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MARKOV CHAINS WITH RANDOM TRANSITION MATRICES

By Yukio TAKAHASHI

Introduction.

Let Pt (¢=1,2,3,---) be the transition matrix from epoch £—1 to # of a Markov
chain with a finite state space S, and a™ (=0, 1,2, ..-) be the probability distri-
bution at ». Then we have

*) a™ =g Pt...pr,

Now we assume that a‘ and P’ are mutually independent random variables and
that a is defined by (*). Then {a™} is a Markov process on the space of proba-
bility distributions on S. (a‘® represents the probability distribution at #, starting
with the initial distribution a¢ and following to the ramdom transition matrices
Pt) Such a process will be called a “Markov chain with random transition matrices”
(M.C. with R.T.M.).

The author intended to generalize ordinary Markov chains as briefly mentioned
above, by the following reason.

Markov chains have been applied in many fields, and one of their applications
is in the analysis or prediction of market shares. Many authors have worked with
so-called Markov brand-switching models, in which «‘ represents the market
shares at epoch # and P! represents the transition matrix from epoch #—1 to ¢
In many cases they assume that these Markov chains (they consider that a‘ is
the distribution of a Markov chain at step #) are stationary. However some other
authors have given warnings of the failure of stationarity and of other defects of
these models (see e.g. A. S. C. Ehrenberg [1]). The author thinks that one of the
causes of the warnings is in the assumption that «® and P® are @ priori given
(known) and hence have no stochastic fluctuation. The transition matrix P! reflects
the choices of purchasers, and so it is essentially stochastic. Hence it seems to be
natural to consider that P® and «™ are random variables. The most simple
stochastic model for market shares is the model using our M.C. with R.T.M.

In this paper, properties of M.C. with R.T.M., in particular moments of a™
and conditions for the convergence (in law) of a™, are given. And we classify
stationary and irreducible M.C. with R.T.M. into three groups; ergodic chains,
aperiodic and non-ergodic chains, and periodic chains. Finally we prove some
ergodic theorems.
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1. Markov chains with random transition matrices.

Let S={1,2,---,s} be a finite state space, .4 be the set of all probability
measures on S, and @ be the set of all stochastic matrices with index sets S and
S. We may be consider (/ and & as subsets of s- and s?>-dimensional Euclidean
spaces respectively;

1.1 <_,Zl={a=(afl, )| =0 =1, s, Zs: ai=1},
=1
11+ P1s $
1.2 gz>={P=(s ) D=0 i,5=1,-s, Z}p¢]=1}.
sl“'pss =1

Therefore we can define random variables which take values on ./ or .

Given a sequence of probability spaces (£2¢, F¢, Prt) (¢=0,1,2,---), a vector valued
random variable

(1- 3) a(O)(wO):(a?)(wo) Z=1, 2) R S)
on 2° with values in 4, and matrix valued random variables
(1.4 Pio")=(pife") i,7=1,2,-,5)

on Q' (t=1,2,3,---) with values in @, then we define the product probability space
@, F,Pr) by

(1.5) @ F, Pr)=[] (@, &, Pro),
t=0

and random variables &®(w) and P%w) on 2 by

1.6) a®(@)=a®(w’) and Piw)=P e’ (=123,
respectively, where

1.7 230=(0 o', @? ).

DErFINITION. A Markov chain with random transition matrices (M.C. with
R.T.M.) {a™(w)} is a Markov process on 2 with values in .4 of the form

1.8) a™(0)=a(w) P (0)--- PY (o).

In the following sections we mainly study the stationary case where all proba-
bility spaces (2%, &F*, Prt) (¢=1,2,3,---) but (Q° F° Pr’ are identical and random
variables P%o") have a common distribution. We will refer to such a chain as a
stationary M.C. with R.T.M.

We denote the z-step transition probability matrix by

(1.9) P®(0)=(p{7(®)=P* () P"().
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Clearly {P“™(w)} is a Markov process and so we sometimes call it also a M.C. with
R.T.M.
In the following sections, w will be omitted when no confusion arises.

2. Moments.

We first calculate the moments of a‘“(w) and of P™(w). We prepare some
notations.

