function which maximizes |Res,.; #(z)| in the class of 4
which satisfies the following conditions:

c 1
W 1) = (7 +@)

where f(2) is an analytic function on A and ¢ is a real number.
(2) |A(z)]=1 on 0A.
(8) A(z) has at most one simple zero a in A except for t.

Here if x coincides with the critical point # of ¢(z,£), Res,., #(z) is substituted
for the coefficient of 1/(z—zx)2.. Therefore for an admissible function %, we may
represent the extremal property as follows:

(7.2) log |(2)| =9(z, ) — (2, H)+9(2, 1) —d9(2, a),

for some a€A and =0 or 1.

(7.3) 01(z) —01(t) + 01(t) —dwi(a)=n, (integer).

Here w,(z) is the harmonic measure of the inner boundary C, of A.

log |Res h(z)| =u(z)—g(z, {) +9(w, 1) —dg(, @)

(7. 4)
=u(x)—g(t, x)+g(ts, x)—dg(a, ).

Here #u(z) is defined by ¢(z, x)+log |z—x|. (7.3) represents the condition for A(z)
to become a single-valued function. More precisely, #; may be represented as
follows:

nlz—l-g darg/z(z):~—1—g darg 4z o ) (—1=m=1).
2r Jo, 2r o

Hence the zero a of A(2)/f¥(x; x,¢) (if there exists) is characterized as the unique
point which maximizes (7.4) under the condition (7. 3).

Case 1. wi(x)—w:(f)+wi(t:) is not an integer.

Then we have 6=1. Hence /Z,(z) has two zeros a« and ¢, and therefore the ex-
tremal function f¥(z; z, £) has no zeros on A.

(a) |¢|=r% Then we have w,{)=w:(;) and w,(x)—wi(a)=n, and therefore
n1=0.

(b) 72<jt]<l: We set D=—wi{&)+ () 0<DLL).
(1) oilx)<1l—D: we have n,=0.
(2) wi(x)>1—D: we have n;=1.
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(c) r<|t|<r’? (—=1<D<0):
1) wi(x)<—D: we have n,=—1.
(2) wi(x)>—D: we have n,=0.
Case 2. wi(x)—wi(#)+w:(t;) is an integer:

Then we have 6=0. Hence #%;(z) has only one zero point # and therefore the
extremal function f¥*(z; x,f) has one zero on A. Here any zero on the boundary
is to be counted with half its multiplicities in this enumeration.

(a) f¥(z; x,¢t) has one zero in A.
(b) f¥z; x,t) has one double zero on 9A.

At first, we note that in the Case 1 the extremal function f¥(z;x,f) is
determined uniquely. Let f¥(z; z,¢) be any extremal function which maximizes
f(z) in the subfamily of H(A) satisfying f(x)=0. By the uniqueness of 4.(2),
from (7.1) we have

ezt ¥zl
Hant) ~ e an A

Hence we have f¥(z; z, )=1¥z; x, t).

Now, in the cases (a), (b) (1), (c) (2) in Case 1 and Case 2; (b), f¥(z; =, #)'/?
(f¥(x; x, £)¥?>0) becomes a single-valued analytic function and therefore we have,
as we see from the proof of Theorem 6.1,

RL ) 2
1@ 3 )=

Hence in these cases, R,(z,x) has no zeros on A except for the Case 2; (b), in
which Ry(z, x) has one simple zero on dA. Next, in the cases (b) (2) and (c) (1) in
Case 1 and Case 2; (a), f¥(z; x,t)'? does not become a single-valued analytic func-
tion and therefore

Ry(2, x)*

&)= Ri, 2)

is not valid. In particular, from Theorem 6.1 we see that R,(z, ) has one simple
zero in A (if there exists, the total number of zeros is at most one as we see
from (1.1)).

In summary.

(I) Case 1; (@), (b) (1) and (c) (2): Ruz,z) has no zeros on A and therefore
Li(r, x)=L(z, x)dz has one simple zero in A as we see from (1.1).

(II) Case 2; (b): Ry (z,x) has one simple zero on 9A and therefore L(z, x)
also has the simple zero at the same point on 9A.
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(IITI) Case 1; (b) (2), (c) (1) and Case 2; (a): Ri(z,x) has one simple zero in A
and therefore L,(z, «) has no zeros on A.

It is easy to see that Case (II) in fact may happen.

Finally in connection with the assumption of Theorem 6.1, we note the
existence of the cases such that Ry(z,z) has no zeros on A and Rz, z)¥?
(p>0, px1,2) is not a single-valued analytic function.
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