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BIEBERBACH CONJECTURE FOR THE EIGHTH COEFFICIENT
By Mitsuru Ozawa AND YoOsHIHISA KuBoTA

§0. Introduction. Let f(z) be a normalized regular function univalent in the
unit circle |z|<1

f2)=z+ i_c: a,z".

In 1916 Bieberbach [1] proved |a.|=2 and stated his famous conjecture |a,|=# with
the equals sigh holding only for the Koebe function z/(1—z)* and its rotations.
Later Lowner [8] established the deeper inequality |as| =3 by his parametric method,
for which several proofs are now known. Garabedian and Schiffer [3] showed that
|a,]=4 and Charzynski and Schiffer [2] found its elementary proof. In 1968 one
of the authors [9] and Pederson [13] proved |@s] =6 independently and in quite dif-
ferent ways. Several authors proved the local maximality for general a, or a
special @, at the Koebe function. Among them the method in [7], [10] has real
effectivity and then it is supported by our two papers [11], [12]. In [11] we proved
that Raes=8 if @, is real non-negative. In [12] we proved that Raes=8 if a;—3ai/4
and a,—3a@.a3/2+5a3/8 are real and |arg @;|==/7. These works were done as a test
for the general case and gave several important informations for the general case.

In this paper we shall prove the following theorem.

THEOREM. Ras=8
if 1.9=Ra.=2 and |Jas/Ra:|=1/20. Equality occurs only for the Koebe function
z/(1—z)%

Our proof of this theorem lies within the elementary level. In the methodo-
logical view point there is nothing new and the method is the same as in [9].
However we need here more laborious calculation than in [9]. This paper is the
first one for the Bieberbach conjecture for the eighth coefficient. In order to com-
plete this work fully we need more several years. However we believe that the
proof of the main part for Raes=8 has been finished up by this paper. We are
now continuing the work in order to fill up the remaining part.

Section 1 is devoted to several preparatory lemmas and general inequalities
from which we start. Section 2 is concerned with the case y=0, £<0 and 1.9=p=<2,
|#’'[p| =1/20. Section 3 is concerned with the case y=0, £=0 and 1.9=p=2, |z’/p|
=1/20. Section 4 is devoted to the case y=0 and 1.8=<p=2, |z’/p|=<1/10. Each cases
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are divided into several subcases.

§1. We make use of the same notations as in [11], [12]. Firstly we shall give
here several lemmas, which will be used later on. Grunsky’s inequality and Golusin’s
are used here.

LemMa 1. 11(z2+ 2" + 9+ ¢ %) + T(E2+ &%) +5(2 +7'%)
+3(*+y/) +a* sdr—aP=4—p

Proof. This is a simple consequence of the area theorem for f(1/z%)-/%
LEMMA 2 +<2,B—Lp>y<(2—p) ,32+-—1—(8—p3)——1—x’y’+ip:c’2
-7 2 P)¥= 12 2 g

Proof. By Grunsky’s inequality [5], [6]
lbuxf+6b13x1x3+3bsal‘§|§|x1|2+3l$3|2-
Here we put z:=p and x;=1/3. Taking the real part we have the desired result.

We need a better inequality than Lemma 2.

LemMMA 3. 72p° 7;+%(,8—3P)y

=192+45°— p°p*—3p°—6pp(4—p*)y
+{—45p* —3(8—6p)* — 144+ 90p°z"* — 108x"%}y*
+{—30(8—6p)p* —72(p—6)+30(8—6p)z"}yy
+{—5(8—6p)* — 432} +(— 360"+ 3602"*)y§ —120(8— 6p)né
— 72082+ (—9p! — 2 — 9p*z/2— 3/ )a"?
+{—36p°—18(8—6p)p*—245+108p2'*+6(p—6p)z'%a’y’
+{—45pt —3(8—6p)* —144+90p%2"2 — 1082}y + (— 2164 +722"2)a’y/
+{—30(B—6p)p*—T2(f—6p) +30(f—6p)x"*}y"n’ +{—5(8—6p)* — 432}y
+(—360p" +3602"2)y'8’ —120(8—6p)y'€’ — 720"
+[{18(8—6p)p+108p* —36a"%)2"2 + 18047
+{—60(8—6p)p—180p* +432)x"y/ +120(8—6p)'y/
—720pa’e" + 1440y ly
+[216px"*+{60(8—6p)p+180p* —432}a"y" —60(f—6p)y"* + 7202’ I
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+[720px"y’ — 720"y —720y"?16 +180p%y° +60(8— 6p)y*y+ 720y%¢.
Proof. By Golusin’s inequality [4], [6] we have
[D11%14 U315 | + 3| D152 1 + bssrs| P+ 51 b15201 + Dss s | > = [@1 >+ 3 5.
Here we put x;=28, ;=8. Then we have
(Bo+12y)*+ (B’ +12y")*+ 3(By — 6py + 127+ 62"y’ + p°* — 3pa’®)*
+3(By’ — 62"y —6py’ + 12" + 3p*a’ — ')+ 5(3p*y + pp—6pn+12¢)*
+10(3p*y + pn—6pn+128)(— 3z *y+ 62y — 6y +6y’2 —6px’y’)
+5(30%" + b — 6/ + 126" +10(3p%" + frf 6y’ +1227)
X (—3a"%y’ +6px’y—6a'n—12yy’") <45*+192.

By a simple calculation we have the desired result.

333

Next we shall give an inequality, from which we start. Grunsky’s inequality
with m=7, z1=y, 2:=0/3, xs=p/5, £:=1/7, x2=x4=x:=0 leads us to the following

inequality

Ed

1 1
R A2 . 2____ 24/3 __ AT
Ras=—+o 45 P50 —gg Vg

p7 +x7,2

2
_ 13_ 5___l 2 /2__<_3L 3 l > /2_2 /2_(& 4__ 2__]; z> 1ot
<61> 451>>x RAREI 4 iy v 16 0~ —5 92"y
(A) _}gpsx/nl_<% p2+5)x151__;‘pxl¢/_2x/z./_(%ZPZ_'_Z(;)Z//”/

_ % pylsl _477/&-/ _ 3y190/
21 1 27 27 3 3
- (7 Pz—ﬁ)x’y’y — g N PV Py — a5 @Sy

1 13 0 23 1
_% 2y _8'_7_ 2y — (_2__p3__ -—2—}'7).7:’22/— <Tp2_—2- 5),1;/27]
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—%gprzg——% px’Zy +== 21 px,zylz_%xrzyﬂ+%? xlzyln/
+3 Pz oy 22 Px's ik x’3E’+3x’3y’y+%Px'4y+_;‘ 'ty

131 804 _H 15,0 A4 4 e 4l 2
T P Ie Y Te  g P

§2. In this section we shall be concerned with the case y=0, £=0 and 1.9=
=2, |&'[p|=1/20. We put, in (A),

5 3—
=g P+ Ay, =g P+ Bpy+Cy,
where A, B,C and « are constants to be fixed in later parts. Then we have

Ras = U+~ Apo( B2+ 4+ =% Bpray+ %‘icmn

641’

128 (13+20a)p5y+ (3+16a)p“r+——aj) &

1(’12%‘ e A——B)p3+ L A 2p+ 4) + Bap

21 1 1 ,
+<—T+—§— A+—4— A2> bx 2]

+ ( A 23—% C)p2+ZBCxp+< 38—9+%>x’2}y7;

267
256

3

1
155+

|
+ { (—-20) +c2x} o+ (%—ZB—A>z>y&+(4—20)115+<3~2A)w
(B) +(

1 pa /2 __ 4 pxl4>x12+< iég p4+_1_3_p2 ’2—%1}/4)3) y

29 2 1 1
+<____i€_p3+_41_px/2>y12+(_Tsp3+__45_pxlz>xly/+<__38_7p2+§89_x/2>y17/

11

_% p7/2+<_1747_p2+__ xlz>x/5/_% pyls/_47]/5/__;__pxlggl_gylgol_lefl

+Sy+ T+ V¢ —ix’zgoﬁ- <i

11, 3
: 5 At A -—2AB>py

+(@2A—-A*—2AC)y*y+ <—%1—+A+-;—A2>x'y’y2+1—g 'y’
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o 81 81, 1111, 863 , 2201
U=8——To—g a'tga’ =g o't gy

133 7 9 25 1\,
(128+96+40> +<112+64~12+§0—>x’

_ 99 5 3 12| 02 __7_9_ 13 > ’
s=| (-3 A)p g | (-5 g )|y

+<_2g___A>p '2————17.'6'77' 2Ay’7'—<—%+A>x’$’,

__ﬂzilz /2_&7_ //___1_ )
T“( 16p+8x>x g Py v

V=———1>:c’2—-%- z'y.

This is our starting inequality in the case y=0.
In the case £=0 V¢ is an obstructive term, then we choose a to be a suitable

positive number. Really we put a«=7/160 in (B). We divide this case into several
subcases.

Case 1. 2=0.

We start from (B) with «a=7/160. Applying Lemma 3 to the term (37p%/640)
(p+15py/8) we have

13357 ., 13357 . 37 6671
RasS Ut 55+ g0 27 0 128730647~ G256

5 \ 703 473

+ g A+ 2+ 472y — e (0 + 20y +o 5 Bb'oy
4 ———— CpPan+—= P
toa0 P 640

37 ., (135049 393 , 5 N . 1 . . »
+i_ 12837 +<128»640 ~ 640 A‘TB>P +qg A%’ +2p+ )+ B'ap

6831
3 12
320‘b+64 gl +< 3204

407 ., (10619 3 5
+[_ 128-16 7 +(128~20 —TA-2B-7 C)pz

1,1 /2}2
+2A+4A>_bx v

07 L, (A 39),
+2BCapt+yog g b +(7_'§>x Z}y”
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4477 < 609

3 2
~T2s.128 2 T\ 320 2c>p +C%

37 9
+ —‘—1-2—8'173 ( —A-— 23)17-?— 198 px’z}yf

=g+ U=20) |+ (3=24) yp— 51 pE
+(_ 654307-78 4 641123f;8p3 252342 par 62(5)1;41ﬁ )
+( sio167' - 6471834 P+ P %””4)”’
+( 1238 g 1126819614101’ 3320 er64 81’3 i ;g)% bz '2>y'2
(B) +< 2654101 P+ 2644307 be ’2>x"/+<" 12480-716 p'= 1123806210 7
g P g )y

M77 ., 831N\, [ 17, 11 ,2> »
+( 158182 ~ 320”)” +<_Tf’+?‘” ze

37 3 72 ’ &l
+(‘mp FRABT p”) ¢

.|_( B;OiGp 4) p’z————px’go’ 3y’ =227’
+S,y+Tn7+Vl&‘—%x’zw{%ps+(—g—+%A+—;—Az—2AB)Plys
+<330g2p2+2A A 2AC>y77+ pyzs+<—58—1+A+~—A2>yxy
.

s=|(~si16 15 4) P Heig 27+ | (F A )|

37 ., (2,1 ,2< 55532049),,
+{128-2p_<8+'2_A>p}y+ 12882 320 2)*7

407 )
+<32 12 2 ) g
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_ 37 2_,&_ 12/ _?l 1
+( 74 Z—A)x§+32pyé,

[ 3369, 7 555 ., 2271 ) AT,
Tl‘( 640p+“'>x'2+(12881’ 330 2)*V ~ 35,332

___l_ .7 37 rer
____2_9_ 72 __?.)Z. 2__3_.> ’ 1_37 4 /_Ez ’2
Vi=—g b2 +(641’ 5 )oY Ter P g PV

Here we put A=3/2, B=9/8, C=1. Then we have

473 9 7
R =Pi+ 5515 40 5 (807D + 17942+ 6400p")zy + p*‘x(v+-—8—¢’y) +5a0 2°¢

1 1 1 1
5632 ¥ %632 BT %3 Siy— 96.32 111~ 96 32 V‘s" %

_Sl_s__g__ 3 407 2 > _?’Z_z__liz//_l_z/la
+<32-8p 8p>y+(32 320 teg Ve VR g Ty

143463 3086247 , 9027800 . 2412463 , 596416
256-300 © 256-600 © ' 256.1200 ©  192-640 ~ ' 128640 ©

_<133 25 7 18599 ) "+( 9 25 1 8173 ) .

5

P1:8'—

128 196 T 10 " T92-6400 ) T\Ti2 " 64.12 T80 ~T92.25600 )°
Qu=(111p°+ 6549 . 26255 — 7776+ 355 . 2p— 4608 — 222p02/* + 12362. dpr'2)y?