Let Sk (k=1,2,3, ) be the set of all ordered k-tuples (i, ---, ix) of states in S
(e.g. when S={1, 2}, S;={(1), @)}, S:={1,1),(1,2),2,1),2,2)} ). The k-th moment
of a™(w) is denoted by the row vector

@21 =, -+, 1r), (i, -+, 1) €SK)
where
2.2) &P, -, ) =E{afP(w)-af(w)},

and the k-th moment matrix of P%w) is denoted by

(2' 3) Z';c:(altc(il; ) ik;jly T ]k)’ (ila ) ik;jl) ".yjlc)eSkXSk)
where
2. 4) 0k(is, +y U3 J1, ++, J) = E{ P, (@) Py @)}.

In the stationary case 2% will be abbreviated to 3. The same notations as the
moments of Piw) will be used for the moments of P™(w) with brackets on their
shoulders.
We note that £ may be considered as a probability measure on S; and that
2t and Y™ are stochastic matrices. In fact
2 PG, = Y Elal--af)

(GRS Qg 1)€SE

=2| () )}

which proves the first statement, and a similar calculation leads to the second.
Furthermore, we may prove the following

(2.5)

TrEOREM 1. For a M.C. with R.T.M. we have
(2. 6) =312 and EP=EPISM=EPX}- 2%,
In particular, for a stationary chain we have
2.7 IW=(Z)" and EP=£(Ty)".

Proof. We shall show that &P=£03™. By the independence of variables we
have
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. S
0, 1= B{( 35 ait o) 2 ai2pity)
lp=1

= 2 Elal)-al-pi - pi

[GBRNIHIA
2. 8)
= e, Dl aRIE DR PR
= a ;) s EOy, oo, Ig) 0Ly, ~or, Iy By, -,y k).
1,0l )ESE

The first relation in (2. 6) can be proved by a similar calculation. Q.E.D.
Now we consider the convergence problem of a(w). We need a lemma for
the convergence of a sequence of random variables (e.g. see Feller |3] p. 244).

LEMMA 2. Let {X™ be a uniformly bounded sequence of random variables in
r-dimensional Fuclidean space and pi be the k-th moment vector of X". X"
converges in law to a limit X if, and only if, for each k, pi converges to a limit
vector px. In this case ux is the k-th moment vector of X.

Applying this lemma to our chains, we obtain the following theorem.

THEOREM 3. A M.C. with R.T.M. converges in law if, and only if, EP=EDS
converges for each k.

3. Classification of stationary M.C. with R.T.M. (I)—Periodicity.

The theory of ordinary Markov chains suggests us that stationary M.C. with
R.T.M. could be classified by similar ideas. For convenience we consider P™-process
instead of a™-process. Theorem 1 shows that for the expectation of P™ we can
consider the ordinary Markov chain with transition matrix ;. It seems to be
natural to classify stationary M.C. with R.T.M. by the properties of M.C. 3, (we
refer to an ordinary stationary Markov chain by its transition matrix and write as
MC. 2). We might define that a stationary M.C. with R.T.M. is irreducible
(reducible) if M.C. X, is irreducible (reducible), and that a stationary and irreducible
M.C. with R.T.M. is aperiodic (periodic) if M.C. Y; is aperiodic (periodic). This
definition of an irreducible chain is adequate in the sense that for each pair 7, (€S)
there is an # such that

3.1 Pr { p{?(w)>0}>0.

However Example 1 below shows that the above definition of an aperiodic chain
does not seem to be adequate.

In the following sections (except in Theorem 8) we will consider stationary
and irreducible M.C. with R.T.M. only, and sometimes the words “irreducible” and
“stationary” will be omitted.

ExampLE 1. Let s=3 and the distribution of P! be
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(3.2) Pr{P!=P}=Pr {Pt=P,}=Pr {Pt=Pg}=%
where

1 0 0 0 0 1 0 1 0
3. 3) P=|0 0 1|, PFP=|0 1 O and »=|1 0 0].

