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ENTIRE FUNCTIONS WITH MAXIMAL DEFICIENCY SUM
By Hipeo Muto

§1. Let f(2) be a transcendental meromorphic function in the finite z-plane.
The standard symbols of the Nevanlinna theory

m(r, 1), w(r, ), N@, 1), T(r, f), ¥a, 1), -

are used throughout the paper.
Denote by A, the order of f(z) and by p, its lower order. In addition to the
above concepts, we shall consider the total deficiency 4(f) of the function f(z):

A(f)=§ oa, 1),
where the summation is to be extended to all the values «, finite or infinite,
such that
a€n &a, 1)>0.
The number of deficient values of f(z), that is the number of ¢ for which
(1. 1) holds, will be denoted by v(f) (=oo).

The Nevanlinna second fundamental theorem yields that 4(f)=2.
Recently Weitsman [9] proved

(A) Let f(z) be a meromorphic function of finite lower order p; such that
A(f)=2. Then v(f)=2p;.

The aim in this paper is to prove the following result by the ingenious
method developed in Weitsman’s paper [9]:

(B) Let f(2) be a meromorphic function of finite lower ovder p; such that
A(F)=2, 8(co, f)=1. Then v(f)=ps+1.

The above result (B) was proved by Pfluger [8] and Edrei and Fuchs [6] in
the case of i;<oco (Pfluger proved that v(f)=2a,+1).

§2. An increasing positive sequence
Vi Voy *0ty Vimy o0

is said to be a sequence of Pdlya peaks, of order p (0=p<o0), of T(z, 1), if it is
possible to find three sequences
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2.1 {rn’}, {rm’’}, {em}

such that, as m— oo,

@.2) ¥/ — 00, :;’” — 00, ”"7:—>oo, en—0,
and such that

@ 3) TG, f)§(1+sm)<—:;>pT(rm, 5w =r=ra)
and

@ 4) T, f)= <T—;>"_”m T f) (h=r=ra’),

where 7, is a constant associated with T'(7, f).

The main result about Pdlya peaks is the following existence theorem:

If f(2) has a finite lower order p,, then for each finite number p satisfying
1y =p=2s T(r, f) has a sequence {rn} of Pdlya peaks of order p.

A proof of the existence theorem will be found in [2], [3] and [7].

§3. Our basic tool is the following lemma due to Edrei [2]:
LEMMA. Let f(2) be a meromorphic function and let f(0)=1. Denote by {a;}7-1
the zeros of f(z) and by {bj};.1 its poles. Put
1 (= ) ’
=0, u=—m\ "log | lee e ™o (m=1),
0

where p(>0) is so small that the disc |z|=p contains neither zeros nor poles

of f(2).

Then, if q is a non-negative integer and if

R
= =<
0<r=lz|= 5
we have
@1 log | fz)|=Re {rot+ 712+ +742%
+log| ] E<i, q)‘—log I E(i, q>’ +5z R),
lajlsk \ & wjlsr \ b,
where
u? u?
and

3.2) 1S R>)§14(—1’3—)“1T<2R, 7).
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§4. We shall give a proof of the result (B).

Proof of (B). It was proved that 4(f)<2, if p;<1 and d(co, f)=1 [4]. Hence
in the following discussion we may assume that p,=1.

It is well known that the following inequality

— N&UP)+NGL )
AN=2- lim ———r "5

holds with an exceptional set & of finite measure, if §(co, f)=1. Hence, if 4(f)=2,
then we have

NG, 1)+ N, 1)

4.1) ngg ) D) =0.
Put
n.(7) =n<r, 7},—) +u(r, ),
N =N<r, 7},—) + NG, £).

Let {rn} be a sequence of Pélya peaks, of order sy, of T'(r, f). Let {¥./}, {ru’’}
and {en} be three sequences satisfying (2. 2), (2. 3) and (2. 4).

By (4.1), there is a sequence {y»} such that

Ni(?) .
. s fN my 1 m=0-

42 B T Y ST

In the following lines we shall study the asymptotic behavior of f’(z) around
the sequence {7}

We use the fact that py=py, which was proved by Chuang [1]. We set

4. 3) q=I[psl
Put
Rm ':le‘ min {771,1,_1/(“‘/) Vms 7’7n”}7

where a=exp (1/(g+1)).
Denote by {a;}7., the non-zero zeros of f’(z) and by {5, its non-zero
poles. Set

C(r)=rq+—cll—{ > L L

lajTsr @5°  1ojTsr b7 ’
where 7, is defined by

1 2z ~ ; —z
re=—sr. 1og |F"(pe)le-wdo
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with a suitable function 7/(z) such that f "(2)=A2f"(z), f(0)=1 and a positive
number p<min, {|a,|, |b,]}.
With ¢ defined by (4. 3) we apply the lemma stated in §3 for f’(z). Then,

for r=|2|=R/2,
log | //(2)|=Re {ro+r1z+ -+ +re2%+log | IITRE<ai q))
ajl= J
—log| T E(bi q)(+s.;(z, R)+0(log 1),
EHES: 7
where
7 q+1
1S/(z R)| §14<7€-> TR, f).
Hence
log | //(2)| —Re {C(n)z"}— S/ (2, R)=log |g|
4. 4) =log| T[] E(—z—, q—l)'—log [T E<i, q—1>|
lajlsr a, lbjl=r b,
+log| ] E(—z—, q)‘—log 11 E(i,q>‘+0(rq"l+logr).
r<ialsr \ @ r<iojise \ by
Put

1 (%= do
g’)(l‘)—ggo m @=1).

