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POLYNOMIAL STRUCTURES ON MANIFOLDS
By SamuEL I. GOLDBERG? AND KENTARO YANO?

1. Introduction. Let P be a C manifold. A C= tensor field f of type (1, 1)
on P is said to define a polynomial structure of degree d on P if d is the smallest
integer for which the powers I, f, ---, f¢ are dependent, and f has constant rank
on P. If dim P=2x, an almost complex structure on P is a polynomial structure
of degree 2. If dim P=2n—1, an almost contact structure on P is a polynomial
structure of degree 3. A (globally framed) f-manifold is a polynomial structure of
degree 3 (see [3], [8]). Walker [7] appears to have inaugurated this study since
almost product manifolds provide examples of polynomial structures.

Let M be a (2n+1)-dimensional almost contact manifold with fundamental
affine collineation ¢, fundamental vector field £ and contact form ». In a recent
paper [1], the authors considered a 2x-dimensional manifold P embedded in M,
with embedding 7: P—J, and assumed that for each pe P the tangent vector Ei,
does not belong to the tangent hyperplane of the hypersurface. This means that
the fundamental vector field of M can be taken as the “affine normal” to the
hypersurface. We therefore had

a.1) pisX=ix JX+a(X)E, ¢E=0

where iy is the induced tangent map of ¢. If a=0, we called #(P) a noninvariant
hypersurface of M. The structure J induced on P by ¢ is almost complex, that is
J?=—1I, and J is integrable if M is normal.

More recently [3], we considered the case where E is always tangent to i(P),
so that it can no longer play the role of “affine normal”. However, we showed
that a vector field N exists along the hypersurface such that

1.2) pixX=isxf X+a(X)N
and
1.3) ON=—1ixA, 2(N)=0,

for some vector field A on P and (1, 1) tensor field f, so, in this case, N plays the
role of “affine normal”. The structure induced on P is an f-structure [8], that is
f3+f=0 and f has the same rank at each point of P, but it is not almost complex.
(Observe that ¢E=0 and »(E)=1, whereas ¢ N has a nonzero tangential component
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200 SAMUEL 1. GOLDBERG AND KENTARO YANO

and »(N)=0.)
In this paper, we show the existence of a quartic structure f, that is a (1, 1)
tensor field f of constant rank satisfying the algebraic condition

fitaf*+of *+cf+di=0,

where I is the identity transformation field, which is not an f-structure. As in [3]
and [4] we study its properties which turn out to be strikingly similar to those of
a globally framed f-manifold.

2. Quartic structures. Let #(P) be a noninvariant hypersurface of the almost
contact manifold M(¢, E, 5). We wish to choose an affine normal N on i(P) in
such a way that the vector field §N is always tangent to the hypersurface, that

is
2.1 $N=—is U,

for some vector field U on P.

(The vector field N will not be the metric normal with respect to the Rieman-
nian metric G of the almost contact metric structure (¢, £, , G). For, =G(E, -)
and the condition 7(IN)=0 imposed below is not possible unless £ is tangent to

the hypersurface.)
Since a vector field N not tangent to the hypersurface can be represented as
1 .
N:7(~Z*X+E),
for a certain vector field X and scalar field 2x0, we have
1 ..
¢N=—7(Z*JX+a(X)E)

by virtue of (1.1). Thus, for (2.1) to hold, we must have a(X)=0. We therefore

assume that a global vector field V exists which satisfies this equation, that is,
a(V)=0. Putting X=7V in the above equation, (2.1) holds with U=(1/4)JV, and

2.2 E=i V4N, 220.
Hence, by setting f(X)=a(JX), we have, since J?=—1I,
2.3) a(V)=0, BUHY=0,

2.4) JV =20, ]Uz——}—V.

From (1. 1), it is easily seen that g=i*y.
From (1.1), (2.1), (2.2) and (2. 4),

— N (N V- AN) = %—i* Ve (UG VAN,
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so that
§N)= 5 —a(D),
or equivalently,
(N)+A(V)=1.
From (1.1) and (2. 2),
pisx X=1x(J+a@ V) X+ (XN,

that is

2.9 Pix X=ix]' X+a'(X)N,
where

(2. 6) J'=]+a®7, o' =2a.
Thus,

Jr=—I+a QU+ V.

(Observe that J’ is an almost complex structure on P, if and only if, U=0, V=0,
that is, if and only if E=AN.)

THEOREM 1. Let P(J, a) be a noninvariant hypersurface of the almost contact
manifold M(¢, E, n). If there is a global vector field V on P such that a(V)=0
then, the tensor fields J', U, &', V and B on P satisfy the relations

Jr=—I+d QU+BR V,
JU==yN)V,  J'V=20,
ao]'=2p,  BeJ'=—y(N),
«()=1=1(N),  o/(V)=0,
BU)=0,  B(V)=1—2p(N).

CorOLLARY 1. If the vector fields E and N ave distinct affine normals, then
the structure on P is a quartic structure.