0 1 0 1 0 0 0 0 1
Then we have

1/3  1/3  1/3
3.4 =|1/3 13 1/3|.
/3 1/3 13
Hence M.C. %, is aperiodic.
Now let

1 0 0 0 0 1 0 1 0
(3.5 P=|0 1 0|, PFP=|1 0 0 and F=|0 0 1]

0 0 1 0 1 0 1 0 0
Since

P\ P,=P,P,=P;P;=P,, P,P,=P;P,=P; Py=P;,
(3.6) P,P,=P,P;=P;P,=P;, P,Py=P;P;=PsP,=P,,
P\ Py=P,P,=P,P,=P;, PPy=P;P,=PsP,=P;,

we have
3.7 Pr{P™=P}=Pr{P™=P)}=Pr {P™=Ps}= %
if # is odd, and
3.8) Pr{P™=P}=Pr{P™=P;}=Pr {P™ =P} = %

if » is even. Hence we would rather say that this M.C. with R'T.M. has “period
two”.

Thus we must make a new definition of the period of a stationary M.C. with
R.T.M. By Lemma 2, for the convergence of P™ we are enough to examine the
convergence of its moments only. We shall show that there is an integer r=1
such that @™ =(3;)"*™ converges as n—oo for each £ and m (m=0,1,2,---,r—1).
(Convergence of a sequence of matrices means element-wise convergence.)
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By the theory of ordinary Markov chains, each state (4, -+, x)€Sx has its own
period with respect to M.C. 2x. We define that (ji,---,7n)€S, and (i, -+, ix)€Sk be
equivalent if both consist of the same states in S. (For example, (1,1, 2) is equiva-
lent to (2,1, 2,2).) Let (ji, -, 7») be equivalent to (i, -+, ). By the very definition
we have

(3' 9) 0'](:!)@.1, R Zk; il) Tt lk):E{p '(L?’l),‘p i?czk}
and
(3. 10) 05P(Jyy ooy ny Jre o, S =E{D S 53}

So the equivalence of (i1, --+, &) and (44, ---, jz) implies that the values in both braces
in the right sides of (3.9) and (3. 10) vanish simultaneously. Therefore o{™(i, ---, i;
iy, ++, 8x)=0 if, and only if, 6§”(j1, **, 3 J1, ==, ja)=0. Thus equivalent states have
the same period if they are periodic. And it is easily shown that if a state in S
is transient (with respect to M.C. 3%), then each state, which is equivalent to it, is
also transient. Therefore equivalent states have a common period.

Let » be the least common multiple of the periods of states in S; (s is the
number of states in S). Then Y@ ™ =(Y,)»*™ converges as n—oo for each m
(m=0,1,2, ---,r—1) and the limit matrices are different for different m’s. We note
that each state in Sy has an equivalent state in S;. Hence » is also a common
multiple of the periods of states in Si and Y™™ =(X)**™ converges as n—oo for
each m (m=0,1,2, ---,r—1). Therefore applying Lemma 2 to r requences {P "™}
(m=0,1,2,---,r—1) we obtain the following

THEOREM 4. For a stationary and irreducible M.C. with R.T.M. there exists
unique integer v=1 such that r sequences {P ™™} (m=0,1,2, --,r—1) converge in
law as n—oo and that their limit distributions are different from each other.

DerINITION. The period of a stationary and irreducible M.C. with R.T.M. is
the number whose existence is assured in Theorem 4.

The discussion preceding Theorem 4 shows that the period of a M.C. with
R.T.M. is the least common multiple of the periods of states in S,. Turning to
Example 1, the states (1,1,1), (2,2,2) and (3,3, 3) have period one with respect to
M.C. 3; and other states in S; have period two. Hence the chain has period two.
Thus the new definition of the period seems to be adequate.

4. Classification of stationary M.C. with R.T.M. (II)—Ergodicity.

In the last section we classified stationary and irreducible M.C. with R.T.M.
by their periods. However, there is another and more essential classification; ergodic
chains or non-ergodic chains. We shall start with two examples.