+2(305. 250"+ 4188.6p° — 69125 — 305 254%" -+ 63362"2)yy

+(839.43755" + 3360, 65— 6144y + 2(4445°— 11525 — dddpa’ )yt

+2(1221p2 —3072)y& +-1776p£2,
—(3226.2p5+500..88755° — 6265 .8p%z* + 1303 . 4pa/ )2

+2(4055. 554+ 421 .82 — 10178 . 2552 + 105627 4)ay"

+ (11145+ 6071..66255° + 355 . 2 — 2222 — 15861 . 6pz' 2y 2

+2(6026.4p° — 5848 .8pa )’y

+2(305.25p*+ 7836652 —305. 255%"2 — 7488 %)y

+(839.4375°-+ 7977 .6p)y >+ 2(65285* — 21122/ )’/

+2(444p° + 6912p — 44dparyy € +2(1221p° + 6144y

1776087+ 2.5376px' ¢/ +2.4608y’¢’ +2, 30722/’
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S/ =(16935.3p* 10087 .2px'%)x'2 + 2(11424p* — 4608x'2)x’y’ + ( —444p° +12672p)y "
+2(832.5p*+9835. 2p)x'y’ +2(—1221p*+4608)y’y’ +2(888p* +4608)x'&’
—2-1776py’¢’,
=(16171.2p%*—2688z'%)2'2+2(—832.5p° +10900 - 8p)x'y’ 4+ 1221 p%y"?
+2.768z"y —2-888px’¢’,
Vi =11136px"4-2(—888p%+2304)z"y" +2.888px"y’ +1776py’2.
We remark the following facts: for 1.9=p=2, |2//p|=1/20

1

3 /2
640 D% =g ay 13440027,

4 3 2
5 40 7 (B97p'+ 17941+ 64008")ay

= 96 32 (8145.62*—11374.8x%+ 5803 .82* —1345.52°+134.552°)

RN S, ai(134.55p4+269.1p8+960p2)y2,
1

— 2 = 192000+ oz 1—3—2-933'4,
1

407 9
(32 320~ )” 0,
37
mﬁy £=0.

Further by Lemma 2

43 ( L9 p> 330627 , 1562319 , 1486639 , 1426095
640 Y \7T g 32-480 © T 30-1024 30-1024 © T 60-1024 *
1380687 270083 .

6

240-1024" ~480-1024”

1135.2 , 2270.4 3> , (567.6 . 1135.2 4)
+(96 52 P~ og.32 )" (96 2?9632 )"

By Lemma 1 for 1.9=p=2, |2’/p|=1/20

. 4 - 2
<32 oRla —p) (32 T p)\/ V=g, 32 (160.1064p* —415.4112p)%,
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15, 123624 . 1412501 , .
1 VPV =553 DTV 5553
123624 N +941.668);?
1

1 1. ) e
tggap | oy (2354175 + 941,668,

E I H 1 4_p2 72 1 2
g 2V = 'E()“f"\/ 3V =gy 11770240y,

Making use of these remarks and applying Lemma 1 to the term —5504x/96-32 we
have, with a,=0.6, y1=6.45, y,=1,

/__ 1 /
@ 96-32 Ri- 96 32 St

Ras= Pi(x)— <aas V16,

96 32 96%32 v 96 55 [~ 96 32
Pi(x)=234.52—7911 .82+ 72778.78x% — 91834 .6052° + 49746 . 452 — 12856 . 21547,
Q/=(111p° —224.25p* + 5940 . 6561° — 9140 . 583p* +770.6112p
—1421.668—222p°x")y*
+2(305.25p* + 4188 .6° —6912p — 305 . 25p%x"* + 63362"2)yy
+(839.4375p°+3369. 6p-+ 736)7° + 2(444p* — 1152p — 44dpa')y&
+2(1221p* —3072)7¢ + (1776p+9632)2%,
R(=(3793.8p°—1135.2p* +500.8875" -+ 1376 — 6265 .8p%x'> — 297 682"
+1303.4pz’ )22
+2(3487.95p* +1135.2p° + 421 .8p* — 10178 25p%2 + 1056 2" 4)z"y’
- (111°+ 6071 . 6625p"+235.417p* +237 . 49p + 3186 . 332 — 222p%x">
—15861.6p2'%)y"
+2(6026.4p° —5848 .8px'?)x’y + (83943755 + 7977 .6+ 6880)’2
+2(305.25p* +7836..6p* —305. 25p%"* — 74882y
+2(6528p° — 211227%)2' &' + 2(444p* + 6912p — 444 pa'2)y &' + 2(1221 7
+6144);/ &’ +(1776p+9632)¢">
+2-5376pa" ¢’ +2- 4608y’ ¢’ +12384¢/* +2- 3072277’ +151367"2,

V= —2304px’? +2(—888p*+2304)x"y" +2-888px'y’ +1776py"?,
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Since y=0, »=0, £=0, we have, for 1.9=p=2, |2’[p|=1/20
—Sly=—2(832.5p*+9835.2p)x"y’y —2( —1221p*+ 4608)y' 'y — 2(888p*+ 4608)x’ &y
+2-1776py’E"y
=(832.5a5p°+9835. 2arp)y %+ (832.50;'p* 49835 . 205 2 p) "%
+(1221arsp® — 4207 . 62a5)y + (— 4075 p* 4+ 3030 . 54 a5 1p2 — 5610 . 160 2)7’2
+(888asp® 4 4608a)y? +(888a; 1p* +4608a; )22
+1776aspy® + (—592a;1p% + 236805 1p)E"%,
—Ty/n=—2-768z"y'n+2-888px'&'y
=768+ 7688 1’y + 888 Bap7* + 888 55 Lpa' 2612,
— V6= —2(—888p*+2304)x"y'& —2-888pa’y' € —1776py’2E
=(888ysp® —2304y5)e% + (888y51p* — 230475 )z %y 2+ 888y pE2
+888y: pa' 2+ 8885 pE2+ (— 2965 1% + 1184y5 1 p)y"%
Hence we have, putting a;=as=a,=a;=0.2, fi=p:=2, rs=7s=rs=2,

1 A 1
96.32 ¥ 06.32

i)iaséS——gg—?EP;(x)— 1%1;

Q:=(110.445p°— 224 .25p* + 5774.156p°— 9562. 383p* — 1551 . 6288
—1501 . 744)y*+2(305. 25p* + 4188 6* — 6912p — 305 . 255" + 63362 )y
+(839.4375p"+ 1593, 65— 800)7? +2(444p° — 1152p — 444 par'?)yé
+2(1221% —3072)56 + (— 17762 — 1776+ 14240)¢?,
R,=(3793.8p°—1135.2p*+500.8875p° + 1376 — 6265 .8p°z" — 297 . 682"+ 1303 . dpar’ )’

+2(3487.95p*+1135.2p* 4421 .8p* —10178.25p%x'2 + 10562 *) "y’

+(111p°+6219.6625p° + 235.417p* — 354 .51 p+ 3131.932 — 222p°x’* — 444p°x"*

—16364 .1pz'%)y’2+ 2(6026 .4p* — 5848 .8px'%)x'7y +2(305. 25p* + 7836 . 6p*

—305.25p%x"* —T7488z%)y"y’ +(2035p* +839.4375p° —15152.7p*+ 7977 .6p+34930.8
—4162.5p%x" —49620pz"* —384x"%)y'?

+2(6528p* — 2112222’ &’ + 2(444p%+ 6912p —444px' %)y’ &' + 2(1221 %+ 6144)7'¢’

+(2960p° —10064p 49632 —4440p°x"* — 444px'* — 230402%)&"*

+2-5376pz¢" +2- 4608y’ ¢’ +12384¢"2 +2- 30722 + 1513672,
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It is very easy to prove that P/(z) is monotone increasing for 0=x=0.l and
P1(0)<0, PI(0.063)>0. Let 2 be the root of PJ(x)=0, 0<2<0.063. Construct N(z)=
5P.(x)—xP)(z). Then N(z) is monotone decreasing for 0=z=0.063. Further
N(0.063)>0. Hence N(z)>0 for 0=x=0.063. Especially N(2)>0, which implies
P,(2)>0. Therefore Py(z)>0 for 0=x=0.1.

Next we prove the non-negativity of Q,. Since yp=0, we may consider @*=
Q1 —2(305.25p* +4188.6p* —6912p — 305.25p%x'% +63362'%)yn. We can prove the positive
definiteness of the symmetric matrix associated with @* for 1.9=p=2, |2'[p|=1/20
by taking its principal diagonal minor determinants. Hence Q, is non-negative for
1.9=p=2, |2'/p|=1/20.

We prove the positive definiteness of R, Since

297.68x"%4-2- 21122/’ +-14984.366"2 =0,

15.12py"2+2-444py’ &' + (4440p*+ 444p+ 8055 .64)6"* =0,

270.75p%x"% 425848 .. 8px’y’ + 35000p72 =0,

686.98py"2 +2(305.25p°+ 7488)y"y’ +(4162.5p° +14620p + 384)7* =0,

5995.05p°z2+ 2(10178.25p? —10562'%)x"y’ + (222p° + 444p* + 15662p)y’2 =0
and
623.52/24-2-3072x'7" +151367/2 =0,

we may consider 32-![R,—(623.5x2+2-3072x'c" +151367"2) —{(6265.8p°+297.68)x"*
+2(10178.25p% —10562"%)x’y’ +(222p% +444p2+ 16364 . 1p)y’? +2-5848 .8px’y’ + 2(305.25p*
+ 7488)y’y’ + (4162.5p° + 49620p + 384)y’2 + 2-2112x'&" + 2-444py’e’ + (4440p*4-444p
+23040)£’2}(0.0025p* — x’?)]. We prove the positive definiteness of the following
matrix:

(1), @ y=ajs,
a11=118.0667p°—35.475p* +15.64p* +23.515,
@12=108.2034p* 4 35.475p° +13.18127,
@22 =3.4331p°+193.086p°+7.356p*—11.079p+97.872,
@15 =187.868p% a23=9.5152p*+244.308p?,
@33 =62.9433p* +22.355p* —473.552p*+249.3p+1091.587,
@14=203.835p%, @5,=13.8403p*+216p, @3+=38.156p%+192,
a14=90.824p*—314.5p+ 301, @:1;=168p, @zs=144, a3;=0,
as5=0, a5;=387.

Its principal diagonal minor determinants are larger than
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118p° —36p*+15p° 423,

405p° —122p° +11142p° —13659p" — 2661p° +11209p° — 3820p*
+6071p*+172p* —261p+ 2301,

25513p** —9295p'2 +509903p2 — 736538p*! —5045575p1° +5804052°
+15140214p° —19916150p" — 1717846p° +8396026p° —4001664p*
+6845115p*— 965991 %+ 289370p+ 2512243,

2317202p'" — 844137 4- 368640505 — 55774235p'* —625910945p"°
+929907081 2+ 2580304222p'! —4991510927p*° — 158367491 2°
+9814340033p° —10824942904p" +4337888815p° + 4678775591 p°
—7268929772p* 42575360931 p° — 16194650562 — 693396183p + 671344390,

896757415p*" —326680831p'¢ 4 14266387424p*° — 221385590444
—242192180655p"¢ + 351078613547p'2+ 1005891183900
—1780803925056p"° — 832648863524° + 3182190537594°
—2903510866077p" +2002721065755p° —414107589033°
—1639174860222p* +1796104317650p° —1317639321028p2
—137536511828p 4117573507871,

respectively. All of them are positive for 1.9=p=<2. Therefore R, is positive de-
finite for 1.9<p=<2, |z’/p|=<1/20.

Thus we have Ra;=8 for 1.9=p=2, |2'/p|=1/20, y=0, =0, £<0. Equality
occurs only for =0, that is, for the Koebe function.

Case 2. —2py/3=9=0.
We start from (B,) with A=3/2, B=1,C=1/4. We remark the following facts:
for 1.9=p=2, |2'/p|=1/20

72
640 Pi=g53g 96 3637 104402,

4 3 2
5 40 =075 897" + 17949 +6400p)ay

= gﬁaﬁ (8145.62% —11374.82° 4 5803.82* —1345.52° + 134 . 552°)

L 1 4 3 2\,,2
gy * o (134555 +269.15'+ 96057,
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gzg pay=b_ 96/”132 (18163. 222 — 36326 . 4"+ 27244 . 8z — 9081 . 62+ 1135. 2°)
1 1135241
+W -IBT 35.2p"%,
5 . 1 1 /4
0= gg.55 1920 g5 e %32 7 020

37,
'@ﬁy £=0.
Further by Lemma 2

37 33 4 22 4 2,,2 4 )
3.8 +3232p szszp ( 2

407 407
5 4 2 2l 0yl 02 32,2
96 33 (—329.426p° +455.353p* +814p%) y* — 64-32‘bx y'y +—_—128-32 px

By Lemma 1 for 1.9=p=2, |2’[p|=1/20

473 41) = % 32 (141.9p°x"2+425. 7p*y"* +709.5p*/2+993 . 3p%¢ %)y,

&0-
407 otz 207 e /_“ _ne .,
v 321’ V=grm? 1’ =932 2V
15 ., 12362.4 ]
— vy ST S (2354175 + 941, 668)y

1 1
togag | oy (T25-A1TP+941.668)y",

17 17 _P /z 2
?xy é? 0 DAl —2— 596 3 117.7024py’2.