For, J/ has constant rank and

S A+a(N)S2+29(N) =0,

where f=]'.
The left side of this equation may be factored, that is

(f2+2(N)(2+1)=0.
We treat two cases, namely, i=1, »(N)=0 and »(N)=1, the former giving rise to
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the quartic structure f*+52=0 and the latter to (f2+1)2=0.
Case 1. 2=1, »(N)=1. Then
(29N *+1)=0.

By putting
ﬁz;U, =—1—«V, @=a and f=4,
1—5(N) 1—9(N)
we obtain

COROLLARY 2. Let P be a noninvariant hypersurface of an almost contact
manifold. Then if 2=1 and p(N)=1, P is not globally framed, that is

fr=—I+1—(N)NaRT+ R V],
al)=1, @P)=0,
A(0)H=0, BV)=1.

Moreover,
fO=—yN)¥, V=0,

Qo :B’ BC’f:—??(N)d.
However, by choosing 5»(N)=0, we obtain

COROLLARY 3. Let P be a nowinvariant hypersurface of an almost contact
manifold. Then, if 2=1 and n(N)=0, P is globally framed, that is

fi=—I+a@U+BR® Y,
FU=0, fv=0,
2.7 aof=p, Bef=0,
a(U)=1, a(V)=0,
AUY=0, AV)=L

As an example of a noninvariant hypersurface with 2=1 and 7»(N)=0 consider
the plane z=y in R® with

9 b
pX=ag —bo
where
0 0 0 )
X—(l%‘f‘bgg +032_’ E—gz—- and 7;=dz.

For N choose the vector field 9/dy and take U=d|oxz. Hence, §N=—is U. Set
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Thus, JU=—V and JV=U. (Observe that the almost contact structure so defined
on R? is cosymplectic.)
The structure given on P by Corollary 3 is not an f-structure since f*+f=p& U.

However, it is globally framed and, since fU=0,
2.8) f+r2=0.

Clearly, an f-structure satisfies (2. 8). Observe that by putting s=—f?, s?=s.
In the general case,

(2.9 §*—(142n(N))s+p(N)I=0,
the roots of which are 1 and Ap(N).

Case II. A=1/p(N). Then, the roots of (2.9) are equal, so that (f2+1I)*=0,
a(U)=0 and B(V)=0. Moreover, by (2. 2), »(N) is nowhere zero.

COROLLARY 4. Let P be a noninvariant hypersurface of an almost contact
manifold. Then, if 2=1/y(N), a and B vanish on the distribution determined by U
and 'V, and

(f2+1)*=0,
fi=—I+a@U'+pRV,
FU'=-7V, fv=u’,

aof=4, Bof=—a,
where U’'=2U.

This structure on P is clearly not globally framed.

Let X be a vector field on P(f, U, «, V, p) which is annihilated by the (1, 1)
tensor field f. Then f2X=—X+a(X)U+B(X)V, so X is a linear combination of
U and V. Further applications of f then yield

THEOREM 2. The structure P(f, U, a, V, B) of Corollary 3 is a quartic structure
of rank 2m—1 whereas the structure P(f, U’, a, V, B) of Covollary 4 is also of
degree 4 but it has maximal rank.

We call the former the restricted quartic structure.

Although equations (1. 2) and (1. 3) are formally the same as (2. 5) and (2. 1),
respectively, the polynomial structures they give rise to, due to the different
embeddings, are not the same, the former being cubic and the latter quartic.

We denote as usual by Ly the operator of Lie derivation with respect to the
vector field X and by [X, Y] the Lie bracket of the vector fields X and Y. The
following result is valid for any globally framed manifold (see §6).
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LEMMA 1. On the hypersurface with the restricted quartic structure (f, U, a, V, B)

@) X Y N=LxyXY)+9*([X, YD),
(b) dp*(Es, X)=(Len*)(X),
© dy"(f X, Y)=(Lyxn*)(¥) =Y (5"(fX)),

a=1, 2, where p'=a, p*=0, E:=U, E,=7.

In the sequel, only those quartic structures which are globally framed are
studied.

3. Hypersurfaces of affinely cosymplectic spaces. If M(¢, E, y) is an affinely
cosymplectic manifold, then /¢=0 and F3p=0 where / denotes covariant differen-
tiation with respect to a symmetric affine connection on M (see [1]). Since ¢*
=—I+7QE, the vector field E is also parallel with respect to V. Denoting by D
the induced connection on the hypersurface P with respect to the affine normal
N, the equations of Gauss and Weingarten are

(Dxix)Y=hX, Y)N
and
DXNE VZ‘XN: —i*HX—f-w(X)]V,

respectively, where 2 and H are the second fundamental tensors (of types (0, 2)
and (1, 1), respectively) of P with respect to the affine normal N, the tensor % being
symmetric, and o is a 1-form on P defining the connection in the affine normal

bundle.
Covariant differentiation of both sides of (2.5) along P gives

— X, V)i U4¢ix Dy X
=Y, J'X)N+isx(Dy] ) X+isxJ' (Dy X)+[(Dya") X+o' (Dy X)IN—a'(X)(ix HY —w(Y)N),

so that
(Dr]NX=a'(X)HY WX, Y)U
and
(Dra' ) X)=—nY, ' X)—a'(X)o(Y).
Differentiating (2. 1) along P yields
is JJHY +o’(HY )N+ o(Y)ix U=MY, U)N+iyDy U,
from which
DyU=]J'"HY4+o(Y)U

and
WY, U)=da'(HY).
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From (2. 2), we obtain
VixE=WX, V)N+ixDx V—2isxHX4+20(X)N+(X2)N,
so that, 7, xE being zero,

DxV=1HX
and
WX, V)=—X2—io(X).

