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REMARKS ON THE EXISTENCE OF ANALYTIC MAPPINGS

BY MlTSURU OZAWA

§1. Introduction. Let R be an ultrahyperelliptic surface defined by yz—g(x\
g(x)=(eκ—γ)(eκ—δ), γδ(γ—δ)*Q, K(Q)=0 with a non-constant entire function K.
We already proved that the Picard constant P(R) of R is four and vice versa.

Let S be an ultrahyperelliptic surface defined by y2=G(x),

with two non-constant entire functions H and L. We already proved that the
Picard constant P(S) of S is at least three. If K is a polynomial, then R is called
to be of finite order. If H and L are polynomials, then S is called to be of finite
order.

In our previous paper [5] we proved that if S is of finite order then P(S) is
equal to three with four exceptional cases for which P(S)=4. As an easy cor-
rollary of the above result we proved the following fact:

Let R and S be ultrahyperelliptic surfaces of finite order in the above sense.
Assume that P(S)=3. Then there is no non-trivial analytic mapping of R into S.

The first purpose of this paper is to prove the following improvement of the
above result:

THEOREM 1. Let R be an ultrahyperelliptic surface of finite order in the
above sense with P(jR)=4. Let S be an ultrahyperelliptic surface defined above
without any assumption on its order. Assume that P(S)=3. Then there is no
non-trivial analytic mapping of R into S.

Hiromi-Mutό [1] proved the following result: Let R and S be two ultra-
hyperelliptic surfaces defined by yz=g(x) and w2=G(z), respectively, where G and
g are entire functions having no zero other than an infinite number of simple
zeros. Let gc and Gc be the canonical products formed by the zeros of g and G,
respectively. Assume that the order pQc<oo and Q<PGC<°° and that there is a
non-trivial analytic mapping of R into S. Then ρQc is a positive integral multiple
of pac

We shall prove the following fact, which is the second purpose of this paper:

THEOREM 2. Under the same assumptions in Hiromi-Mutδ' s theorem and
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denoting the lower order of X by μx we have that /*#(,-, o,g) is a positive integral

multiple of μN(Γ,o,G)

This theorem 2 gives a powerful criterion for the non-existence of non-trivial
analytic mappings.

Niino [3] posed the following problem: Is there any relation between two
non-trivial analytic mappings φ^ and φz which map analytically the same R into
the same S?

His formulation of this problem is somewhat restrictive.
The third and final purpose of this paper is to give some informations on this

problem and to give an interesting example.

§2.

LEMMA. Let G(χ) be

ftft^O, fl (0)=L(0)=0.

Then for an arbitrary given ε>0 and for a sufficiently large r=^r0

(2-ε) max (m(r, eH), m(r, eL))^N2(r; 0, G),

where N2(r; 0, G) indicates the N-f unction of the simple zeros of G.

Proof. The last part of this method was suggested by Niino [2], First of all
we shall prove that the equation y2=G(χ) defines an ultrahyperelliptic surface S.
Let f(x) be

Then / satisfies

Now F(x,Q)=βιe2H and F(x,l)=β2e
2L. Thus / is an entire algebroid function,

which is at most two-valued and /^O, 1, oo in S. Assume that S is not ultra-
hyperelliptic. Then either S splits into two punctured discs A and D2 over
r*^|#|<oo or S is two-sheeted but one punctured disc over there. If the latter
case occurs, then the big Picard theorem implies that the exceptional values are
at most two in number when / is transcendental there. When / is not trans-
cendental there, then / can be continued analytically onto x=oo, which shows
that / reduces to an algebraic function. Then / takes every value in S at least
once excepting oo. Anyway we arrive at a contradiction. If the former case
occurs, we put /i and /2 as two determinations of / in Dι and D2, respectively.
Assume that both of Λ and /2 are transcendental. Then f l t f 2 have at most two
exceptional values oo, aι in DI and oo, #2 in D3, respectively. If a^aZί then aι
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is taken by /2 in D2 infinitely often. If a^=a^ then / has two exceptional values
co, aι in A U D2. Anyway / has at most two exceptional values in A U A, which
is a contradiction. If one of /i and /2 is not transcendental, we have similarly a
contradiction. Thus we have the desired result.