Making use of these remarks and applying Lemma 1 to the term —(5738.52«
+18.442%+22909.242°)/96- 32 we have, with a;=p:1=24, y1=6.72, r,=1,

VZ& ’

1 1 1 1
Ras=8— 96 32 Po(n)— g5 35 @ 96.32 1>~ 55.33 ¥ " gg.32 11~ 96 32

Py(x)=0.01+1300.25x —13277.7552% +2659 . 442* +1435.7025* — 380. 157,

Q. =(440.426° —984 . 4155p +5130.1175p° + 10059 . 3471* — 68386. 355

+67509.602—527.25p°2"%)y?
+2(305.25p* — 323 .4p* — 1536 —305 . 252" + 633622y
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+(839.4375p% 428636 . 55p* — 118687 .65p+ 121381 .45)*
+2(444p° —1536p — 444px'*)yE +2(1221p* — 537675
+(40091.17p*—158620.95p +170471.63)&?,
R».=(3226.2p°+500.8875p° +5727 . 31p* — 22913 . 85p+ 24353 .09
—6265.8p°x"* — 288z +1303.4px'*)x"®
+2(4055.55p* +421.8p* —10178.25p%x'2 + 10562 *) "y’
+(111p°+6071.6625p° + 17417 .347p* — 68504 . 0524p 472117 . 602
—222p°x"*— 15861 . 6px'2)y’?
+2(6026.4p° —5848.8px"%) "y’ 4 2(305.25p* + 7836.6p* — 305.25p° x> — 7488x"%)y "y’
+(839.4375p° + 28636 . 55p* — 106591 . 655+ 121765 .45)7"
+2(6528p* —21122"%)x'&’ + 2(444p% 4 6912p — 444pa"*)y’ &’ +2(1221p° +6144)7'¢”
+(40091.17p* —158620.95p+170471.63)6'2+2-5376px" ¢’ +2- 4608y’ ¢’
+(51545.79p* — 206224 .65p 219177 .81)¢"*+2- 30724’
+(63000.41p* —252052 . 35p+ 267883.99)72,
S.=(16935.3p* —10087 . 2pz'%)x’'* +2(11424p* — 4608x'%)x"y’
+(—444p* +12672p)y"*+2(832.5p° +9835.2p) "y +2(—1221p%+4608)y "7’
+2(888p*+4608)x'&’ —2-1776py’¢’,
T =(—141.9p+16171.2p* —2688x"%)x'2 +2( — 832.5p°*+10900.8p)z"y’
+(—425.7p* +1221p%)y'2 +2- 768z’ —709.5p%'* —2-888px’€’ —993.3p%"2,
Vo= —2304px’* 4 2(—888p*+2304) "y’ +2-888px'y’ + 1776py"2.
Since y=0, 0=9= —2py/3, £=0, we have, for 1.9=p=2, |x’/p|=<1/20
— Vb= —2(—888p*+2304)x’y’& —2-888px’y'e —1776py "%
=(888ysp* —230475)6% 4 (888y5 p* — 230477 1)z 2y
+888y4 pE24- 888y par’ % +888ys p&2 4 (— 29675 1p° + 11845 1p)y 2,
—Top= —T*yp—2(—832.5p°+6031.5p)x"y"y
= —T*)+(—832.58,p°+6031.58: p)y* +(—832.55;1p* +6031. 58, 1p)x"2y’?,
T*=(—63.3p*+16171.2p* —2688x'%)x'2 4 2-4869.3px’y’ +(—425.7p*
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+1221p%)y72=0,
- <52 —% pT*)y§ —2-327.7p%y'y — 2(832.5p°+9835.2p)a"yy

—2(—1221p*+4608)y"7’y —2(888p?+ 4608)x’&"y +2- 1776py "y
=327.7a,p*y*+ 327 . Ta; p*x"?y"? +(832. 505 p*+ 9835 . 2a;3 p)y?

+(832.5a;'p°+ 9835. 2a;51p)x’ 22 + (1221 s p® — 4207 . 620x,) y*

+(—407a;'p*4-3030. 54a;p? —5610. 16 )72 + (888asp? +4608as)y*

+(888as'p*+4608a; 1) w262 + 17765 py® + (— 592015 1p° +2368a; 1 p)E"2.

Hence we have, putting a;=as=a,=as=as=0.191, p,=05, y3=r=75=2,
2

=z A 1
96-32

Ras=8 Pya)— Q:—55.35 R

1
96-32
Q.=(439.107p°—984..4155p" +4971 . 11p° +9593 . 9373p* — 70604 . 0892
+67433.1294)y?
+2(305. 251 —323.4p* — 1536 —305. 25%2"2 + 63362%)y7
+(1255.6875p%+ 28636 .55 — 121703 . 4p+ 121381 . 45)7?
+2(444p° —1536p — 444pa?)ye
+2(1221p% —5376)7 +(38315.17p* —162172. 955+ 175079 63)¢2,
R,=(3226.2p°+500.8875p° +5727.. 31> — 22913 .85 + 2435309
—6265.8p°2'* —2882/2 +1303 . 4pa')z"?
+2(4055.55p¢ +421 . 8* —10178. 250"+ 105627y’
(1115 +6219.6625p°+ 17417 . 347p* —69096 . 0524p+ 72117 . 602
+1443p%*— 2159 83722 — 27924 .6’ + 1152/2)y "
+2(6026.4p° —5848 .8pa'2)x"y
+2(305.25p* +7836..6° — 305, 25p%"* — 748822y "y
+(2131.052p* +839. 4375p" + 12768 . 6425* —106591 . 65p + 151140, 247
—4358.97p%%" — 51941 .108pz2)'?
- 2(6528p% — 2112%)a &’ +2(444p* +6912p — 44dpa'yy &
+2(1221p°+6144)5/¢/

345
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+(3099.712p° +40091 . 17p* — 171019. 798 + 170471 . 63 — 4649 .. 56812
— 24127 .4882"%)¢"?
+2-5376pa’ +2- 4608y’ + (51545 79p* — 206224 . 65p + 219177 .81)p"
+2-3072'7" + (63000 41p° — 252052 . 35+ 267883 .99)< 2.

It is easy to prove that Pu(z)>0 for 0=z=0.1.

We can prove the positive definiteness of the symmetric matrix associated with
Q. for 1.9=p=2, |&’/p|=1/20 by taking its principal diagonal minor determinants.
Hence @, is positive definite there.

Further it is easy to prove that R,=R, for 1.9=p=2, |a’/p|=1/20. Here R, was
defined in Case 1 and was positive definite for 1.9=p=2, |2’/p|=1/20. Hence R is
positive definite there.

Therefore we have Ras=8 for 1.9=p=2, |2’/p|=1/20 in the present case with
equality holding only for x=0.

Case 3. —2py=9n=-—2py/3.
We start from (B) with «=7/160. Applying Lemma 3 to the term (37-29p¢/
640-32)(n+2py) we have

1073 5365 5365 1073 6671

3 5 T— Sz
Ras=Utgs0-122 1 128.647 " 128.256 '~ 640-12.64 7~ 64-25600 7

+Z%A(p4+2p3+4p2)xy—% (p*+2p%)xy + gZO Bp'zy
313 R 77+62(§ 32#(’7+ 3 py) 60 7€
- 2+ (G106 — g A= B)P + 3 A6 20+ )+ Brap?
~510167 s P (- %ﬁ% -3—“—‘42)””]
l_%@ ‘ <6i5(§)‘;32 iA 23——c>p2+230xp
+m P+ ()
+| 12%6?226 P+ <6lf(§32116 2c)p+cz } [ 1;27221’3 ( g ‘ZB_A>P

, 1073
+i5g.320% ] ve
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|~ gz £+ U=20) |1 — G P+ 324
* ( 6147()1%5536 P 1255 62556 pt :fé 228576 part= 624%84736?23 pa’ )
+(~ g tos # ~mm.  sio 18 P36 7)Y
+( 12180 72356 P (5’412()5%35)163 P 64118?6‘0 + 1215? 71328 pa ’2+<25i(1)8§ip )
+(~gim? a0 5"
+< 12382 11928 ' (1523322 P 12382 11928 b FZJ’%Q””/Z)W/
+( 1223652756 3 (5211%251%17)
+("_p2 2)”'5’+( 122722153 e +1;g7§2p '2>y'5'
+< 123122 P ) G4 —%}% .DE’Z—% pa'e’ —3y'¢" —2a'
+S+ Tup+ Vgs—% 2%+ {6}1038?3 ( o L A+—2— At 2AB>p ]gﬁ”
+<1§§12 ; p2+2A—A2—2Ac)y2n+ 6140.7332 pyzs+< 581 +A+LA2)y oy
+1?7 x'y’3,
5:={ (~srzss 16 )2 Famait| o | (5 5 A)p ey

1073, (27 1 L 1073 . 65901
+{64 1287~ ( +_2“A>p}y +( 61.32 2" 50 1615)

3219 1073 3y )l 1973,
+<128 3t 2A> { el ( )} TR TR

(s 7 2) (1078 720 N 320
Tf“( G032t @ +<64 32 2"~ 540- 16p> sl V"

1 1073

5Tt egag 25
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__@ e (1073 3\ 1073 1073
Vs=——gpz +(6432p )y B1.33 27 ~ggay 2V

Here we put A=3/2, B=1,C=12/25. We remark the following facts: for 1.9=p=2,
|2’ [p|=1/20

72
640 P=g5.33 96 57 " 13440pa"%,

; 4 3 2
o (14870 + 29745 +102408%)zy
= ot (8301011646 757 + 5978..6250¢ — 1394.062507+139..406252°)
.L i 4 3 2 2
+gsiay + o (189.40625p"+278.81255'+ 96047},
37.3 3715 , (. 2 660 ., A0
640 32*”4(’“’ by )— g3z 07 ( 30y ) 96.32 D01t 9535 27",
- = 1 2 1920
T = ggag 9632 71 ’
1073 ., ,.(3219 , 69 > 3219 < )
128-642Y +(128 61?100 )V"=T1a8.108 PV 0t 5 v ) =0,
1073,
o133 bve=0.

Further by Lemma 1 for 1.9=p=2, |2’[p|=1/20

473 o 50 ( 019 . . 1259
540 2%V 3000 2 7= g000 2 P\ S py) 3000 21T 1ga0 22V

019 . 1259 ,
=000 21T 100 'Y

——— (176.448p%x'*+529.344p%y'2 +882. 24p*y'*+1235.136p°¢"*)y

= 96 32
965‘32 (16115272 — 32230 . 4z* + 24172 . 84 — 8057 .65 + 1007 . 25)
b L 0070pm
9-32 B ’
15 _ 12362.4

20/

/2 2 2
y'= 9633 ey T 96 32 (—235.417p*+941.668)y*
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L L 085417 +941.668),

Y9632 " 5,

E ’3 ’2
3 z'y fwll'? .7024py">.

Making use of these remarks and applying Lemma 1 to the term (—5938.32x%
—4260.9622 —15575x°)/96-32 we have, with a;=24, pi=24, y1=6.95, r.=1,

1 1 1 1 1

— —_— Y !y ’
Ras=8— 96.32 970632 5T 96.32 SV g6.32 L1 gg.50 V1o

Py(z)—

96 32

Py(x)=830.975—8331.5325x+374.583752%+1721.535x° — 379.457*,
Qs =(100.59375p° —477.753p* +5176 .634p° 4+ 5372.667p* — 49598 . 82p
+52020.512—201.1875p*x'2— 24 .975px"%)y*
+2(301.78125p* 4-816.435p* —2949.12p—301. 78125p%x"% + 63362')yy

+(905.34375p° -+ 19468 . 75p* —85490.5912p + 94534 . 7224)
+2(402.375p* — 1536p —402. 375px"2)y€ + 2(1207 . 125p* — 4669 . 44)2
+(27256 . 25p*—114872.18p+134330.42)¢2,
Ry=(3224.11875p°+502.96875p° +3893.75* — 16640 . 24p+19190. 06

—6267.88125p%x’2 — 276 .48z +1302.70625p2*) '
+2(4049..30625p* 4-402..375p* —10165.. 06875p%’2 + 10562 )"y’
+(100.59375p° +6111.20625p* 411916 .667p* — 49716 . 5224p
+56628.512— 201 .1875p*x2 — 15886 .575px'2)y’*
+2(6001 . 425p*— 5840.475p2"%)a"y/
+2(301.78125p* +-7828.275p* — 301 . 78125p%x' — T488x"%)y '
+(905.34375p* +19468. 759 — 75323 .55 495950, 3)y’2
+2(6528p* — 211222z
+2(402.375p°+6912p—402. 375px"2)y’ &’ +2(1207 . 1254+ 6144)/¢’
+(27256 . 25— 114872.18p+134330.42)8"2 4 25376 pa’ o’ +2- 4608y
+(35043.75p*— 149762 . 16p+172710.54)¢" 4 2- 30722
+(42831.25p°—183042.64p +211090.66)<"2,

Sy =(12524.4375p°— 10095 525p"%)a’* -+ 2(11424p* — 4608z2) 'y
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+(—402.375p° - 12672p)y"*+2(804.75p +-9885. 15p) "y’
+2(—1207.125p%+4608)y "y’ +2(804.75p* +4608)x'¢" —2-1609.5py"¢’,

T) =(—176.448p% 49561 .15p* — 2688z'%)x"* +2( —804.75p° +- 10850 . 85p) "y’
+(—529.344p% +1207.125p%)y"* +2- 768"y —~882.24p°*
—2-804.75px'e’ —1235.136p%2,

V) =—2304px’?+2(—804.75p*+2304)x"y’ +2-804 . 75pa’y’ +1609.5py"%,

Since y=0, —2py/3=7=—2py, £=0, we have, for 1.9=p=2, |2'/p|=1/20

— Vie=—2(—804.75p* +2304)x"y'e —2-804. T5px' 7/ € — 1609 . 5py"%¢
=(804.75y5p* — 23047 5)E2 4 (804. 7577 1p2 — 230477 1)z 2y 2
+804. 757, p&2+804. 757 pa' 2y + 804 . T5yspE*
+(—268.25751p°+1073r5p)y"%,

— T/p= — T*p—(54.5p*+8826p%) ' *p— 2(— 804.75p° +10378.85p)x"y"y
— T*9+(27.258:0° + 441380772 + (27 . 25, p* + 44137 p) 2
+(—804.758,p*+10378.858:p)7 + (—804. 7551
+10378.858; 1 p)x"%y"?,

T*=(—176.448p*+735.15p* —2688z'%)x"2 + 2-472pxz"y’

+(—529.344p° +1207.125p%)y"* =0,
—(Si—2pT*)y=—2(804.75p°+9885.15p)x"yy — 2(— 1207 . 125p%+4608)y7'y

—2(804.75p*+4608)x'¢"y +2-1609.5py’E"y

=(804.75a;*+9885.15a, p)y* + (804. 75a; *p* +9885. 150; 1p)x" 2y’

+(1207. 12503 p* — 4107 . 442a)y> + (— 402. 3750 p* + 2978 . 647 a5 ' p?