Differentiating both sides of the relation f=i*y gives
(DxpXY)+BDxY)=0xn)(is Y )+ X, YIn(N)+A(DxY),
that is
DY )=hX, Y)n(N).
Summarizing, we have
Dx]NY=a'(Y)YHX—WX, Y)U,
DxV=21HX, DxU=]"HX+-w(X)U,
G.1 DxpY)=MX, Y)n(N),
Dxa Y Y)=—NWX, ]'Y)—ao(X)a'(Y),
MX, V)=—X2—2o(X), WX, U)=a'(HX).

THEOREM 3. Let P be a noninvariant hypersurface of an affinely cosymplectic
manifold with the restricted quartic structure (f, U, a, V, B). Then, with respect to
the induced commection D on P, the quartic structure on P satisfies the relations

DxNHY=a(Y)HX—-NWX, Y)T,
DxV=HX, DxU=fHX+w(X)U,

(3.2) Dxp=0, (Dxa)(Y)=—n(X, fY)—o(X)a(Y),
BHX)=0. ‘

Proof. Put f=J’, 2=1 and 5»(N)=0 in (3.1). The last formula follows by
differentiating »(IN)=0.

If for every vector field X on P, HX=0, then, by Weingarten’s equation, DxN
and N are proportional. Hence, the affine normals are parallel along the hyper-
surface. In this case, P is said to be fotally flat.

We are now able to deduce the following facts,
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THEOREM 4. If the hypersurface P is endowed with the vestricted quartic
structure and if it is an affinely umbilical hypersurface of an affinely cosymplectic
manifold, then it is totally flat.

Proof. Since P is affinely umbilical, H=pl. Hence, 0=8HX)=pp(X). But
B(V)=1, so p must vanish.

The following lemma will be required in the proof of the corollary to Theorem 8.

Lemma 2. Let P be a noninvariant hypersurface of an affinely cosymplectic
manifold with the restricted quartic structure (f, U, a, V, B). Then, if the linear
transformation field f is a parallel field,

h=pa@a,

H=pa®@U
and

=0
for some function p depending on U and h.

To see this, we first observe that from (3. 2), a(Y)a(HX)=/(X, Y), from which,
since 2 is symmetric a(Y)a(HX)=a(X)a(HY), so a«(X)W(U, U)=a(HX). Setting
p=nU, U), we get (X, Y)=pa(X)a(Y), from which #(X, U)=pa(X). Thus, put-
ting Y=U in «(Y)HX—/(X, Y)U=0, we find that HX=pa(X)U. On the other
hand, o(X)=—#X, V)=—pa(X)a(V)=0.

Let D’ be the induced connection on #(P) with respect to the fundamental
vector field £ of the almost contact ambient space M(g, £, 5). Then the equations
of Gauss and Weingarten are

3.3) D) Y=W(X, Y)E
and

B9 VixE=—iyH' X+ o' (X)E.
From

(DXZ'*)Y=Vz,Xi* Y—i*DX Y’

(Dxix) Y=V, xix Y —ixD%Y,
and
(Dxix) Y=hX, Y)N,
(Dxis) Y=1'(X, Y)(ix V+2N),
we have
ix(D'—D)X, Y)=—h(X, Y)ix, V—[A'(X, Y)—h(X, Y)IN.
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Therefore,
3.5) D'=D-WRQYV, h=2W.

Thus, D'=D, if and only if =0 since V=0. Moreover, the condition that the
hypersurface be totally geodesic (h=0) is independent of the choice of affine normal.
On the other hand, from (3. 4),

Vox(ise VAN )= —isxH' X+ o' (X) (@5 V+2N).
But, V., x(ix V+AN)=ix(Dx V—2HX)+ % (X, V)+X2+20(X)]N, so

H'=2H—DV+o'QV
and
Ao’ =20+ AW (-, V)+dA.

Thus, the hypersurface is totally flat with respect to the affine normals £ and N,
if and only if

DV=0"Q V.

For almost complex manifolds, in general, it is known that if / is an integrable
almost complex structure, then there exists a symmetric affine connection with
respect to which it is parallel [6]. For noninvariant hypersurfaces we have the
following explicit result.

THEOREM 5. Let P(], @) be a noninvariant hypersurface of an affinely cosym-
plectic manifold with the restricted quartic structure. Then, if P is totally geodesic,
J is parallel with respect to the induced conmection.