Now we can make use of Selberg's theory on algebroid functions [7]. Since /
has two finite exceptional values 0 and 1 and / is regular in S, we have

where

N(r,a,f)
<5(tf)=l—limsup-

, . N(r,S)
ί=lιm inf

T(r,f) '

2N(r, S)=N2(r, 0, G)+O(log r).

Hence fj^l. Further by Valiron's theorem [8] or [7]

Therefore T(r,/)^m(r,βH)+O(l). Thus

N(r, S}^(ξ-£')T(r,f}^(ξ-εf}m(r, e*)+O(V)

for r^n This implies

(2-ε)w(r, eH)^N2(r, 0, G).

By symmetry we have

r, eL)^N2(r; 0, G).

Thus we have the desired result.
This Lemma is best possible. Consider the case 2H=L, /3ι2 = 16/32. Then

This implies that

N2(r, 0, G)~4m(r, eH/2)=2m(r, eH).

% 3. Proof of Theorem 1. By our earlier result in [4] we may consider the
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possibility of the following functional equation

By the above Lemma we have

(2-ε) max (m(r, eH°h), m(r, eLah))^N2(r; 0, G*h).

Further we have

°tϊ)^N2(r; 0, g)~2m(r, eκ)

where K(x)=knx
nλ ----- \-kix, fe^O. Thus H°h and L°h must be polynomials. By

Pόlya's theorem again H, L and h must be polynomials. Now we can make use
of our earlier result in [5] and then we have the desired result.

§ 4. Proof of Theorem 2. We may change the last past of Hiromi-Mutδ's
proof of their theorem. Let h(x) be a polynomial of the form aύx

v-\-aιxv~l-\ ----- \-av.
Then we have for an arbitrary positive number ε «1)

\l-έ)\ 0, GC)-O(1)

for r^r0. Hence

^ N(r, 0, GcoA)^ΛΓ(|tf0|r
υ(l-ε); 0, Gc)-O(log r).

Since Gc is transcendental and is a canonical product, we have

(l+<5)Λr(|tfoirυ(l+ε); 0, G)^ΛΓ(r; 0, Gc°h)^(l-d)N(Mr\l-e)', 0, G).

Hence

yjM#(r; 0, G) = μ N(j; 0, ί?co/ι) ̂  y

Further

and

N(r, 0, gc)=7V(r; 0, Gc*h}-2N(ry O,/),

r; 0, Gco/*)= JV2(r; 0, GcoΛ)+O(log r).

Hence we have
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fΛNζr, 0, fif) — l*N(r, 0, Gc*ti)

Thus we have the desired result:

μ>N(r; 0, 0) — Vμ N(r\ 0, £>

By Theorem 2 together with Hiromi-Mutό's theorem the regularity of growth
is preserved by non-trivial analytic mappings under our assumptions.

§ 5. Let φi and φ2 be non-trivial analytic mappings of R into S. Let hi and
h2 be their projections. Assume that there is an algebraic relation between hi and
hz, that is, there is an irreducible algebraic equation F(x,y)=Q satisfying F(hlfh2)
=0. Then if one of hi, h2 is transcendental the Riemann surface W denned by
F(x,y)=Q must be of genus at most one by Picard's uniformization theorem,
since hly h2 are defined in |z|<oo. Assume that W is of genus one. Then h3

must be doubly periodic. Hence h3 must have poles, which contradicts the re-
gularity. Thus W must be of genus zero.

THEOREM 3. Suppose that two non-trivial analytic mappings of an ultra-
hyperelliptic surface R into another such surface S satisfies an algebraic relation.
Then the surface defined by the algebraic relation is of genus zeroy if at least one
of the two projections is transcendental.

Next we shall give an example. Let G(z) be an entire function whose zeros
are ±pni, ±\/l+AΛ where pn is real positive ^1 and pn<Pn+ι, pn-^°° as n~>00

Let g(z) be G°sin z. Then g(z) has no zeros other than an infinite number of
simple zeros. On the other hand G°cosz=g*(z) has the same zeros as g(z). Hence
g*(z)=eL<z>g(z). Let R and S be two surfaces defined by y2=g(z), w*=G(z), respec-
tively. Then there are two analytic mappings whose projections are cos z, sin z,
respectively.

Hence

is satisfied by x=cosz, y=smz. This is really a circle.
Niino has given an example of parabola recently. Following is an open pro-

blem. Is there any example of y=axn, n=3?
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