—5476.588a;1)’% + (804 . 75a, p* +4608a)y* + (804. 750 *p*

+4608a; )22 +1609. 5aspy®+ (—536 . 5a; 1p* + 214605 p)E"2.

Hence we have, putting ax=as;=as=a3;=0.2, f=4:=0.22, y3=7,=7s=1,

1 A 1 4
96 32 96-32 Qs 96-32 K,

Qs=(100.09078p°— 477 ..753p" +5015.621p*+4970.292p* — 51897 . 75p + 51920 . 4004)>

Ras=8— Ps(x)
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+2(301.78125p* 4 816.435p*—2949.12p—301.78125p%x’2 4 63362 %)yx
+(1076.39375p° + 18497 .89p* — 87773.9382p + 94534 . 7224)*
+2(402.375p° —1536p—402. 375px"*)y& + 2(1207 . 125p* — 4669 . 44)75
+(26451.5p*—116481.68p+136634.42)¢2,

R, =(3224.11875p°+-502.96875p° + 3893. 75* — 16640 . 24p +19190.06
—6391.75975p%2’2 — 20061 .498p?x"2 — 276 . 4822 4-1302.70625p2"*) "
+2(4049.30625p* +402.375p* — 10165 . 06875p*x"2 41056 z"4)z"y’
+(100.59375p°+6379.45625p° + 11916 . 667p* — 50789 . 5224+ 56628 . 512
+3457.206p°x'*— 804 . 75p%x'2 — 63068 . 8271 px’ + 2304x'%)y "2
+2(6001.425p° —5840.475p2'%)z’y/
+2(301.78125p* +7828.275p* — 301 . 78125p%x'2 — 748822y '
+(2011.875p*+905.34375p% + 4575.5149p2— 75323 . 5p+123333.2399
—4023.75px'*—50230. 5px"%)y’?
+2(6528p% —21122"%)x’ &’ +2(402. 375p° + 6912p — 402 . 375px' )y’ &’
+2(1207.125p* +-6144)y'e’
+(2682.5p° 427256 . 25p* — 125602 . 18p+134330.42 — 4023 . 75" — 230402'%)& "2
+2-5376px’ " +2-4608y’ " +(35043.75p*—149762.16p+172710.54)¢"?
+2-3072x'7" + (42831 . 25p% — 183042 .64p+ 211090 .66)7"2.

Py(z) is monotone decreasing for 0=2=0.1 and P;(0.1)>0. Hence Py(x)>0 for
0=x=0.1.

We can prove the positive definiteness of the symmetric matrix associated with
Qs for 1.9=p=2, |2'/p|=1/20 by taking its principal diagonal minor determinants.
Hence Q; is positive definite there.

We prove the positive definiteness of R.. Asin Case 1 we may consider the
modified quadratic form, whose associated symmetric matrix is

(@), @y=ajs,
@11=100.254p°—1.568p*+15.717p* +121.658p* —532.964p +607 . 542.
@12 =125.746p* +12.574p?,
@22 =3.413p°4-194.305p° 4-372.575p* — 1587.173p+1769.641,
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@13=187.088p%, @23=9.407p*+244.048p?,
@33 =62.242p*+24.367p* +142.984p*—2353.86p+3854.163,
@11=203.835p%, @20=12.542p°+216p, a3,=37.722p*+192,
@4, =83.199p*+849.957p* — 3925.069p+ 4197 .825,
a15=168p, axs=144, ass=0, a;=0,
ass=1095.117p*—4680.068p+5397.204.

Its principal diagonal minor determinants are larger than

100p° —2p*+15p° +121p*—533p+607,

342p1° —6p° 4-3721p° + 37462p" — 161633p° +211470p° — 86110p* — 245800p°
+1287552p*— 19074305+ 1075131,

21297p" — 868p** +280562p'% -+ 1477693p"* — 7287543p*° 4 4529914p°
—110716198p° +595899356" — 1130865789p° + 926979689p°
+415052553p* — 4224602505p° 4-9605983213p* — 9882251469 + 4143731016,

1771901p"" +18029517p'° — 61968877p*° 4- 454250687 p'* — 460234356
—10401601114p*%4-29224646413p** — 93542848218
+869799619492p° — 3691648883746p° +7811287428702p"
—8643635307631p° — 35095475976° + 25258329338603p*
—63281475888881p° + 82462462596647p* — 57678076956720p + 17355024015098,

1940439756p'° +11451810131p'% — 142679221873p'" +884785188599p*¢
—2964393239876p'° —6785857334195p 4+ 78195545360091 '3
—295338125410299p2 +1547900190177387p** — 8618151231782623p*°
+30528784182024911p° — 659550898285080942° + 82589808980320277p"
—19029959813551431p° — 186756136437168850p° + 520783451111825107p*
—788425611583634739p° + 732721439651 747896p*
—392029581083976976p+ 93465245269336384,

respectively. All of them are positive for 1.9=p=2. Hence R, is positive definite
for 1.9=p=2, |2'[p|=1/20.
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Therefore we have Ras;<8 for 1.9=p=2, |z’/p|=1/20 in the present case with
equality holding only for x=0.

Case 4. 9=—2py.
In this case we start from (B) with «=7/160, A=3/2, B=1,C=1/4. We remark
the following facts: for 1.9=p=2, |z’/p|=1/20

’2
640 Pesgs og " 42002"%,

357 PP +2p+ D)y

s%‘é (3602 — 5402° + 3002 — 7525 +7..52°)

i. _1_. 4 3 2\, ,2
+ % o (7.5p* +15p° +30p%)y2,

[ 15 37.3 2
540 ?( py) =540- 321’4<”+ 3 ? )

1
2 . 3,12
= 96 -208.125p%x" %y + % 138.75p%x"%y

37. 15 ( § py)

5
-—Tx 2o —ro 96 6071 +96 607

Further by Lemma 1 for 1.9=p=2, |2'/p|=1/20

773, 413, vy 1B,
w40 ? ”“640 iP=g s Doty Py

é (31)3 /2+9p8 l2+15p3 12)7]

19 * (475.8x2—951.6a°+713.7x* —237.92°+29.73752°)

1 1

—— 8 — 49,2
+ % B 29.7375p%2,

_1_5 20l 0l 1 122 12 ¢ 2 2
T VrY é’gg 386.325px" %%+ 9% (—7.357p%+29.428)y

+ 2 L 3stpr 20,428y,
96 72

.E. 1,13 i_ 12
3 %Y é% 3.679py"2.



354 MITSURU OZAWA AND YOSHIHISA KUBOTA

Making use of these remarks and applying Lemma 1 to the term —749.2x/96 we
have, with a;=1, p1=2, =28, r.=1,

1 1 1 1
9% R4—% 34?/—% Tm—"gg Vi,

P(2)=19.816—227.349x+315.012— 63 .9412° — 113.048x* +69.883x° — 11.65x°,

A 1
maéS—;”—ﬁ P(2)— g5 Qi—

1 =(—22.369p* +133.425p° — 214.643p*+388.472—8.325px"%)y*
+2(—33p*—48p+198x"2)yn+ (—162p+924 .5)* — 2 48pye — 216875 +1311.1£2,
R,=(100.125p°+187.3—196.5p°x"2—2.162"%+40 . 5px’*) "
+2(119.625p* —312p%%"%+ 33z *)z"y’
+(174p*+7.357p*—3.679p+532.472—504px'%)y"*
+2(180p° — 180pa"*)x'y’ +2(222p* — 234x'%)y"y +(216p+ 936 .5)7’*
+2(204p* —66x"%)x'¢" +2-216py’¢’ +2-1927'¢" +1311.1¢7
+2-168px’ ¢’ +2-144y' ¢’ +1685.7¢"%+2-96x't’ +-2060. 372,
S1=(410.25p° — 318px'?)x"2 + 2(357p* — 144x'*)z"y’ + 396py"*
+2-324pz'y +2-144y’y +2-1442'¢,
Ti=(—3p*+313.875p* —84x'*)x"2+2-324px’y’ — 9p*y'2 4+ 2- 24"y — 15p%'?,
Vi=—T2px"+2-722"y’.
Since y=0, = —2py, £<0, we have, for 1.9=p=2, |2’[p|=1/20
— ViE=—144a'y E ST27 82+ 1217 2 %y,
—Tip=—313.875p%x"*p—2-308px"y'y
=156.93758, p%)* 4-156. 937587 p2x"* + 308 B; pr* -+ 308 55 px 2y "2
and
=Sy =—2.324px"y'y—2-144y'y/y—2-1442'¢"y
=324a,spy?+ 32405 pa’*y? + 144asy? + (— 48a; 1p% + 19205 )y
+14day? +144a 122872,
Hence we have, with ay=a3;=a,=0.255, f,=p;=0.464, y;=1,

1 A

PN 1 A
maséS—%‘ P4(x)—%‘Q4—-% R4,
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Q.=(—22.369p" +133.425p* — 214.643p* — 82.62p+315.032— 8.325p2"2)y*
+2(—33p*—48p+198z"2)yn+(—72.819p* — 304.912p+4-924.5)7* — 2- 48pyé
—2-1687p£+1239.1&%,

R,=(100.125p°+187.3—196.5p%x"2 — 338.358p%z"*— 2. 162"+ 40 . 5pz')z"*
+2(119.625p* —312p%x'2 4 332"*) 2"y’
+(174p%+7.357p*—3.679p+532.472—1168.048px'2 — 722'%)y"*
+2(180p° —180px’?)x"y’ 4 2(222p* — 234x"%)y"y/
+(188.256p%*+216p+183.476 —1270.728px'%)y?
+2(204p*—662'%)x'E" +2- 216py’ &’ +2-1927¢" +(1311.1—564.7682"%)5"*
+2-168px’¢’ +2- 144y’ ¢’ +1685.7¢"% 429627’ 4+-2060. 3772

P,(z) is monotone decreasing for 0=2z=0.1 and P,0.1)>0. Hence P,(x)>0 for
0=2x=0.1.
Q. is positive definite for 1.9=p=2, |2’/p|=<1/20. Indeed we have

—22.369p*+133.425p° —214.643p*—82.62p+315.032—8.325p2"2 =0,
(—33p*—48p+1982"2)yn=0,
—48pye=0

and
(—72.819p*—304.912p+924.5)n*—2- 16876 +1239-1£2=0.

These imply the positive definiteness of Q, for 1.9=p=2, |z'/p|=1/20.

Since 4.48z% + 2-96x'7’ + 2060.3¢/2=0, 144y’2 4 2-144y'¢’ + 144¢’2=0, 18.31p%z"
+2:168px’¢’ + 1541.7¢'2=0 and 192y¢/2 + 2-192y¢'¢’+19262=0 we may consider R*
=R,—{(18.31p? + 4.48)z" + 144y’* + 19292 + 2-1929/& +1926"2+2-168px’ ¢’ +2- 144y’ ¢’
+1685.7¢'24+2-96x'7’ +2060.37/2). It is easy to prove that the symmetric matrix
associated with R* is positive definite for 1.9=p=2, |2’/p|=1/20. Hence R, is posi-
tive definite there.

Thus we have Ras=8 for 1.9=p=2, |2’/p|=1/20 in the present case with equa-
lity holding only for z=0.

Summing up the results we have Ras=<8 for 1.9=<p=2, |2’/p|=1/20 and y=0,
£=0 with equality holding only for x=0.

§3. Next we shall be concerned with the case y=0, £=0 and 1.9=p=2, |z'/p|
=1/20. In this case we put «=0 in (B). We divide this case into several subcases.