Proof. By (3.5), h=h'=0 and D’=D. In a recent paper [1], the authors
showed that D’/=0 in a noninvariant hypersurface of an affinely cosymplectic
space, so J is parallel with respect to D.

4. Normal quartic structures. Although the globally framed quartic manifold
P(f, U, a, V, ) is not an f-structure, it does have an underlying f-structure given
by the (1, 1) tensor field

@41 f=r—BRU.

For, fiX=—X4+a(X)U+B(X)V, and hence fiX=—fiX+a(X)iU+BX)f1V=—1 1 X.
Moreover, f1.X=0 implies X=a(X)U+p(X)V, so rank fi=2n—2.

The globally framed quartic structure (f, U, @, V, ) on P will be called normal
if the underlying globally framed f-structure (fi, U, a, V, B) on P is normal. The
condition for this is that the tensor field Sy, of type (1, 2) given by

Sr=If1, fil +da @ U+dBR V

vanish [4]. In this case, U and V are infinitesimal automorphisms of the structure
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(f, U, &, V, B), and da and dB are of bidegree (1,1) with respect to fi (see [4],
Lemma 2).

We express Sy, in terms of f. To this end, we need only evaluate the
Nijenhuis torsion [f3, fi] in terms of f, U and A. For any vector fields X and Y,

[, AI(X M=[-QU, f—pRUIX, Y)

=[fX—=pXOU, FY—pY)Ul-(f—Q DIfX—-HX)U, Y]
+(—BUIY—AY)U, X]+fIX, Y]

=X, fY1+BY N Lo HX=FIX, UB—-(FX)NEY)HU
+EOLSY, Ul+(FY XEX)HU
+ BN Lop)Y)+BU, YDIU—BY )W (LoB)X)
+8(1U, XDIU—fIFX, YI+B(IfX, YDUHSIBX)U, Y]
—BAX)U, YDU+SI1Y, X]—BLSY, XDU—FIB(Y)U, X]
—pBY)U, XDU+SAX, Y]

=Lf, 71X, Y)+BY X Lof ) X—BX)Laf) Y +{(fY )BX))
—(FXBY))— (Y YLy B)X)+BX )N Lup)Y)
+B8(fX, YD—BLSY, XDIU

=0/, FIX Y)+AYN(Lof ) X—(Lup)X) U}
— PN L)Y —(LopXY) U}
+HdB(fY, X)—dp(rX, Y)iU.

If P(fy, U,a, V,p) is normal, then, since (Lyfi)X=(Lyf)X—Lyp)X)U and
Ap(fX, Y)=dp(fiX, Y)+BX)(Lup(Y)=dB(/1X, Y),

Sr=1/1, il+da@ U+dpR V
=[/ fl+da@U+dpRV
=Sy
Thus, if P(f, U, a, V, B) is normal, the tensor field S; given by
4.2 Sr=Lf, f1+da@ U+dpR V
vanishes.

LemMA 3. If the hypersurface P(f, U, a, V, p) is normal, then
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(i) Lgg*=0,
(i) [Ea, Eb]=0,
(i) Ly /=0,
(iv) dy"(fX, Y)+dy"(X, fY)=0,
for any vector fields X and Y on P.

Proof. The proof is contained in the above discussions. For the sake of
completeness, however, we proceed as follows. Since the structure on P is normal

4.3) L FIX, Y)+dp*(X, Y)E.=0,

the summation convention being employed here and in the sequel. Putting Y=F,
in (4. 3), we find

—fI7X, BE]+/°1X, Eo]+dy"(X, Ep)Ea=0,
that is,
(4.4 S (L, NX+dn*(X, Ep)Ea=0.
Taking the interior product of both sides of (4.4) with « and then 8, we obtain
B(Luf)X)+da(X, U)=0,

BLvHX)+da(X, V)=0,
and
dp(Xx, U)=0, dp(Xx, V)=0.

Formula (4. 4) reads

JF(Lof)X+da(X, U)U=0

by means of the last relation. Hence, da(X, U)= — B(Luf)X) = Lupf)(fX)
=dpA(U, fX)=0. Similarly, da(X, V)=0. Applying (b) of Lemma 1, this proves (i).

Substituting X=U, Y=V in (4.3), we have f2[U, V1=0, so by (2.7) and (i),
[U, Vl=a(U, VHU+BIU, V) V=0.

From (4. 4), fLg,f=0, s0 Lyf=p®U for some l-form p. Consequently,
a((Luf)X=p(X). Thus, since 0=(Ly(a°f)X=(Lya))X+a(Lvf)X)=uX), Lvf
vanishes. Similarly, Lyf=0.