ExaMPLE 2. Let s=2 and the distribution of P? be



432 YUKIO TAKAHASHI

@ Pr (P'=P,)=Pr (P'=P)=+
where
1 (1] 1
4. 2) P= ( O) and P= ( )
0 1 1 0
Then
1/2 1/2
(4. 3) 21 = ( 2)7
12 1

and it is easily shown that this chain is aperiodic. Since

(4. 4) P1P1=P2P2=P1 and P1P2=P2P1=P2,
we have
4. 5) Pr{P™=P,}=Pr{P (")=P2}=%

for each n. Hence if a®=(p,1—p) with probability one,

(4.6) Pr (@ =(p, 1-p) =Pr (a® =(l—p, )= 5.

Thus the distribution. of & is independent of %, and the limit distribution is
given also by (4. 6). We note that the limit distribution depends on a.

ExampLE 3. Let S and the distribution of P! be as in Example 2, but this
time we put

12 1/2 12 12
.7 P= ( ) and  P,= ( )
1 0 0 1

Then JX; is given by (4. 3) and the chain is aperiodic too. But the distribution of
a™ is not so simple as the preceding example. Direct calculation shows that

nk 1—Pn, 1—pnx  Dn.
4. 8) Pr {P(m:(p t k)}:Pr {P(”)=< * k)}:——le
nx 1—qn, 1—qnx dn, 1

where

1. 9) =2l and guam i (k=122

Therefore P ™ converges in law to a random matrix
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1 _
4. 10) <q q)
q l—gq

where q is a random variable following to the uniform distribution on the unit
interval [0,1]. Hence even if a&®=(p,1—p) with probability one, &™ converges in
law to

which does not depend on a&®©®.
Two chains in above have the same X, but their behaviors are quite different.
Therefore we have to distinguish aperiodic chains into two types.

DEeFINITION. A stationary and irreducible M.C. with R.T.M. is ergodic if it is
aperiodic and its limit distribution does not depend on the initial variable a&®.

It is easily shown that a chain is ergodic if, and only if, P™ converges in
law to a random variable

qlc'- qs
(4.12) Q=< S )

ql." qs
which has the same row vectors. In section 6 we shall obtain some necessary
and sufficient conditions for ergodicity.

5. Dual processes.

We shall define the “dual process” which plays an important role in ergodic
theorems, and introduce some notations.
We have denoted the #n-step transition probability matrix by

6.1 P ™(0)=(p{P(@)=PYw)-P"w), e

If the order of multiplications in (5. 1) is reversed, the value of the matrix differs
from (5. 1), so we denote it by

(6.2 P®(0)=(pF(0))=P"(0)Pw), weQ.

Clearly P™ is a Markov process, and we will call it the dual process (of a chain
a™ or P™), Similarly, we denote the #u-step transition probability matrix from
epoch m (m=1,2,---) by

. 3) mP () =("p{ (@) =P w)- PM1(w), e,
and its dual by
G.4) nP () =("pE(0)=P™"w)--P™ (), weQ.
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For a stationary M.C. with R.T.M., random variables P%w) are mutually ine-
pendent andAhave a common distribution. Hence the distributions of P™, P®™,
mP® and ™P™ coincide with each other. So, for any s?>-dimensional Borel set B

(.5) Pr{P™eB}=Pr {P™eB}=Pr ("P™eB})=Pr ("P™¢B).

We denote the maximum and the minimum of the j-th column of P(")[ﬁ“‘)] by

G. 6 M@ =Maxp§e) | M) =Max 550 |
1<i<s <iZs

and

6.7 mS () =Min p&(w) [m;m(w)zmm ﬁ‘”’(w)]
156y 1<iss -

respectively. Since

S
(5.8) b= le?,? PRy,
k=
we have
A $ A
(5.9) PG =M 3, pi =M
k=

and similarly

(5. 10) PGP Zm.

Hence we obtain the following relation:

(5. 11) 0=SAP=MP==mP=...=MP= - =MP=MP=1.