Case 1. 2=0.
We start from (B) with a=0. Applying Lemma 3 to the term (3p*/64)(»+13py/6)
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we have

1 _2_ 3 1 5
SRdséU‘l'—‘S—I)'I' 3 P—Tﬁ—

(B2)

32162

D AP 2+ ANy~ (P 20Ny + e Bty + - Cp

48 Y~ 76 YT v P

+{ S+ (R A B)P+ 1y A+ 2+ )+ Bratt =5 p

5
Bl T 3

1 1 . 68l
3,72 2 - 2
832‘” +(4A+2A 128)1’ }y

+{ 432# <133 %A~ZB—%C>p2+ZBCxp+gg?4p2x’2+(%—%)x’z]yn
+|=gog?+ (g3 =20)p+ O+ |~z #7+ (- —2B- A)p+gg 0] ue
(= o P20 = o 5 (324

+(~grs? 5P aLg P gt )"

RO W Y W P

+< 16- 32155 4253721’_;2'“;’%21’%'”}1932? )

+< 9 243 ),7],+<_f_22# 16, o s ®, )M
+( 4129‘2?3 £l ) ’2+<——z>2 2 2)x’$’+<—%ps CRANTY px'z) G

_gg 2 ___ 7 l__]_'is_ IZ__Z__ PN PN ! !
+(—32P 4>vé 39 P50~ 5 b3’ =3y’ 22’7

S+ Topt Vid——-apt ugzpw (§+5 A+ 4*-24B)p }y3

51

( PH2A— AP 2AC>y77+ py25+< +A+——A2>yxy+1g s,

_ L e (4= ) 300)
Ss—{<16A 6)p8+128p 2} +{(8 A 8>p+3x’ -
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ps 207 )x/v/_*_ <_§% pz_zA),ylnl

1
3_ 4t r2
{4 2l <z A+8)‘b}y +< %y
15
2____ rer . 734
( b A) e+ T2V,
_ 3392 7 22 /z< 3225> 1429 a2 IIE 1t
T: ( N7 >x+4321’ D)2y =g PV = &0 gy b
__ﬁ 2 15 2 i Pl — = par2_ =Y
Vi=— tw +<§p— 2)‘”’ 3 PV T3P
Here we put A=3/2, B=9/8, C=1. We remark the following facts: for 1.9=p=2
|2’ [p|=1/20

(91)‘ +18p%+60p*)zy = < 102 p2(9p2 +18p+60)x%+ 132 o (9% +18p+60)y?,

1 1
P S £ Y W T - SV
o= 9% 60¢p%+ % m 60z,

Further by Lemma 2
3, 21, _3 a( 9 )
41)x7/+321>xy—415x77+8py

571 52 4 3 3 3 Y4 ilﬂ ’2
~1024,2‘> + pw+ Pz 8pxmy+16pxx.

By Lemma 1 for 1.9=p=2, |z//p|=1/20
<L%P3—%P> ’= (4 321’3 >\/ - 25% (4.062p* —12.996p)y?,

S S pat e B (s30T s g

15_ Y’y —é 96 P z'? 2+429232 ylz’yzéflgoTopx'z 2+—( 14.211p%+56.844)y"?,

4
17 17 [4—p* ¥’ ’2
é? . 20 V4 < 3 679py".

g ”
Making use of these remarks and applying Lemma 1 to the term —154z/96 we

- 22.5p€%,

have, with a;=0.6, p,=02, r,=57,
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1.1, 1

T5/7] 96 o7 Veb
Py(x)=6—222.92+2274 . 7> — 2891 . 22° +1569 . 22 — 405.83752",
Qs=(2.8125p°—7.5p*+191.688p°—293p%+15.996p— 28 .5—5.625p°x’> — 13, 75p2'%)y*
+2(9.375p*+130.5p%— 216p—9.375p%x'2 +1982"%)yn
+(31.25p*+99p+0.5)2+2(11.25p° — 36p—11.25p2"*)yé
+2(37.5p*—96)pE+(—67.5p+269.5)2,
R5=(118.6875p°—36p*+16p°+38.5—195.9375p*2'—10.82’%+40.6875px’*)x">
+2(108.375p* +36p° +12p*— 317.25p%x"2 + 33z )z’ y’
+(2.8125p°+192.75p° +14.211p*+5.321p+58.656 — 5.625p° x> — 497 . 25pz/2)y">
+2(186.75p°—182.25px"2)xy/ +2(9.375p* 4244 . 5p*— 9. 3750222 — 234" %)y 7/
+(31.25p%+243p+192.5)y'2 + 2(204p* — 662'2) &’
+2(11.25p3+216p—11.25px"2)y’&’
+2(37.5p*+192)5/&’ +(45p+269.5)¢72+2-168pz’¢’ +2- 144y’ ¢’
+346.5¢%+2- 962’7’ +423.5¢"%,
St=(531p*—315.75p2"%)x'?+2(357p* — 1442'%) "y’ + (—11.25p° 4+ 396p)y "
+2(24.375p° +310.5p)x"y’ +2(— 37.5p* + 144)y'y’ +2(22.5p* +144)z"&’ — 2. 45py’¢,
T! =(508.5p%— 84x'%) "> +2(—24.375p* + 337 .5p)z"y’ + 37 .5py"2 +2- 24"/
—2.22.5px'¢/,
=348px’2 +2(—22.5p*+72)x"y’ +45py"*+2-22.5p'z"y
Since y=0, =0, £=0, we have, for 1.9=p=2, |2'/p|=1/20
—Sly=—2(24.375p*+310.5p)x"y/y—2(—37.5p*+144)y "7y
—2(22.5p%+144)x’6"y +2-45py'¢"y
=(24.375a: % +310.5a,p)y% +(24.3750; 'p* +310. 505 1 p) "%y’
+(37 .5a 2 — 126 . 75a)y* +(—12. 57 p* +92. 2505 1p* — 169a; )72
+(22.5a, p%+ 144 )y + (22. 5a; 1% + 144 )2 %67*
+45aspr?+(—T7.5a5 1 +30a5p)y"2 +(—3. 214305 'p* +12.8572a5 1 p)E"?,
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—Tn=—2-24x"y/n+2-22.5px’€y)
=248+ 2457 15"yt + 22 .56, p1 + 22 .5 85 pa’2E"?
and
— VIE=—2.22.5px"y/ =22 .57, pE2+22 575 pa' /2.
Hence we have, putting a:=as=a,=0.1727, a;=0.6908, B,=p8;=6.03, y;=2.98,

seasgs—-;% P5<x)—9—16 Qs—-% R,
Qs=(2.8125p°—7 .5p*+187.4784375p° —303.362p* — 68.71335p— 31 .479075
—5.625p%2"* —13.75px%)y?
+2(9.375p*+130.542 —216p—9.375p%">-+ 198 %)y
+(31.25p° —36.675p—144.22)y7+ 2(11. 259 — 36p— 11 25pa'2)yé
+2(37 59— 96)né+ (—134.55p+269.5)¢2,

R =(118.6875p°— 36p* -+ 16p° +38.5—195.9375p%2/2 — 10. 82"+ 40 . 6875 %)z
+2(108.375p* + 365 + 124 — 317 . 25222 + 332"y’
+(2.8125p°+203.607p° +14.211p*— 38.107p+58.656 — 5625z

—497.25px")y’?
+2(186.75p° —182.25p2"%)x'yf +2(9.375p4 +244 .5p*— 9. 3752572 — 234z"*)y 5/
+(72.37987p" +31.25p° — 534, 16348p% + 243p + 11710759 — 141. 1408p° "
—1805.4761pa"*—3.99z"2)y®
+2(2040% — 662/)2’€’ +2(11.25p° +216p— 11.25p5"%)y’e’ +2(37 .50 +192)5/¢
+(4.653025° +26.3879p+269.5—130.28378p%'2 —3. 735 "2 — 833816 22"2)¢ >
+2.168pa¢’ +2- 144y’ +346 .50+ 2-962"c’ +423 5772,

It is easy to prove that P/(x) is monotone increasing for 0=x=0.1 and P}0)<0,
p/(0.055)>0. Let A be the root of Pl(z)=0, 0<21<0.055. Construct N(x)=5Ps(z)
—xPYx). Then N(x) is monotone decreasing for 0=xz=0.055. Further N(0.055)>0.
Hence N(z)>0 for 0=2=0.055. Especially N(2)>0, which implies Ps(2)>0. There-
fore Py(x)>0 for 0=x=0.1.

Next, it is very easy to prove that the coefficients of ¥ vy, 7%, ¥&, 7€ and &
are non-negative for 1.9=p=2, |#’/p|=1/20. This implies that Qs is non-negative
there.
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As in the above cases by a large amount of calculation we have the positive

definiteness of Rs for 1.9=p=2, |2’/p| <1/20.
Therefore we have Ras=8 for 1.9=<p=2, |2’/p|=1/20 in the present case with

equality holding only for z=0.

Case 2. —2py/3=9=0.
We start from (B,) with A=3/2, B=1,C=1/4. We remark the following facts:

for 1.9=p=2, |2’/p|=1/20

(31)4 +6p°+20p%)xy = ==X —— (3p* +6p° +20p) z* + 1 (31‘)4 +6p*+20p%) 9%,

3 3 4.2 3 __1__ 4,2
T‘b V=g hb'w +3 /31171/,
_ 5 72 71 2 _1_ — 60z,

Further by Lemma 1 for 1.9=<p=2, |2’[p|=1/20

136 by gy (.55 +13.55'9+22. 5"+ 315y,

15
2 = pe2
=Bt 54 30p—T 5 e - - 22.5pe
=96 96 B P
17 1 s
—s—x’y”’é%ﬂ&(i?gpy .
By Lemma 2 and Lemma 1 for 1.9=p=2, |z'/p|=1/20

15 o3 .\, 15,
641’“’7+1281’3 T Y= 641’< 101’1’)1"’2{“1’

1 5 . 25 2.7 35_ 3 /2 Z_Ls_
= g (~9.125"+12 e DY e P — Ly
. o » . 97.742
=g (—9-1250°+ 129"+ 250" ~5.625'5"*+399. 750w W+~ py*y"*

égi( 9.125p° +12p* +25p* —5.625px’2 +399. 7T5p2'2)y?

+o= Iz & (—6.109°+-24.436p)y*+5- 1 . L (—6.1095+24.436),".
2

Making use of these remarks and applying Lemma 1 to the term —(160z+ 18x?
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+716$3)/g6 we have, Wlth a1=2.4, [3122.4, T1=6, ﬁz=0.5, r2=1,

1 1

Ra <8——xil3( )—iQ——R———S L gL Ve
8=0""g5 16\ 96 ¥ T g5 T 96 VYT 96~ 96

Py(x)=43.1—416.92+80.152>+46.9752° — 12.2268z*,
s=(11.9375p°—28.875p* +174.859p°+307 . 5p°— 2191.936p 42151 — 11.25pz"%)y*
+2(9.375p*—10.5p*—48p—9.375p%x'2 +198x"%)yy
+(31.25p°+895p* — 3737 .5p+3813)7* +-2(11. 25p° — 48p—11.25pz"*)y&
+2(37.5p*—168)ns +(1253p%— 5043 . 5p+ 5355)¢2,
Rs=(100.6875p°+16p° +179p* — 720.5p+765—195.9375px'2 — 10z'*)x"®
+2(126.375p* +12p*—317.25p*x"2 + 33x'*)z"y’
+(2.8125p°+198.859p° + 537p* — 2180.615p 42295 —5.625p°z"> — 497 . 25px"%)y"?
+2(186.75p*—182.25px"%) "y’ +2(9.375p* +244 .5p%—9.375p%z"* — 234x'%)y" 5’
+(31.25p° +895p% — 3359. 5p+3825)y"% -+ 2(204p* — 662"’
+2(11.25p% 4 216p—11.25px"%)y’&" +2(37 . 5p*+192)7&’
+(1253p*— 4998 .5p+5355)&"2+2-168px" o’ +2- 144y’ ¢’
+(1611p*— 6484 .5p+6885)¢p"% +2- 962"’ + (1969p* — 7925 . 5p + 8415)c %,
Se=(531p*—315.75px"%)x'* 4 2(357p% — 144x'%) "y’ 4+ (—11.25p° +396p)y"?
+2(24.375p°+310.5p)x"y +2(—37.5p% + 144)y" 7 +2(22.5p% +144)x'E!
—2-45py’¢,
Ts=(—4.5p°+508.5p*—84x'?)x'?+2(—24.375p*+337 .5p)x"y’
+(—13.5p%+37.5p%)y"*+2- 24"y — 22.5p%'*—2- 22 .5px’ &’ — 31 .5p%¢",
Ve=348px'?—2(22.5p* —T2)x"y" +45py’* +45px"y.
Now, since y=0, 0=5=—2py/3, £=0, we have
— Veé = —45pxy/ =22 .5r:p%+22 . 575 pa’ ™%,
— Ten=—T*p—2(—24.375p*+192.2p)x"y'7
= — T+ (—24.3758:p° +192. 2Bsp)n +(—24.37558; 'p° +192. 2871 p)x"*y'?,
T*=(—2.7p*+508.5p*— 84x'*)x'2+2-145.3px"y’ +(—13.5p° +37.5p%)y"* =0,
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— <Sﬁ — % pT*>y§ —2:9.3p%x"y"y— 2(24.375p% 4+ 310.5p) "'y — 2( — 37.5p* + 144)y 'y

—2(22.5p% 4+ 144) 0" €'y + 2- 45py £l

=9.3a:0*y*+9.3a; p2x" 2y * + (24 . 3753 p* + 310 . 5as p)y*
+(24.375a;5'p* +310.5a;5 2 p)x" 2y 4 (37 . Say p* — 126 . T5a4) y*
+(—12.5a;p* +92.25a; 9% — 169a; )y
(22505 5+ 144as)y? + (22 .5 5+ 14das a2

+45aepy® +(—15a5'p° + 6005 p)E"
for 1.9=p=2, |z’/p| =1/20.