From (4. 3), we find

4.5) BUASX, FYD+dpX, Y)=0,
so that
0=p(1/X, FPYD+dB(X, fY)
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=—p/X, YD+B/X, «(Y)UD+EISX, [(Y)VD+dp(X, fY)
=—B/X, YD+rXEY)+dpX, fY).
On the other hand,
FXEY)N—AISX, YD=dp(fX, Y),
so dB(fX, Y)+dp(X, fY)=0. Again, from (4. 3), we find
a([fX, fYD—-BISX, YD—BIX, fYD+da(X, Y)=0,
so that
0=a(lfX, /YD —BISX, fYD—BUX, f*Y D+da(X, fY)
=—a([fX, YD+a(fX, a(Y)UD+a([fX, JY)VD—BL/X, fY])
+ALX, YD—BUX, a(Y)UD—BUX, f(Y)VD+da(X, Y)
=—a([fX, YD+/X(a(Y)—a(Y)BIU, XD+AY)BIX, V])
=B/, FYD+LUX, YD —a(Y)ALX, UD—HY)BIX, V]
—X(E(Y)+da(X, fY)
=—a([fX, YD+/X(a(Y)—BL/X, FYD+EIX, Y]
—X(EY)N+da(X, fY).
On the other hand, da(fX, Y)=rX(a(Y))— Y (B(X)—a([fX, Y]). Hence,
da(fX, Y)+ Y (X)) AU X, FYD+HAIX, YD—X(BEY)+da(X, fY)=0,
that is,
de(fX, Y)—dpX, Y)—p(fX, fYD+da(X, fY)=0,
so by (4.5), da(fX, Y)+da(X, fY)=0.

Formulae (i)—(iii) say that U and V are infinitesimal automorphisms of the
structure (f, U, @, V, p) while (iv) says that da and dp are of bidegree (1,1) with
respect to f.

THEOREM 6. Let P(], a) be a noninvariant hypersurface of an almost contact
manifold with the restricted quartic structure. If this structure is normal, then the
almost complex structure J is integrable.

Proof. We relate the torsion [/, J] of J to [f, f]. From (2. 6)
(7, JIX, V)=[JX, JY1-JJX, Y1-J[X, JY]-[X, Y]
=X, fY-IfX, a(Y)VI+IfY, a(X)V]+[a(X)V, a(Y) V]
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=X, Y1+f[aX)V, Y]+a(lfX, YDV—a(a(X)V, YDV
+UFY, X1—fl(Y)V, X1—a(fY, XD)V+a([«(Y)V, XDV—[X, Y]

=lfX Y-/ X(@Y)V—a(Y)IfX, V]
+fY (a(X)V+a(X)[fY, V]
+aX)V(@(Y)V—-a(Y)V(a(X)V
—SfIfX, Y]+ aX)f[V, Y=Y (aX)U
+a(lfX, YDV—a(X)a(V, YDV
+LfY, X]—a(Y)fIV, X1+ X(a(Y)U
—a([fY, XDV+a(Y)a([V, XDV-LX, Y]
=/, f1X, Y)—a(X, YDU—-a(f[X, YDV
HIY (@(X)—fX(a(Y)+a(X)da(V, YV)—a(Y)de(V, X)
+a(lfX, YD)—a(fY, X}V
+a(X)([fY, VI+SIV, YD—a(Y)fX, VI+FIV, XD
+da(X, Y)U+a([X, YDU
=11, fIX, Y)+da(X, YU
Ha(X)(Lya)(Y)—a(Y ) Lya)( X}V
—a(X)(Lvf)Y+a(Y X Lv)X
+a(/X, YI-[fY, X]-fIX, YDV
HY (a(X)—FX(a(Y)}V
=[f, 1(X, Y)+da(X, Y)U+dpX, Y)V
—{da(X, fY)+da(fX, Y}V
+a(Y YLy ) X—a(X)Lv]) Y.

Theorem 6 is now a consequence of Lemma 3.
We state the following converse.

THEOREM 7. Let P(J, a) be a noninvariant hypersurface of an almost contact
manifold with the restricted quartic structure. Then, if ] is integrable, the structure
(f, Uya, V, B) on P is normal provided da is of bidegree (1,1) (with respect to f)
and the vector field V is holomorphic.

Since J is a complex structure if the ambient space is normal ([1], Theorem 1),
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we have

CorOLLARY 1. Let P(J, a) be a noninvariant hypersurface of a normal almost
contact manifold with the restricted quartic structure. Then, if da is of bidegree
(1, 1) (with respect to f), and V is a holomorphic vector field (with respect to J),
the restricted quartic structure on P is normal.

RemARk. The direct product of the quartic structures Pi(f., Ui ai, Vi, fi),
i=1, 2, has a naturally induced almost complex structure / on P, XP. given by

T o, 59 (X, Xo)=(f1XaA4Bo(X) Vie o Xo) Usy o Xo— Bu(X0) Vot au(X0) U).
The tensor field J defined by

.T(pl. pg)(Xl) Xz): (lex—‘ [,Bl(Xl)+a2(X2)] Ux—ﬁz(Xz) Vn
S Xo— [ﬁz(Xz) —a1(X1)] U.+ ,Bl(Xl) V)

is also an almost complex structure on P;x P.. Since the (f!, Ui, as, Vs, Bi), where
fi=fi—BiQ U, i=1, 2, are framed f-structures on P, and

T oy, 2 (X1, Xo)=(f1Xi—ao(Xa) Ui — Bo(Xo) Vi, 1 X+ (X)) Un4-Bu(X2) V),
J is integrable if the quartic structures are normal, and conversely.