Then we get the following inequality [5]:

0

4.5) 51?80 log’E<VZ ,p)Hdﬁér"S;t'p%(%)dt.
We set
—(g+1-p5)/(2q+2)
“.7) Bm=1m= D,
4. 8) =0~V R
where

T 1T me
5= S trr-avmg dt,  |dy=min (|a;], b))
J

|d11/Rppe
Further we define

4. 9) on=min {am, fn, 7mts

(4.10) V¥ = 711; min {om¥m, Rn~+7m}-
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By (4.6), 4.7) and (4. 8), am— 00, as m—oco. By (4. 5) we have, as r— oo,
m(r, g)+m(r, l—)
g
(4.11) =r{f m(t)t“’sb(i) drromo) e+
ldyl v r v

+79 Sw {n.*@) —n,(v)} t"q—1¢<—f,—> dt+0(r1*+log 7),

where
{ nl(t)) t=R,

m(R), t>R.

By making use of (4.2) we have
(4.12) (D) =(g+DNi(at) =(q+Dyn T(at, f7),
if at¢&, at=rs'. Since d(co, f)=1, we obtain, as ¢— oo,
(4.13) T, MH=1+o)TC, 1),

if t¢&.
In the following discussion we assume that #€[rm, 7»*]. Hence T(7m, f)
=T(r, f). Put

" t (ro—1)/a rm! ~Dla r
el movs(pa=r[§ TG S
ldsl r A (ro—1)/a (rm/~1)/a

E[ml+Im2+Im3,

where 7, is a sufficiently large value such that (2.4), (4.13) and N.(H)=2T(, /)
hold for all t=(ry—1)/a, t¢£. Then

(4.14 In'=0(rt).

Since & is a set of finite measure, we can find a point # such that #¢&,
uelt, t+1], if ¢ is sufficiently large. Hence T(at, f)=1+o)) T(at+1, 1), if ¢t is
sufficiently large. Thus, by (2. 4), (4. 8), (4.10), (4. 12) and (4. 13), we get

! =D/«
Im2§(4+1)rq-lg ' Nl(at)t—‘?gb(%)dt

(ro—1)/a

T —1)/a

T
=2(g+1yra-t S
(C

To—1)/a

T(at+1, ') t'q¢(—:7> @t

=D/

(. 15) §4(q+1)rq“1g "
(ro—D/a

(! =Da —1/m
=4+ DT, firi-t S ( @ +2 )”’ t‘%(-t—) i
(ro—1/« m v

T(at+2, f) t—a¢<§> at
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§4(q+1>(2a>”f-vm(%)”"mam TG, f)=o(T(r, ).

Similary we have

LI =(g+ 1yt S Niat)t-2 (%) at

(/=1 /a
r

é(q—l—l)r;mrq‘lg T(at+1, f’)t“-’q&(%) at

(4. 16) (om0
. | . r at+2\*#r g I_
<2q-+Lypn(lt-en) Tty )10 SW_D/“( 2 ) (L) a
S2g 1) L en)ons T N 7090t =o(Ttr, 1),
since

1 1
S z"‘f-qus(t)dtgg £-12(¢) dit < oo.
0 0

Since ¢=1, as above, we have

() Smt"lq’)(%) A =2g+1)pmT(ar+2, F)ri-t S” - (%) at
“.17) ’ ’
=2(g+1)Ca)" f(1+em) pmons T(r, f) Sl t=12¢(8) dt=o(T(r, 1))-

We apply (4.11) with R=R,. Put

r

[} Rm
o0 -mipeeorg( L) dt=rq{g +
Then, as above, we get

TS =79 (Ru) S: t-1-1g (§> dt
(4.18) " }
=2g+1D)Qa)' r(I+-em) pu®* T(r, f) Sxm/rt—l/2¢(t) dt=o(T(r, 1)),
It =(g+1yr2 SR’" Ni(ad)t-2-1g <§> dt
(4.19) .

=2(g+1)(2a)" T (1 4-em) 9 2T, f )S "t “lg()dt=o(T(r, 1)),

7 q+1 v q+1
14(?) T(ZRm,f’)§28<—R—> T@Rn+1, 1)



(4. 20)
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gzs.zﬂf( . >Q+1(1+em)(%—>”:r(rm, £

=28:2/(1+-em) (%)ml_”’mﬂr, =T, ).

Consequently, by (4.14), (4.15), (4.16), (4.17), (4.18), (4.19) and (4.20), we
have in [7m, #u*]

(4. 21)

m(r, g)+m(r, %) —o(T(r, f).

Let I'(r) be the set of ¢ satisfying

iS tog |1 e d =5 "log (7 tre s =mtr, 17
r(r) 0

2r s

Then, by (4. 4) and (4.21), as r—oco in [y, ¥»*], meas I'(r)—x.
On the other hand, by (4.1) and a lemma in [9], we get

m(r, %)~T<r, FO~TG, 1),

as r—oo, r¢&.
Therefore, in [7n, 7»*]— &, the measure of the set j(») of ¢ satisfying

=\ tog 1rvemian~1r )
J)

tends to z, as r— oco.

By carefully tracing the procedure in [9], especially pp. 137-138, we can see
that the number of finite deficient value is at most p;. Hence v(f)=p,+1, since
d(eo, f)=1.
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