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ON UNIVALENT ENTIRE FUNCTIONS

By Boo SanG LEe

§1. Shah and Trimble [2] proved the following result. Let f(z) be a trans-
cendental entire function such that

.1 F(2)=ce” n (1- __)

Zn

where 0=N=oo, and ¢, B, 2, are all complex numbers such that ¢=0, |g|=1 and
|2a]>2. Then f maps D={z: |z| <1} univalently onto a convex domain if

1.2) Iﬁ|+n ,z, =l1.

In this paper we shall improve the condition (1.2) to conclude only the
univalence of f(z).

THEOREM 1. Suppose f(z) is a transcendental entire function such that f'(2) is
given by (1.1), where c, B, 2, are all complex numbers such that c=0, |f|=2 and

|za]>1. Let
7= [2x] —N/lzn|2_1-

Then f(2) is univalent in D if

lﬁl .
1.3) +Zrn +227 =1.

Proof. Denote the Schwarzian derivative of f(z) by {f, z}, i.e.,
_ f// >I _ _1~ —fl 2

v a=(7) -5 (%)
Nehari [1] proved that for an analytic function f to be univalent in D it is neces-
sary that

6
1.4 f, Z}Ié(l——lzfz)z’ zeD

and sufficient that
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2
1.5) I, 2= A= zeD.

Now we have for zeD

1.6)  A=[zPrlif 2] §§<__l_.) ('ﬁHZ |zn|—|[:| )

|2a] — 2]

Define Z(x) by

(@>1)

h(z)= tl__

for 0=x=1. Then

max A(z)=ha—a/a*—1)=2(a—/a*—1).

0=z=1

Hence for every zeD

1_IZ|2 Szrn-

€7 PEE

Now (1. 6), (1. 7) and (1. 3) yield (1.5), and hence f(2) is univalent in D.
§2. Let f,(2) (p=0 or p=1) be a transcendental entire function defined by

v z
@1 FolR)=crrzer [] (1— a—),
n=1 n
where ¢x0 is real, f=0,0=N=oco and {@,}}., are all real numbers such that
Ani1=a,>1. Let @y=0 and {a¢®} denote the sequence of zeros of f§’(z), where
leP|=<|af®,|, and it is understood that j starts from 0 when p=1 and j starts from

1 when p=0. «J denotes a,.
Under these deﬁnitions and notations, we have

LEMMA. For all k=1, fP(2) has exactly N+p number of zeros which are all
real and positive, and

2.2 af V=aP=afiP=al).
Further,

z
@3 1P@=rpOer 3(1-25),

where 6=0 if p=1, and 3=1 if p=0.

Proof. When p=1, the proof was given in [2]. We omit the proof for the
case when p=0, since it is essentially same as given in [2].

Shah and Trimble [2] also proved that if fi(z) is defined by (2.1) then fi(2)
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and all its derivatives map D univalently onto convex domains if and only if

|8l+ ; a("l =1.

We prove
THEOREM 2. Suppose fy(z) is a transcendental entive function defined by (2.1)

Then fo(z) and all its derivatives are univalent in D if

2.4 (I‘BI + Z r“)) +2§1(7§}’)2§ 1,

where

=09~/ @1
Proof. Define f’”—a,‘{”—«/ (aP)*—1 for k=1. By (2.2) we have for k=1

N N N
*) < (e-1) 1)

Z Tn" = Z U= Z Tn-

n=1 n=1 n=1

Hence from (2. 4)

i z (k) : z %)\2 <<
+22 GPP=L
2 n 1 n=1
By Theorem 1 f%-(z) is univalent in D for every £2=1
§3. ReMARK. (i) In fact, the condition (1. 2) implies the condition (1.3). To
verify this we first notice that

N 21n
125 Iznl— ST >33 1

Now

Hence (1. 2) implies (1. 3).
(ii)) In Theorem 1, the condition (1.3) cannot be replaced by any condition

which is sharper than
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+ =6.
(4 2 ) + Ber
This can be easily seen from the fact that for fo(z) defined in §2 we have
N z
=0 % (1- =)

ay
and hence by (1. 4)

1 \? 1
(114255 ) 42 e =11, 2o
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