5. Normal quartic hypersurfaces. In this section, we seek necessary and
sufficient conditions for the normality of the restricted structure on P when the
ambient space M is cosymplectic. We compute S(ixX, ixY) for any vector fields
X and Y on P, where S is the torsion tensor of the almost contact structure
M(¢, E, 3), that is

S(@, v)=I4, $l(z, v)+dy(z, y)E
=V 420y — (7 449)5— T 29Yy— (7 y )2} {7 o)) — T ym) (@)} E,

where z and y are vector fields on M. Thus, after a lengthy conputation not
unlike that in [3] in which the equations (3. 2) are vital

8GeX, ix Y)=isd[f, F1X, Y)+da(X, V)U+dBX, V)V
+a(X)Hf —fH) Y —a(Y Y Hf —fH)X
FHo(X)a(Y)—ao(Y)a(X)]U}
H{(Dsxa)(Y)—(Dsra)(X)—aDx(fY))+a(Dr(fX))
+a(HX)a(Y)—a(HY Ja(X)+ (X, Y1)
+o(fX)a(Y)—o(fY)a(X)IN
+ 7 x)(a(X)is Y —a(Y )ix X),

so since ¢ is a parallel field and S vanishes when M is cosymplectic,



POLYNOMIAL STRUCTURES ON MANIFOLDS 213
(IS5 F1+da@ U+dBR VXX, Y)+a(X)Hf —fH-o@ U)Y—a( Y ) Hf —fH—0 @ U)X=0.

THEOREM 8. Let P be a noninvariant hypersurface of an affinely cosymplectic
manifold with the vestricted quartic structure. Then, a wnecessary and sujficient
condition that the structure on P be mormal is that

(5.1) Hf—fH=0Q U+aR Z,
where Z is the vector field —DyU.

Theorem 8 may also be obtained by computing S directly from the relations
3. 2).

CoROLLARY. Let P be a noninvariant hypersurface of an affinely cosymplectic
manifold with the vestricted quartic structure. Then, if the structure on P is
normal and f is parallel, P is totally flat and the structure is covariant constant.

For, from (5.1) and Lemma 2, pa(fX)U— pa(X)fU=—a(X)DyU. Hence, from
the equations (2.7), pf(X)U=—a(X)DyU. Putting X=V, we get =0, so by
Lemma 2, H=0.

6. Globally framed quartic manifolds. A C= manifold is said to be globally
framed if there exists a (1,1) tensor field f, global vector fields £, and linear
differential forms 7% a=1, .-, v satisfying the relations

6.1) 7 (Ep) =03
and
(6.2) [i=—1+7"Q K.

Clearly, the only globally framed polynomial structures defined by f are those
given by f3+f=0 and f*+s%=0, the former arising by assuming that fE,=0, a
=1, -, v.

In the sequel, a manifold P with a quartic structure f of rank # such that
Fi4r2=0 will simply be called a quartic manifold. Put

s=—f% t=+1,
where [ is the identity field. Then,

s+i=1,
si=s, t?=t,
st=0, ts=0.

Thus, s and ¢ are complementary projection operators defining distributions S and
T in P corresponding to s and ¢, respectively. (f acts as an almost complex struc-
ture on S; however, since it is not an f-structure, it is not a null operator on 7.)
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The distribution S is r-dimensional and dim T=m—7r, m=dim P. If there are m—r
vector fields F, spanning the distribution 7' at each point of P, and m—r linear
differential forms 7® satisfying the relations (6. 1) and (6. 2) with v=m—7, then P
is a globally framed manifold. From (6. 1) and (6. 2), one easily obtains

(6. 3) SPE.=0, 3% f*=0.

Since rank f=7, it is not difficult to show that a basis {E4}, a=1, ---, m—r, of
Tp can be found, with dual basis {#’*}, which satisfies (6.1) and (6. 2) such that

(6- 4) szi—1=0, sziZEzi—1

(6- 5) 7/2i—1°f:7]2i: 7/2i°f:O’ Z:]-, T l:mz_r]’
where we have dropped the primes. If we put

(6. 6) J=f—n""QExu

at p, we see that rank /=2x and J?=—1 if dim P=2x, and rank /=2z—2 and
JP=—I49"""' Q@ Een_r—y if dim P=2rn—1. In fact, by (6.4) and (6.5), in the even
dimensional case,

JEX == Q@ Ee)(f X— ¥~ H(X) Ex)
=12 X— Y X)Es;-1— ¥ (X)Ey,
= — X (X) Ea =7 () By a7 (X) sy
=—X,

and in the odd dimensional case,

PX=(f—7"" Q@ Ee) f X— ™~ H(X)Ey;)
= f2X— Y X)Ezy1— 9P (X)Ey,
=—X+7""X)Een-r-1.