Hence we have, putting a:=as=as=as=as=0.192, p;=04, 73=05
A 1 4 1 A
%ds§8—% Pe(.’lﬁ)""% Qe—% Rs,

Qs=(11.9375p°— 28.875p*+170.179p° + 294 . 1942 — 2260 192p + 2147 . 688) /2
+2(9.375p —10.5p2 —48p—9.375p%’2 +-1982"2)yy
+(41p° +895p° — 3814.38p + 3813)y? + 2(11. 25 — 48p—11.25px"2)yé
+2(37.5p*—168)7¢ + (1253p* — 5054, 75p+ 5355)¢?,
Ro=(100.6875p°+16p° +179p°—720.5p+765—195.9375p%2/2 — 102/%)"?
+2(126.375p* +12p2 — 317 .25p%"2 + 332" )"y’
+(2.8125p°+198.859p° +537p* — 2180. 615+ 2295
+55.3125p%" — 48443722 — 977 . T5pa'?)y"
+2(186.75p° —182.25pa'%)x"y
+2(9.375p4 +244.5p*—9. 375022’ — 23422y "y
+(65.1125p% 4 31.25p° + 414, 46975p* — 3359 .5 +4705. 321
—126.97p%x'*—1662.395p2"2)7'?
+2(204p2 —662"%)a' &’ +2(11.25p° +216p—11.25px"2)y &' +2(37..5p°+192)/¢”
+(78.135p°+1253p2 — 5311.04p 45355 — 117 . 2025%2/2 — 750 . 096 /%)&”>
+2-168pa’ ¢’ +2- 144y’ ¢ + (1611 — 6484 . 5p+6885)¢"2 +2- 961"’
+(1969p* —7925.5p+8415)c"2.
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Py(x) is monotone decreasing for 0=x=0.1 and P40.1)>0. Hence Py(x)>0 for
0=z=0.1.

Since 7¢=0 we may consider Q*=Q;—2(37.5p°—168)75. We can prove the
positive definiteness of the symmetric matrix associated with @Q* for 1.9=p=<2,
|#’/p|=1/20 by taking its principal diagonal minor determinants. Hence Q; is non-
negative for 1.9=p=2, |z’/p|=1/20.

By a large amount of calculation we have the positive definiteness of R for
1.9=p=2, |z'[p|=1/20.

Thus we have Ras=8 for 1.9=p=2, |2’/p|=1/20 in the present case with equa-
lity holding only for xz=0.

Case 3. —py=y=—2py/3.
We start from (B) with @=0. Applying Lemma 3 to the term (275'/640)(;+7py/3)

we have

867 867
7 3 __ 5 4
Rar= Ut gy 30 276t 80 P el " ere? Tt 640 402 (’7+ 3 py)

5 153 3 3
+ yey A(p* +2p3+4p2)xy—m—6 (P*+2p¥)zy + T Bptxy+ TCp%r;

27

8191 5 , 5 N SR o, 4l
a-2 B)p 5 AT (P2 + Bt —

————5 — T —
+{ 16-647 (64-80 8

6801

32 A2 2,2
648p +< [ A+ A)”}

99 2663 3 ,
+{—mp4+(a-6 T A- ZB———— C)p +2BCxp+

9
+(5=5)

363 639 . 27 9
+{ 64 16153 (320 >ﬁ+cz‘”}’7+{“1_28"1)3+<2 2B A>P

2 2
64 sp

9 , 27 en i (g
+l_1—28p +(4—ZC)}>7$—6—415€ +B—-24)p

5367 . , 10453 . 2169 )
+< 61-80 © "ot sop 64.80 2" "§1.802%

6731 , 153 . 16901 ., 11 ,4) .
+( 5102 60l Tera P "1 Y)Y
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+( ol 16 p- égsgg P’= 3220 ‘b+64 sps @+ 6i66;% pa’ >

+( zéfol P+ 26?()71’ )”J’( 6?1?8?4 3624507 P+ 62981)2 '2+3: )“

+( 626::61)3 g(z)ép)”'“’( 1471’+?”'2) <

(i 1y g 806+ (— g P =) — 21—

3yl — 20’

+ S+ T+ Vi = x’2¢+i6i74p3+<—2—+%A+%A2—2A3>p]y3

+<6%?4p2+2A — A 2AC>y 1o py25+<—%1+A+lA2> Yy
s=|(T5 A=5r10)? Foran 2|+ | (5 A5 o+ 8oy

27 1 ) 63, 2079
+‘mp3 <2A+ )p]y2+< T B p) r;+<128p 2A)yr;

4
( - D= 2 )‘x’f’ + —ZZ e,

_ 3399 L 7 AT < 3 2241) /_ﬁ 2/2_1 o 27 rer
T7_< R > 1 2’30 2)* Y ~ga.a V" Ty o g 22

_.___22 72 2 _ 3 _ ,z_EZ ’.7
V= 81>x +(641> >xy .by 64@'077-

Here we put A=3/2, B=1, C=1/2. We remark the following facts: for 1.9=p=2,
|z’ [p| =1/20

640 p4<v+———l>y>_ 3 Pz ’2<v+ 3 py) L 120}73.70’21/—!- 1801)%’27].

5 4 0 —— (247p*+494p* +1600p*) xy

1

TR (247p4+494p3+1600p2)y

4 3 2
=% 4 15 AT+ 4949 +1600p)0 + s

5 71 1
< —_— /4
e 2= 9% 60go+96 - 60x ,
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81 2
sta?+ (ora? g )rr=gag v (v 5 m) =0

Further by Lemma 1 for 1.9=p=2, |2'/p|=1/20
3 3 1 2 16 1 2
3 Pyt g Plan=—4- pax{ (77+T py) + <2n+—3— z‘)y) } = Pangt—-play
é (6p3x/2 + 18p3 12+ 30?3”/2 +42p3€/2)v

‘B : (512;c2 1024*4-768x* — 2562° 4 32x°) +~§16 L 32p'y%,

P
21 e P . 1 1 )
64 by f< ( 6.75p*+27p)y* +— 96 5 — 20.25p¢2,
_1745 y2x1y1<_3_84_02§_1) ’2 2-|- T2 ( 7.4p*+29.6)y> + ;—6 —?,—(_7‘4p2+29’6)y,2’
2
7

1
/0!8 12
3 x'y S——% 3.679py’2.

Making use of these remarks and applying Lemma 1 to the term —(159x-+163.02x*
+481.282%)/96 we have, with a1=24, =24, p.=05, r,=5.96, y.=1,

1 1, 1
g6 X195 SV og L1 55

Rty <8~ Po(a) g @ L v,
Pr()=25.79—259. 20752 +7.818752% 4 55.99754° — 12,2091,
Q:=(2.53125p°—15.26304p* +169.93437p* +163.86p*— 1571 .505p
+1634.02~5.0625p%z'%)y?
+2(9.28125p+28.275p* —96p—9.28125p%x"2 -+ 198x"%)yn
+(34.03125p3 +601.6p*— 2681 .875p+2964 . 7)7?
+2(10.125p°— 48p—10.125p5/2)ye +2(37. 125 — 144)¢
+(842.24p*— 3654 .245p+ 4217 .78)¢2,
R;=(100.63125p°+16.25625p° +120.32p%*—522.035p+602 .54
—195.99375p%x"2—10.08x"2+40.66875px'*) 2’2
+2(126.20625p%+11.475p*— 316.89375p%x"2 + 33" ) 2"y’
+(2.53125p°+194.41875p° + 368 . 36p* — 1561 .684p+1778.02

—5.0625p%'2— 497 .925p2'2)y"?



366 MITSURU OZAWA AND YOSHIHISA KUBOTA

+2(186.075p° —182.025p2")x"y/
+2(9.28125p* +244 2754 —9. 28125 — 234"2)y" 5/
+(34.03125p°+ 601 . 6> — 2369.875p+ 3012. 7)7 >+ 2(204p% — 662/)2’¢’
+2(10.125p%+216p—10.125p22)y'&’ +2(37 . 125p% + 192) &’

+(842.24p°—3613.745p4-4217.78)6"*+2-168px’ ¢’ +2- 144y’ ¢’
+(1082.88p*—4698.315p+5422.86)¢'2 +2- 962"’
+(1323.52p*— 5742.385p+6627.94)"2,
7= (411.7875p° — 315.975p2"%)x'2 + 2(357p* — 144x"%)x"y’ + (—10.125p% + 396p)y "
+2(23.625p% + 311.85p)x"y’ +2(—37.125p% + 144)y"y/
+2(20.25p2+144)x’¢’ —2-40.5py’€’,
T/ =(—6p>+329.85p* —84x'%) ">+ 2(—23.625p° 4336 . 15p)z"y’
+(—18p2+37.125p%)y"2 42 245"y — 30p%y'? —2-20. 25px’ &’ — 42p°E"2,
Vi =348px’*—2(20.25p* — 72)x"y’ +40.5py"*+2-20.25px"y'.
Now, since y=0, —2py/3=y=—py, £=0 we have
— V/e=—2-20.25px 76 =20. 2575 p£* 4 20. 2575 ' pa’?y'?,
—T/p=— T*p—2(—23.625p*+298.21p)x"y'y
= — T*p+(—23.6258:p° 4298 . 21 8:p)n 4 (— 23.625 87 1p* + 298 . 21 551 p)x" 2y "2,
T*=(—4.84p*+329.85p%—84x'?)x'%+2-37 . 94pa’y’ + (—18p*+37.125p)y"2=0,
—(Sj—pT*)y=—2-141.32p%"y'y— 2(23.625p°+ 311.85p)z"y"y
—2(—37.125p%+ 144)y"y'y— 2(20.25p% + 144) ' &'y + 2+ 40 . 5py "y
=141.32a, p*y? +141.320; ' p%x"*y"* + (23 .625a5 p* + 311 . 85a; p)y*
+(23.625a;'p* 4 311.85a; p)x’*n'* 4 (37 . 1250, p* — 124 . 042a4)y*
+(—12.375a;'p*+90.847a; ' p* —165.388a; )n'®
+(20.25a5 p*+144a5)y? 4+ (20. 2505 'p? + 144a; ) /26"
+40.5a6 py® +(—13.5a;'p° +5da ' p)€’.
Hence we have, putting a;=as=as=as=a;=0.16, f;=0.4, y,=0.25,

1 &

Ras=8— 2 Prla) = Qi R
3= “% \Z % 7 9% 7
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Qr=(2.53125p°—15.26304p* 4 166.15437p* +132.0688p*— 1627 .881p
+1630.82672—5.0625p%z'%)y*
+2(9.28125p*+28.275p* — 96p—9.28125p%x"% +198x"%)yn
+(43.48125p° +601.6p%— 2801 .159p+ 2964 . 7)5*
+2(10.125p° —48p—10.125px"%)y& 4 2(37 . 125p° — 144)¢
+(842.24p*—3659.3075p+ 4217 .78)82,
R.=(100.63125p°+16.25625p° +120.32p* —522. 035+ 602.54
—195.99375p%*2'2—10.08z"%+40.66875px"*) ">
+2(126.20625p* +11.475p* — 316 ..89375p%x"%+ 332" 4)z"y’
+(2.53125p°+194.41875p° 4+ 368. 36p* — 1561 .684p+1778.02
+54p°z'2 —883.25p%x"2 — 1243 .45pz'%)y"?
+2(186.075p° —182.025px"%)x"y’
+2(9.28125p* +244.275p%—9. 28125p%x'2 — 234x"%)y"y/
+(77.34375p* +34.03125p° 4 33.80625p* — 2369 . 875p + 4046 . 375
—147.657p*x'*—2030.0625p"*)7"*
+2(204p% — 66x"%)x'¢’ +2(10.125p% + 216p—10.125p2'2)y’ &’ +2(37 . 125p* +-192)9’¢’
+(84.375p°+842.24p*— 3951 . 245p+ 4217 .78 — 126 . 562522 — 900z"%)& "2
+2.168pa’ ¢’ +2- 144y’ o’ + (1082.88p* — 4698 . 3155+ 5422. 86) ¢
+2-9627" + (1323.52p2 — 5742.385p+ 6627 . 94)7"2.

P.(x) is monotone decreasing for 0=2=0.1 and P,(0.1)>0. Hence Pi(z)>0 for
0=2=0.1.

By a large amount of calculation we can prove the positive definiteness of Qr
and R, for 1.9=p=<2, |2’'/p| <1/20.

Therefore in the present case we have Ras=8 for 1.9=p=2, |2’fp|=1/20 with
equality holding only for z=0.

