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A REMARK ON DERIVED SPACES
By TETSUHIRO SHIMIZU

Let G be a locally compact Abelian group, and let p be the Haar measure on
G. If p=1, the space of all g-measurable functions f such that |f|? is summable
is designated by Ly(G).

We denote by Ly(G) the set of all fe L,(G) such that ||f|lo=sup {|| fxk|l, : LeLs(G),
[1Alle=1}<oo. Clearly LYG) is the linear subspace of LyG). We call Ly(G) the
derived space of Ly(G) ([5], p. 72).

The following results were showed by Helgason [3] and Figa-Talamanca [1].

Let G be a locally compact Abelian group.

1) If G is a compact, then LYG) (1=p=2) is algebraically and topologically
isomorphic to Ly(G).

2) If G is non-compact and connected, then LY G)={0} 1=p<2).

3) If G is non-compact and sepavable, then LY(G)={0}.

4) If G is an infinite discrete group, then LY(G)={0} (1=p<2).

We shall show the following theorem in this short note.

THEOREM A. Let G be a non-compact locally compact Abelian group, then
2(G)={0} 1=p<2).

Proof. From the structure theorem of locally compact Abelian groups ([6,
p. 95]), we know that G has an open subgroup H which is the direct sum of a
compact group and an Euclidean space R™.

a) Suppose m=1. If we shall show that for any compact set K of G there
exists an element d of G such that {K+kd}, k=0, 1, £2, ---, are pairwise disjoint,
then we can prove this theorem by using the similar argument in [1].

Since K is compact, there is a finite set {z;:i=1,2, .-, n} of G such that
KcuUp,(m+H). Put Ke=U2,(z:+H)NK)—z;). Then K, is a compact subset
of H. Since m=1, there is an element deH such that {K,+kd}, k=0, +1, +2, ...,
are pairwise disjoint. Clearly, {K+£k&d}, k=0, +1, +2, ---, are also pairwise disjoint.

b) Suppose now m=0. Let z and p be the Haar measures on G/H and H
respectively such that

| 0=\ (| ferndu)dia

G/
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and [|pl|=1. Let

Pg(y)= SHg(x—i-y) dpol)

for each geL,(G), since ||pwl||=1, we have that

[, oorai@= I\ dornaue)]aim

= S (g lg(x+y)lpdﬂo(x)> amy)= S lg()|? d ().
G/H H G
Therefore, @ is a norm-decreasing linear operator of L,(G) into L,(G/H). On the

other hand, if ¢ is the canonical homomorphism of G to G/H, then ¥g(x)=g(p(x))
belongs to L,(G) for any geL,(G/H). Indeed,

S |g<so<x>>|”dﬂ<x>=8 (S Ig(so(x+y))1”dﬂo(w)>dﬂ(y)
G G/H H
=S l9()|? () < oo.
G/H

It is evident that @¥g=g for all geL,(G/H).
For f, geC/(G), let

F(f, 9,259, 8)= SHf(l"i'Z/"'”_Z)g(%‘}‘z)d/lo(”), (zeG, yeH, 2¢G/H).

Suppose that K, is a compact support of ¢, then F(f, g, x; v, 2)=0 for all
z¢(K,+H). Since K,+H is compact, there exists a finite subset {zi, -+, z,} of G
such that K,+Hc U™, (z;+H). Thus, we have that if 24{z,, ---, z,}, then F(f, g,
z; ¥y, 2)=0 for all ye H and @g(2)=0. Hence, it follows that

O(fwg)() = KHSGﬂery—z) 0(2) d (2 dp()

S Sf(x+y—z—u)g(z+Zt)dﬂo(u)dﬁ(é)d#o(y)
HJG/HJH

=S S P, 6, 5 v, 2)d ()
F(f, 9,25 v, 2.)dm(y)
Se+y—2zi—u)g(zi+u) dpo(u) dop(y)

S Sty —zi—u) glzitu) dpo(y) dpoln)
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ISHf<x+y—zi—u> dpo<y>SHg<zi+u>dpo<u>
1)

Il
M=

f (& —2,) Pg(2,)

=1

— SG/H@ F (3 —2) Pg(2) dju(%)
=0 fxDg(x).

Since C.(G) is dense in L,(G) (1=p<2), we have that if feL,(G) and g¢geL,(G),
then @(fxq)=0f*Dqg.

Let I be the dual group of G, and let 4 be the anihilator of H. For any
heL(G[H), it is evident that ¥h()=h(;) for any red and ¥h()=0 for any
rel"\A. Therefore, if feL)G) and heL,(G/H), then

[0F %]l o= 0 <T Rl = £ 5L Rl = A1l o= 111l -

Consequently, @feLYG/H) for any feL)G).

Let f,(x)=(—=, y)f(x) for any feL,(G) and yel'. Clearly, if feL}G), then
J€L)G). Suppose that there exists a non-zero element feLYG). If y is an
element of I" such that 7(;)=0, then

7,0=\  or@aiw

B SG,H S,}—(xﬂl), )@ +y) dpa(y) did) = 7 (7)=0.

Thus, we have that LYG/H)={0}. But, since G/H is infinite discrete, this is im-
possible. Therefore, LY(G)={0}. This completes the proof.

The following theorem was proved by Gaudry in the case of a locally compact
Abelian group with an infinite discrete subgroup.

TueoreM B. Let G be a non-compact locally compact Abelian group. If g is
a function on I' such that ¢ge Uispes Ly(G)®, where Ly(G) ={f : feLy(G), f is the
Fourier transform of f}, for each oeCyI"), then g is zero locally almost evyeywhere.

Proof. From the hypothesis, we can assume ¢ has a compact support K. Then,
there is a number p,, 1<p<2, such that ggeL,(G)" for all peCo(I") ([2], p. 486).
Let ¢oeCo(I”) such that gy=1 on K, then gug=geL,(G)". Let feL,(G) such that
F=g locally almost everywhere. Then feL3(G) ([1]). Therefore, theorem A shows
f is zero. Thus ¢ is zero locally almost everywhere. This completes the proof.

For seG, s will denote the translation operator defined by (r:f)@#)=f{Fs™). A
continuous linear operator T from L,(G) to L,(G) is called a multiplier for L,(G)
whenever Try=t7,T for each seG. The collection of all mutipliers for Ly(G) will
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be denoted by M(L,(G)).
Combining the theorem A with the proof of theorem 5 in [1] we can prove
the next theorem.

TueorEM C. Let G be a mnon-compact locally compact Abelian group and
su/‘z‘ipose 1<p<co, px2. If peL(I") corrvesponds a multiplier T in M(L)G)) (i.e.
(Tf)=¢f and has the property that whenever ¢ is a function for which |p()]
=lo(p)| for each yel’ then ¢ corvesponds to a multiplier in M(Ly(G)), then ¢=0.
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