THEOREM 9. An even dimensional (vespectively, odd dimensional) globally
Sramed quartic manifold carries an almost complex (vespectively, almost contact)
structure.

Although the globally framed quartic manifold P(f, Ea, %), @ =1, ---, m—v,
m—r=2, is not a cubic structure, it does possess an underlying cubic structure
(f1, Eo, %) defined by

I =f_7]2i®Ezi—1-
For, at p, by (6. 4) and (6.5), fiX=—X+7(X)E,, and so fiX=—f;X. Moreover,
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f1X=0 implies X=y5*X)E,, so rank fy=r=const. =2n—2. Conversely, a globally
framed f-manifold P(f, E,, 7%) possesses an underlying globally framed quartic
structure defined by fi=/+9*® Ey—1. In fact, f2X=(+7*&Q Esn-1)(fX+9¥(X)Ez;-1)
=—X49"(X)E,, fiX=—fiX+7*(X)Ey-1 and fiX=—f2X. (Moreover, f1FEs-1=0,
J1Ey=Fy_; and 772i'1°f1:772i, 772i°f1:0-)

THEOREM 10. A globally framed quartic manifold of dimension m and rank r
with m—r=2 possesses an underlying globally framed f-structure, and conversely.

COROLLARY. A noninvariant hypersurface of an almost contact manifold with
the vestricted quartic structure possesses a globally framed f-structure.

Proof. Immediate from Theorem 1.

THEOREM 11. Let P(f, Eu, 1) be a globally framed quartic manifold of dimen-
sion m and vank v with m—r=2. Then, the (1, 1) tensor field fi=f+7*1Q Eq;
gives vise to a quartic structure (fi, Eq, 7%) of maximal rank which is not globally
framed.

Indeed, f{=1. Moreover, rank fi=sm. For f;X=0 implies fiX=—X42y*X)E,
=0, a=1, .-, m—r. Applying (6. 4), we get " ®E,=0, so X=0. That (fi, Fs, 7%
is not globally framed is a consequence of the relation fi=—I+2y*Q E,.

The globally framed quartic structure (f, Ea, ) is said to be normal if the
underlying globally framed f-structure (fi, Ea, %), fi=f~17* & E4si-1, is normal (cf.
§4). The condition for this is given by the vanishing of the tensor field Sy, of

type (1, 2) given by
Sp=1r1, fil+dy* ® Ea

(see [4]). In this case, the E, are infinitesimal automorphisms of the structure
(fuv Ea, n*) and the differentials d»* are of bidegree (1,1) with respect to f; (see
[4], Lemma 2). A calculation identical to that in §4 shows that P(f, E,, 3% is
normal, if the tensor field Sy given by

Sr=1f, f1+d* QE,
is zero.

THEOREM 12. The almost complex (rvespectively, almost contact) structure in
Theorem 9 is integrable (vespectively, normal) if the quartic structure is normal.

Proof. Similar to that of Theorem 6 if dim P is even. The computation in
the odd dimensional case is analogous to the former case, that is, the torsion is
evaluated in terms of the structure tensors of the almost contact manifold.

Theorem 7 lends itself to the following generalization.
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THEOREM 13. Let P(f, Ea, n*) be an even dimensional globally framed quartic
manifold of rank v, a=1, ---, m—r, whose induced almost complex structure J=f
— ¥ Q By i=1, -+, [(m—1)[2], is integrable. Then, if the dp** ave of bidegree
1, 1) with respect to f and the vector fields Es are holomorphic, the quartic
structure is normal.

We also have the following odd dimensional analogue.

TueoreM 14. Let P(f, Eq, ") be an odd dimensional globally framed quartic
manifold whose induced almost contact structure J=f—y*'Q Es; is normal. Then,
if the dp*~' arve of bidegree (1, 1) with rvespect to f and the Lg,,J vanish, i=1, ---,

[(m—n)[2], the quartic structure is normal.

7. Quartic metric manifolds. The manifold P(f, Es, %), a=1, -+, m—r, is
called a globally framed quartic metvic manifold if P carries a Riemannian metric
g such that (i) 9*=¢(&,, *), @=1, ---, m—r, and (ii)) f is skew symmetric with res-
pect to g. In this case, we denote the structure by P(f, 5% ¢). Unlike f-manifolds,
a globally framed manifold does not, in general, carry a metric with these pro-
perties. To see this, consider the hypersurface P(f, U, «, V, p) of the almost
contact manifold M(¢, n, G) with the restricted quartic structure. Since G(¢z, ¢v)
—G(z, 9)—7@) and 7(N) is zero, G(N, ikY) = G@N, $irY) = — G(ixU, ixfY
+a(Y)N)=—g(U, fY)+a(Y)G(@N, N)=—g(U, fY) where ¢g=i*G. If f is skew
symmetric with respect to g, then ¢(U, fY)=—g(fU, Y)=0 by (2.7). But this is
impossible since N is not the metric normal with respect to G.