Case 4. p=—py.
We start from (B) with a=0. Applying Lemma 3 to the term (9p*/256)(y+23py/9)
we have

L1235 12135 3
32 P73 S 1L 2 5wl T 256 355 D'0+2v)

Ras= U+
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D Ao ey (5 2 ey -+ - Bptay -+ Gty
48 256-4 4 4

9
128

45 (96T 5, 5 N, 1 .o o
+{ P (192_32 24 4B>p+12Ax(p+2p+4)+Bxp

5., 2715 | 1 1 2) ,2}
T R +( 163272 At A%)p

1073 3 5

2 2 2
+[ 3. 32P4 (256 5 A28~ )p +2BCz, p+32 321’

(-2

6545 . (261 i 9 ,2}
+{ 325767 + (128 )1’+C }’7+[ 3567 (z 2B A)“zsep ve
38 o) — B gy 3-24

PR 7 1281’ ve

25 . 12125 . 4183 . .
+< 61322 "56322 Ter3  TEL 321’ )

2681 , 55 .. 6747 . 11 )
+< 32320~ 256p 3232 P _16“'”>”

12505 45 2661
5 3 __ 12 2 2
+< 64-3 21’ 321022 ~ 128“32 35 Do g g5 17 )y'

87 . y ( 185 1295 . 185 ., 39 ,2) y
+< gl T 832”) T+ T33P Tgael taam T T T v
6845 . 315 \ . ( L1, ( ., 9

+( 5763270 T T 32p> + "_p +—””') o sp 2P

72 444
+33. 81’”” > ¢
+<_ 312858 p2_4>77/€/_{12_58p /2__’;_pxr¢/_3y/¢/_2x/1./
45 ( 9

_.._5_ /2 8 ,l_ i 2__ ) 3
+S+ Topt Vb= go+[16 gt + (ot At A*-24B p]y

185 2 2__ ) 12, 2 1 2 17

6171 5 1687 3 9
Ss_{<—32'32 16 )ps 16. 321"1 '2+{<?A"?>p2+3x'2}x'y'
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45 27\ ] 115 . 87 \ .,
+{16-321’3< A+ )Ply”( g33 0 43215)”“7

185 45 3 45
+(8.32 2 __ ),y/771+(_4.__321)2__2___A>x/$/+_6zpyl$l’

1365 2 7 I 72 115 3 __ 891 > Lo 185 2 /2 1 / 7’ V-4
Ti= ( gl t >“'” +<8 320 "1 )PV g3tV T T L 32‘”5

____22_ 2 45 2 3 20! 2
Ve=——g-tu +<4 320 _> g 4321"’ 432”

Here we put A=3/2, B=1, C=1/2. We remark the following facts: for 1.9=p=2,
|2’ [p] =1/20

1
o P+ D) S 1 Py pu) = g 45050y + g 45057,

_l_ __ﬂ__ 2) 2
5564 (105p* +-210p° + 640p*)xy = 5568 (105p* + 210p% +640p%):

1

4 3 2
5568 = (1051‘7 +210p*+640p)y?,
go< 160 2+i — 60.70’ 4
T4 96 9% 7 ’

45 185 , 3 »
.32 2" +<16 2P~ ) v= 16 32 2y +0) =0,

Further by Lemma 1 for 1.9=p=2, |z’/p|=1/20
_4—1541,'?/4‘ -8—p3x77§-—1— p3x7)+__8_ Py
é 1 (61)3 /2+18p3 IZ_|_3OP3 12+42p3$/2)7}

'B - (480x —9602°+7202* — 240x5+30x“)+% A 30p*%,
1

1 1

B-
25_ ( 5.625p%+22.5p) y®+ — % B

45 )
T332V —-16.875p¢",

15 383. 0625

__4_,y2$/y/<

e o £ = (=7.426°+29.68)*

iri (—7.425*+29.68)y",
2

%
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17 7,/18 _1__ 72
5 7Y é% 3.679py"2.

Making use of these remarks and applying Lemma 1 to the term —(185.82+149.48z*
+441.082%)/96 we have, with a;=25, 5,=24, :=0.5, y1=6.96, r.=1,

1 1, 1., 1
96 R 96 W og 5

Py(x)=21.41—212.782—15.83x%+59.21x°—12.18x*,

Ratn=8— Py(r)— = Qu Vi,
9% 9%
Qs=(2.109375p° —14.46875p* +170.265625p° +134.23p* —1439.85p
+1513.13 —-4.21875p%z"2)y?
+2(8.671875p*+26.8125p* — 96p —8.671875p%2"2 +198z"2)yy
+(35.6510416p° 4551 . 3552 — 2468p -+ 2763 . 3572
+2(8.4375p° — 48p—8.4375px"2)yé +2(34. 6875 — 144)7¢
+(771.89p*—3349.15p+3935.89)¢?,
Ry=(100.546875p° +-15.7552083p° +110.27p* — 478 .45p 4562 .27
—196.078125p%" —8. 642440 .64pz’*) "
+2(125.671875p*+10.3125p% — 316.. 265625p%"% 4 33" 4) 2"y
+(2.109375p° +195.390625p° 4 338. 23p2 — 1432, 279p+1657.13
—4.21875p%x'*—498.9375pz"2)y"?
+2(185.0625p* —181.6875pz2)x"y’
+2(8.671875p* 4-242.8125p* —8.671875p%'* — 23422y
+(35.6510416p° 4551 . 35p2 — 2156+ 2811.35)5/2 +2(204p* — 662'2)'&’
+2(8.4375p°+216p—8.4375px"%)y’ €’ +2(34.6875p2 +192)y/¢’
+(771.89p*—3315.4p+3935.89)"2 +2-168pa’ o’ +2- 144y ¢’
+(992.43p* —4306.05p+5060.43)"2 +2- 962"’
+(1212.97p* —5262.95p+6184.97)7"2,
Si=(83.53125p° —316.3125p2'%) 22+ 2(357p* — 1442z’
+(—8.4375p°+396p)y"* +2(21 .5625p° + 313.875p)x"y/
+2(—34.6875p2+144)y"y +2(16.875p* +144)z’e" —2.33.75py’¢".
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Ty =(—6p*+61.875p* — 84x'?)x'? 4 2(—21.5625p° +334.125p)x"y’
+(—18p®+34.6875p%)y'2+ 2 24x’y —30p®y'2 — 2-16 .875px’ &’ — 42p% "2,
Vi =3848px"*+2(—16.875p%+72)x'y’ +33.75py'*+2-16.875pz"y’.
Further we remark the following facts: for 1.9=p=2, |z'/p|=1/20
—Siy=—2-183.88p%z"y’y —2(21.5625p* +313.875p)x'n’y
—2(—34.6875p*+144)y"7'y —2(16 .875p% +144)2’&"y +-2-33.75py &'y
=183.88a, p*y?+183.88a; p%x %y’ + (21.5625a5 p° +313. 8755 p)y®
+(21.56250;p°+313.87505 ' p) %"+ (—34. 6875, p* + 144a)y?
+(11.56250;p* — 94 . 250" p% + 1920 )2 4 (16 . 8755 p* 4 144 a5)y®
+(16.875a; 1p* +144a; V)z"?6'2 4 33. 7505 py® + (— 11. 2505 p* + 4505 1 p)E"2,
— Tyn=—(52.239p*—84x'%)x'ty— 2(—21 .5625p°+334.125p)x’y'n—0.4875p%y "%y
=(26.11958; p* — 428" *)n* + (26 . 119585 1p* — 4255 x'%)x"*
+(—21.5625p:p°+334.1258, p)n?+ (—21.56258; 1p*+ 334. 1258, p) =" %y"*
+0.2437585 p*2 4 (—0.081258; 5 +0.325851p%)y 2,
— V4= —2-16.875px"y’€
=16.875y; p&%+16.875r5 px'y'2.
Hence we have, putting ax=as=a,=as=a;=0.168, f;=p:=p:=0.25, r;=0.2,

1
9

Q5= (2.098828p° — 14.46875p* +166.643125p° +106.33066° — 1498.251 5+ 1464.746)7>

z* 5 1 4 A

%as§8—% Ps(x)——% Qs— == Ks,

+2(8.671875p* +26.8125p* — 96p —8.671875p%x">+198z"2)yy

+(41.0416p° 4544 . 7591 p* — 2551 .53125p + 2763 . 35)5?

+2(8.4375p* —48p—8.4375px"%)yE 4+ 2(34.6875p* — 144)9E

+(771.89p* —3352.525p+3935.89)£2,
Rs=(100.546875p°+15.7552083p° +110. 2752 — 478 . 45 +562.27

—196.078125p%¢'2 —104.478p*z"* — 8. 642'%) 2"

+2(125.671875p* +10.3125p% — 316..265625p%x'2 + 332" *) 'y’
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+(2.109375p°+0.325p*4-195.390625p° 4 336 . 93p* — 1432.279p
+1657.13+-82.03125p%2"2—1094 . 63764p%z'2 — 1835.4375p2"2)y"?
+2(185.0625p* —181.6875p2"2)x"y’
+2(8.671875p 4 242.8125p% —8.671875p%x'2 — 234x"2)y"y’
+(—68.8316p*+35.6510416p° +1112.4202p* — 2156+ 1668 . 374

—128.3616px"2—1952.873pz’2)y’?
+2(204p% — 662'2)x’E’ +2(8.4375p° 4 216p— 8.4375px" %)y’ &’ +2(34..6875p% +192)y/&"
+(66.97125p°+771.89p2 — 3583 .285p+ 3935 .89 — 100.4569px'2 — 857 . 232z%)&"*
+2-168px’ ¢’ +2- 144y’ ¢’ +(992.43p*—4306.05p+5060.43)p’2+2- 962"’
+(1212.97p*—5262.95p+6184.97)"2.

Py(z) is monotone decreasing for 0=z=0.1 and P4(0.1)>0. Hence Ps(z)>0 for
0=x=0.1.

By a large amount of calculation we can prove the positive definiteness of Qs
and Rs for 1.9=p=2, |a'/p|=1/20.

Therefore we have Ras=8 for 1.9=<p=<2, |z’/p|=1/20 in the present case with
equality holding only for xz=0.

§4. In this section we shall be concerned with the case y=0 and 1.8=p=2,
|2’[p]|=1/10. We divide this case into several subcases.

Case 1. =0, £<0.
In this case we put

5=—Z—P2+Ay, r=%ﬁ3+3ﬁy+cn+GE
in (A). Then we have
B o3 13 pin 3 op
Ras=U+ 198 Py+ ol P+ ) Bpxy+TCpx7]

5 3
Ty A(p* 420+ 4Py + T Gp®xE

39_ .5_ _i 3 i 2 2 2 2
+{<16—8 A— B>p T A%a(p*+2p+4)+ Biap
1

_.2—1. l P 2 12 2
+< 1 +2A+4A>px }y
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+‘<3—7——A 252 C>p2+ZBC p+<—A——%9> 'Z}W

g
9 9 5
+ 1 (T—zc>p+czx};72+ { (7—23—A>p+2Bpr—TGpZ}ys

+(4—2C+20Gx—2GpE+ (3—2A)yp+ (G2 —2G)E?

(o267 181 o ,4> . ( 39 18, 1L 0N
*( Gaal T P g ) gty P ‘13“)”

21 1 1 39
+< 6p3+_p I>y12+<__15_p3+74§.px12>x/7]/+< 8 1)2 _xl >y7]

_%pnlz_‘_(___pz_i__g >x/&~/___g_ py/$/_47]/6/__%px/sol_gylgol_lerl

_99_ 5 3 5_3 /2} 2 {(_Z?_ 13 ) 2 /2} Ioi!
+H<_16+EA>1’+16‘” a2+ gt A)p+3e

21 1 27 3
+<—-8———2—A)py’z—z—px’n’—ZAy'v’—<—§-+A)x’$’]y
+[<_%pz+%x/2>x/2_%px/y/ __;_ w’?]’]ﬂ

29 3 5 9 1 1
+ <'— -—‘ﬁxlz— 790'1/')5— —4—x’290—2AGy2$+ <?+7 A+—2— A2—2AB>j)y3

51

+(2A-A— 2AC)y77+<—-—+A+——A2>ch +—181x’y’3.

Here we put A=3/2, B=3/2, C=1, G=2. By Lemma 1 and Lemma 2, for 1.8=p=2,
|2’[p|=1/10

13 3 ., 3 . 1 ) 1,
1—28-175y+—6—£1-1'>477—“@[‘b<77 o by |+ Py

_i 7 4 N APl2 4../,,! T A3..72
=61 p+32p+64-4“ 1281”“”r e,
9 3 3 1 3
— Pyt pan=— 1 x(ﬂ—pr> + Py
_l_ 1 6 3 1 /2_1 30000
= 5 xp3——1—6—xp +Expx 3 xp*x’y
3

p4(x/2+3y/2+57}/2+7E/2+3y2)y,
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(P“+21>3+4P2)w2/< 128 (D4 20°+-4p°) (22 + 3y "+ 592+ TE"2)y,

_%_psxgé%p3<x/2+3ylz+3y2)é,

63 15 7.94

—— 2__ T a2 << VT 72 A2 1,L A2\, ,2
1g 02"V~ TV S5 vV S g T MU g - 7.94(4-p)y",
_];7_r135 /2/23; 1 A2\, /2
g %Y <1617 +48 5 — 17(4—p*y’2
Further we remark the following facts:
_%yzﬂéoy
_0 o o 5 1,
43090:8 go+8 rlx.

Making use of these remarks we have, with 7,=25.2, y,=20, 6;=1

1 1
R =8— o PHa)— g Q=g RE+Sty+ T+ Vi

+ (% p3—6)y25+ (—2—#— %p)ys,
P*(x)=672+5762—12562%+9162°—358.8x*+ 74 .8x°— 6.41429x°,

QF=(330p*—273.2p*—779.2)y*+ 2(180p* — 288p+198z"%)yn

+(72p—192)7*4- 2(408p> — 576p)yé + 2(384p — 480)7& 4 (384p — 384)62 — 151242,
RE=(L174° 36— 196 555" 2. 4/ +40. 5pa )"

+2(102. 755" + 365 — 31262/ + 33 )'

+(174p%+34.397p%—137.588 —504px'2 —102x'2)y"?

+2(180p° — 180pz'2)x'y’ 4 2(222p% — 234x"%)y"y’ + 216py'%+ 2(204p% — 662'%)2'&’

+2-216py 6" +2- 19296 +2.168pa"e! +2- 144y’ 42962/,

1
St= (128 PGP pﬂ”m)’””*(" %

p2+3$12>"1}’ ’
159 4 3 _E)_ 2 83 > 12 __ 27 1.7
+(pg 2 4“321’“8‘1’ Vi b =S

265 4 3 2 12
<1281j 641’ p )”
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371
_— 11 4 3 2 12
Sa'¢+ (12815 64p+32p>5
Tl* ( p2+l 12> __ px y _%xrnl’
3 29 3 9
¥——_p3 __ "2 12 __ Y ol L p8,,72

Since y=0, =0, £<0 we have

¥y =0,
T1*77<—;- x'iy+ 33152 Y’ v—%x 77

é% 'yt + 167a1 x’°+ 33'3522 o 7+3 33 o2 — (=D 43 772+4—1—x’27)’2
vies( -2 o

§< 38 361y 29. 38251 p) oy ( o e 2&;6221;2 p)x

and

ﬁ. 3 __ 25 <
(5 #-6)ve=0.
9 4 _3__ 3
Hence, applying Lemma 1 to the term (—672zx+552x%)/96 we have, putting a;=1,
a2=4y a3=2; ,Bl=2’

1 4

‘Rag_S— 1(-7/‘) Q %’Rh

ﬁl(x)=192—1118x+916x2—358.8x3+74.8x“—6.5x5,

Q1=(330p*—273.2p* —414p+552.8)y>+2(180p*— 288p+198z")yy
+(—618p+1577.76 — 4222y +2(408p> — 576p)y& +2(384p — 480)7¢
+(36p° —934.584p+2724)8% 4 (— 1242p + 2484) 2,

R, =(117p°—36p* —138p+444—187.5p%x'* — 88. 146 pa’* — 2. 42/ 440 . 5pz"*

— 420224 2(102. T5p4 +36° — 3129722 + 335" 4)a'y’
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+(174p* +42.777p* — 414p+1160.892 — 504px"* — 1022"%)y"?
+2(180p* —180px'2)x"yy +2(222p* — 234x"%)y"y’ +(—474p+ 2220 — 122%)?
+2(204p* —662"%)2'¢’ +2-216py’s’ +2-1927/¢’ +(—966p +3108)¢"
+2-168px’ ¢’ 42144y’ ¢’ +(—1242p43996)¢"2 4 2- 962’ " + (—1518p +4884)7’2.

It is easy to prove that ﬁl(x)>0 for 0=2x=0.2. Since (408p*—576p)yé=0 we may
consider §!=0,—2(408p*—576p)ye. We can prove the positive definiteness of the
symmetric matrix associated with §! for 1.8=p=2, |z/p|=1/10 by taking its prin-
cipal diagonal minor determinants. Hence @1 is non-negative there.

Since 5a'%+2-962'c" +(—1518p + 4884)c'2=0, 38y’2 + 2-144y'¢’ +5500'2=0, 59px’?
+2- 168px /' +(—1242p4-3446)¢"*=0 and 1925'2+2-192y'¢’ +192¢’2=0 we may consider
B = Ry — ((59p45)a"* + 38y’ + 1922 + 2.1927/¢" + 192272 + 2-168pa’e’ + 2-144y'¢’

+ (—124217—1—3996)90’2 + 2-962'7" + (—1518p+4884)z’2}. It is not so difficult to prove
the positive definiteness of B! for 1.8=p=2, |#*/p| =1/10. Hence R, is positive de-
finite there.

Therefore we have Ra;=8 for 1.8=p=2, |x’'[/p|=1/10 with equality holding
only for x=0 in the present case.

Case 2. 7=0, £x=0.
We put

5 3
o=—g D"+Ay, =g P'+Bpy+Cy+Dy"+ LBy

in (A). Then we have

R 2 U+ (gpp' =3 05 ) (4o 20) 43 Botoy+ Coropt o Ap+25+ 45

5 5 sy L 2 2,52
+l<16 g _Z >P +EAZJU(1> +2p+4)+ Bxp

21 . "
+< Tty A+4A)p }2

+<37 3

= A- ZB—— C)p2+ZBCxp+< 4 —?;Tg)x’z}yrj

+< _2c>p+czx],72+(%_2B-A)py5+(4—zc>7ys+(3—2A>yso

267 5 131 3 /2 /4 12 319 A __li_ 14 1.,
+< gial Ter b 4” )"’” +< o1 2# pzx/?" 6~ >”

1
NEPSUE VIE DAV S Jo e
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ﬁ 2 39 ’2 1.,/
+<— g rt—g < )z/n

3 9 17 11 9 7
iy o 2 b e 2 e\ over 2 arer _Arer 1
B B e L T
© —3y'¢' —2x'7!
E _92 5 53 12| .12 79 13 2 /2} 1ot
+H<12 A— 16+EA)p3+pr }x +{<—?+?A>p +3x"% 2"y
+{—%Dp2+ZBDxp+(—-%—%A)p}y”——?px'p’—ZAy'p’

+ (—--2— Ep2+ZBExp>7/2 - (%Jr A>x'g']y

1, 87 7
(7 a-gg) 45

+(—-2Ep+ZCEx)>7’2]r;

x’z—24—71>x’y'+(—2Dp+2CDx)y’2—%x’77'

29 3 5
+ (—? b= x’y’——ZDy’Z—ZEr/Z)S— e
9 1 1
- <?+—2-— At A2—2AB> byt +(2A— A*—2AC)y*y—2ADyy"

—2AEy2ﬂ,2+<—E8£+A+%‘A2>y2$,y’+"1;87‘ x/y/3+x(DyIZ+E77!2)2.

Here we put A=3/2, B=3/2,C=1, D=1/2, E=1/8, A=6. By Lemma 1 and Lemma
2 we have

3 13 3 1 1
<6_4p4 _31)2‘,1/./2> <77+_6__ py) — <a_ p4_3p2x/2) (v_ _2_.py) + <_§_p4_8p2x12>py
_1_ L 67 5 2 __ _?___ 3.2 2 <_ 3 4 3 2 /2>
=32 P4‘64.4p7+<<5‘471p B A )x' T\ gt Ty P
+ <_22£ ps _800px/2)x12y’
3 9 3 1 3
v 153907}"'??4&”1/ =g btw (7}- —Z—Py> +play

i 3 L 6 i 4,72 3 3wl
5 xp—lG xp+16 P ———-S—xpxy

IIA
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+_g_pA(xlz_i_3y12+57712+7€/2+3y2)y,
(P4 +2p3+4p2)xy< ]_28 (P“+2p3+4p2)(x’2+3y’2+57;’2+7$'2+3yz)y,

1 9 1 2 2 _ T 1 12,12 1 )
w(?”' +T”'> T( Ty v Y
éTl‘z“( =2t~ Ap+ 8y g (435"~ 865~ 1725+ 34y

for 1.8=p=2, |2’/p|=<1/10.
Further we remark the following facts:

¢<5gl gDz_F% 2/,
1

_'_Z—' y27]§0,

15 3 3
—1g POV VY 5 v — g v =0,

(—%px’z—-g—:c'y’—~y’2——211—77’2)€§0,
__ig_ 2 _7_ /z> /2_2_7 tort 2 _1_ 1.0 (_l l) /2}
23p4 23

__ZE !y 12,,12
= pryvé 16 i+ ﬁpxy

for 1.8=p=2, |2’'/p|=1/10.
Hence, applying Lemma 1 to the term —(672x+5522%)/96 we have, with §,=2.774,
7‘1 =25.2, 51 =2,

159 3

fRdsS8—-—Pg(x) 96 Qz ﬁ2+§2y+(128 P+ 4 153 pz_'2—p>y3)

Boyx)=P\(2),
Q> =(330p° —432p° — 414p+ 1188+ 252p"%)y% + 2(180p% — 288p +1982"2)yp
+(—1000.812p+2028)7%—2- 9672 + (— 966+ 3108)¢2,

R.=(93p°—36p*+192p° —138p+ 444 — 124 .5p%"* 2 4"+ 40..5pa"4)z"®
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+2(102.75p% 4 36p° — 384p%0"2 + 332 )"y
+ (36" + 94p* + 33p2 — 382p + 1200 — 553 75px "2 — 2042"2)y "
+2(180p° —180px"2)x"y +2(222p* — 2342"%)y"y/
+(9p* —22.3p*+ 8.6 — 456 . 8p+ 2185.6)y’* + 2(204p% — 662/2) "€’
+2-216py’6" 4219298’ +(—966p-+3108)¢"2 4-2-168pz’ o’ +2- 144y ¢’

+(—12425+3996)0"*+ 2. 96'c’ + (— 1518p+ 4834)”,
3 _ 5_3 4 _SE 3 i 2 12747 > 72 (_119 5 72
Sz‘(128”64‘“”321’ g 07\ P43 >
159 53 . 9 27
< 128 p4 4 ps_,s_ZPZ_Tp>ylz__4_ pxlv/_sylvl

265 4 3 .___2 3 /2 __ r1& 371 2 /.
(1281’ P+ P+ 41’)’7 Sa'e’+ <1zsp4 641’3+321’)52

Since y=0 we have

§2y§0:

159 . EAW
(1281’4 64p 1’2" 3 p)y =0

for 1.8=p=2, |x'[p|=1/10.

It is very easy to prove that 0, is positive definite for 18=p=2, |z'p|=1/10.

As in Case 1 we may consider ﬁ;=§z—{(59p+5)x'2+38y’2+192r;’z+2-1927/§’
+192672+2-168px’ ¢’ +2- 144y’ ¢" + (—1242p+3996)¢"* + 2-962'c’ + (—1518p+4884)7'2}.
It is not so difficult to prove the positive definiteness of ﬁ; for 1.8=p=2, |x’/p|
=1/10.

Therefore in the present case we have Ras;=8 for 1.8=p=2, |x'/p|=1/10 with
equality holding only for x=0.

Case 3. 7=0.
We start from (C) with A=3, B=3/4, C=2, D=0, E=0, A=9. By Lemma 1
we have

6 p ‘,L.y< pé(xl2+3y12+5012+7512+3y +51]2)y’
3 3 3 3 72 12 12 2
R4 =g P (2'24-3y"%+ 572+ 3y*)y,

_1_56_(p4+2p8+4p2)xy§6_i_(p4+2p3+4p2)(xl2+3y/2+57]/2+7512+3y2+57)2)y’
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0.47 v éO 4751

- U1+ G U,

___S_valzyz_i_ g yxyl<

17 113 < 1 17 12,,12 2, /2
8:cy_166xy+485 4—-py
for 1.8=p=2. Further we remark the following facts: for 1.8=p=2, |z//p|=1/10

<§8_p5 — 34?_ p3x12> Y= <_32_5 ps g75px12)x/2y’

3 9 75
(ﬁp4___2_ pzx/z),]é (1_6 pZ_ 450.70/2)17/2

P
{(‘52‘1’4 Tt 161’

24 1_5__3 2 39) ___Zz_ YN 1.7 < 4 3 2) 12
+(321>+32P 16? p)y* 1 b= 6y’ + 15+3215 627

pxl2> /2+(_5p2+3x12)xlyl

49 35 35
—plE&l Y a3 VY 2 )2
2 2’6"+ ( 3215 +161>)$ }y§0,

§315z‘9_15_%/2>/z__21 //_9_3/2_,1_// _133/2]
{(3 +—>» 3 z'? )@ 4pxy+817’y 2x7;+8p77 v/

1

__ 14 5152 y 145,31

p22+145p2 IA
16

_2_9_ /2__3_ ’ /) 2972 2y OV por4 3“ 2 z'2y’?
(—pr 5 &Y §16p$+16 "+ &+ I y'%

9
——Py —15y* 77+ P“y3+ P“ynz+—é—p3yzn
5 25 o
+gg (B2 AW + gy (P20 + 4Py =0,
Making use of these remarks and applying Lemma 1 to the term — (744x+816x%)/96

we have, with :=3.63, 71=20, 7:=3.2, y3=2.5, 6,=600, §,=2.5,

1 4

ERas_8—— Pyx)— Q ~% R,

ﬁs(x>=342—2018x+1726x2—687.3x8+141.55x4—12.05xﬁ,
Q. =(222° + 10205 — 612p — 3306)y* + 2(222* — 288p+ 16222y
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+(—315.81p2— 468p+2202)7> +(—1984.8p+3978)&?
+2-144yp+(—1836p+4146)¢?,
R=(100.125p° —204p+594—196 .5p°x"> — 24p*x’*— 54 . 38px"* — 3>
+40.5px"%)x'2 4-2(119.625p* — 312p%x" + 332" )"y’
+ (174p*4-13.6p*— 6125+ 1727 .58 — 504px"% — 283 . 82/%)y >
+2(180p% —180px"?)x"y’ + 2(222p* — 234x"2)y"y’ + (—804p+2970)y’?
+2(204p* —662'%)'¢" +2- 216py’s’ +2-19298" 4 (— 1428p+4158)67
+2-168pax’¢’ +2- 144y’ ¢’ +(—1836p+5346)¢p"> +2- 9617’ +(— 2244p +6534)"2.

It is easy to prove that ﬁs(x)>0 for 0=2x=0.2. Q; is non-negative for 1.8=p=2,
|z’[p]=1/10. Indeed we have

(222p° +1020p* — 612p — 3306)y* +2- 144y + (—1836p+4146)p*=0.
(222p%—288p+162z")yn=0,
(—315.81p*—468p+2202)n*=0
and
(—1984.8p+3978)&2=0

for 1.8=p=2, |2’/p|=1/10.

As in Case 1 we may consider Ri=R,—{(51p+5)a"2 + 38y’2 4 1925/% + 2-1925/¢’
+192¢2+2-168px’ o’ +2- 144y’ ¢ +(—1836p+5346)¢"% +-2- 962" + (— 2244p+6534)7"2}. It
is not so difficult to prove the positive definiteness of R for 1.8=p=2, |z’/p|=1/10.

Therefore in the present case we have Ras=8 for 1.8=p=2, |z'/p|=1/10 with
equality holding only for z=0.
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