We put F(X, Y)=¢(fX, Y) and call it the fundamental 2-form of P(f, %% g).

Let P be a globally framed metric manifold of dimension m=2»n with quartic
structure tensor f. Then, by Theorem 9, an almost complex structure J=jf—y%-!
®E; is defined on P in terms of which the metric § is hermitian where §(X, Y)
=1/2[e(X, Y)+9(JX, JY)]. Setting 2(X, Y)=4(JX, Y), we obtain

Q=F+ 3 g Aqii-L,

If the fundamental form F and the 3%, a=1, ---, 2n—7, are closed forms, the almost
hermitian structure on P is almost Kaehlerian. It is Kaehlerian, if and only if J

has vanishing covariant derivative with respect to §. Thus, P(f, 5% ¢g) has an
underlying Kaehlerian structure if its structure tensors are covariant constant (with

respect to g).

THEOREM 15. An even dimensional globally framed metric manifold P(f, 1% ¢)
with a quartic structure f carries a Kaehler structure (J, §), wheve J=f—7""1QR Es;
and (X, Y)=1/2)[g(X, Y)+o(JX, JY)], if [ and the v*, a=1, ---, 2u—v, are parallel
fields with respect to g.

In the odd dimensional case the globally framed metric manifold P(f, 5% ¢)
gives rise to the almost contact metric manifold P(/, »**~"~%, §). For, §(JX,JY)
=g(X, V)= (X)) H(Y). If (X, YV)=g¢(JX, Y), then
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O=F- Z 7]24;/\7]21‘—1.
T

If the fundamental 2-form @ and the 1-form 7**~"' are closed, the almost
contact structure on P is almost cosymplectic [2]. It is cosymplectic, if and only
if, the almost contact structure is normal.

THEOREM 16. An odd dimensional globally framed metvic manifold P(f, 1% g)
with a quartic structure f carries a cosymplectic structure (J, *"~"1, §), where ]
== QFEy and §(X, Y)=QA/2)e(X, Y)+9(JX, JY)], if f and the 1°, a=1, -,
2n—r—1, are pavallel fields.

Proof. Since f and the »* have vanishing covariant derivatives with respect
to the Riemannian connection of ¢, so does J. Hence, the torsion (D;x/)Y
~ B NXATDe)X~T Dx)Y+{(Dy )Y )~ Dy ") (X)) Eon-r1=0, Where
D denotes covariant differentiation with respect to the Riemannian connection of §.
Thus, P(J, p*»"*, §) is normal.

THEOREM 17. Let P be a complete simply connected globally framed quartic
metric manifold. Then, if its structure temsors ave pavallel fields, it is a product
manifold with one of its factors Kaehlerian.

Proof. If dim Pis even this is immediate from Theorem 15. If P is odd dimen-
sional, this is a consequence of Theorem 16. For, since D®=0, Pp={XePp|0(X, Pp)
=0} defines a parallel distribution. Thus, the orthogonal complement P}’ (with
respect to ¢) also gives a parallel distribution. Note that the Eu.(p), a=1, -+, m—r,
do not belong to Pj. By the de Rham decomposition theorem P=P’XP”, where
@=0 on P’ and ® has maximal rank on P”. Since f and the 7% e¢=1, .-, m—r7,
are parallel fields, [/, /] must vanish. Hence, the almost complex structure on P”,
obtained by restricting J to P”, is integrable. Since @ is closed, P” is symplectic;
in fact, since D@=0, P” is a Kaehler manifold.

8. Automorphisms. Let M(f, Eq, n*) and M'(f’, E4, 5'*) be globally framed
quartic manifolds whose structures have the same rank. A diffeomorphism yp of M
onto M’ is called an isomorphism of M onto M’ if

pxe =1 "opx
and
/‘*EE:E s

where 4 denotes the induced map on tangent spaces. If M’'=M and f’'=f, E4=FE.,,
y%=n" a=1, ---, m—r, then p is said to be an awtomorphism of M. The set of all
automorphisms of M clearly forms a group which we denote by A(f, Ea, 7%.

LemMmA 4. Let peA(f, Eo, 0*). Then,

*,0_ . 0

=N
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where p* is the induced map on forms.

LEmMMA 5. Let pe A(f, Ea, 1%). Then, pe A(fi, Ea, 1), that is

/J*°f1=f1°ﬂ*;

where fi=f—9*Q Eqsi-1. Conversely, if peA(fi, Eq, 0%, then peA(f, Ea, 7%).

Thus, an automorphism of the globally framed quartic structure (f, Eq, %) on
M is also an automorphism of the induced globally framed f-structure (fi, Ea, %)
on M, and conversely. Since A(fi, Eq, 7% is a Lie group (see [4], [5]) and M(f, E4, 7%)
is normal if and only if M(fi, E,, %) is normal, we have

THEOREM 18. The group of automorphisms of a compact normal globally
Jramed quartic structure is a Lie group.
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