Since {Zm"’(w)} and {fm{®(w)} are bounded monotone sequences, there exist their limit
variables M ) and r;(w) for each j:

(5.12) lim S (0) = (0) =M f0)=lim M(v).
Using these M, we define the matrix valued random variable M with the same

row vectors by

. M () M (o)
(5.13) M(a))=< o . )
M () M (o)

6. Ergodic theorems.

In this section we shall obtain some ergodic theorems. Theorem 5 shows the
fundamental relation between the ergodicity and the convergence of the dual
process, and Theorem 6 gives us a good criterion for the ergodicity. Theorem 9



MARKOV CHAINS WITH RANDOM TRANSITION MATRICES 435

also gives a necessary and sufficient condition for the ergodicity, but it might be
useful to study non-ergodic chains. Theorem 8 treats the non-stationary case and
states that under some mild assumptions the effect of the initial variable vanishes
in the long run.

THEOREM 5. For a stationary and irreducible M.C. with R.T.M., the following
four statements are equivalent:

@ The cham is ergodic.

(b) P ™ (o) [B™(w)] converges in low to M(w).

©) P“”(w) converges in probability to M(w).

(d) P<">(w) converges with probability one to M (w).
(We note that the expression in (b) is justified by the relation (5.5).)

Proof. As stated in section 5, (a) is equivalent to
@) P™(w) [ﬁ(")(w)] converges in law to a random variable
Q@) -+ gs(@”)
6. 1) Q(w’)=< : : ) (e ’)
() -+ gs(@”)
which has the same row vectors, where (2/, &/, Pr’) is a certain probability space.
By the well known theorems for convergences of random variables, it is clear
that (d) implies (c) and that (c) implies (b). Also it is obvious that (b) implies (a’).
So we need only to show that (c) implies (d) and that (a’) implies (c).
Suppose that (c) is satisfied. Then there is a subsequence {f’("k>} which con-
verges with probability one to M, i.e., for every i,j

(6. 2) prP—M, (k—co) w.p.l.
Hence
6. 3) miw—M,  (k—oo) w.p.l

By the monotonicity of {m{®}, (6. 3) implies that
(6. 4) m®—M, (n—co) w.p. L

Since for every i, j

(6. 5) myY=py =M3”,
we have
(6. 6) pPm—M, (n—o0) w.p.l.

which is the same as (d).

Now we show that (a’) implies (c¢). Let I be an interval of continuity for the
distribution of @ (i.e., I is open and its boundary has probability zero. See Feller
[3] p. 242.), then (a’) implies that
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6.7) Pr{P™el} »Pr' {Qel}  (n—oo).

We can choose a finite set of points {@,} (v=0,1,---, %) such that each @, is a point
of continuity for each marginal distribution of g, and that

6. 8) @0<0, a,>1 and 0<ae,—a,.1<0 =1, -, u)
for arbitrary given positive number d. Let

I(Vly ) Vs):(avl—ly avl) Xeee X (avs—ly avs)
6.9 e s times.
X (avl—-ly avl) Keee X (avs—ly avs)

Then I(vy, -+, v) (v,=1, .-, u) are intervals of continuity of the distribution of @
and they are mutually exclusive. From (6.7) we have

(6. 10) Pr{P™eI(y, -, v)}—Pr’ (Qel (v, -+, vs)).

Summing up them with respect to (v, -+-, vs), we obtain that

Pr{ﬁwe U I(yl,..-,ys)}= ST Pri{P™el(y, -, v}
""'vS) ("11""”8)

(G
(6. 11)
= B P QEls ).

We first show that the right side of (6. 11) is equal to one. Let
[*(Ul’ “tty VS):(avl—ly avl) Koo X(avs—ly av;)

(6. 12) X (@0, @u) X -+ X (@0, Gu)
......... } s—1 times
X (@oy @u) X +++ X (o, Qu)

and

I*=(ao, @u) X -+ X (@0, @u)
6.13) e ] s times.
X (@0, @u) X +++ X (@0, Au)

Since @ has the same row vectors, we have
Pr’ {Qel(v,, -+, vs)}
(6. 14) =Pr' {a,,.1<q:<a,, -, 0, 1< q:s<a,}
=Pr’ {Qel*(vy, ---, vs)}

Hence we obtain the desired result as follows:
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Z Pri{Qel(v, -, v}
(g, +++3v8)

= z )Pr’ {QeI*(vy, -+, vi)}

(6. 15) _Py {Qe U

Qvy,y -

I*(Vly T ys)
)

=Pr’ {QeI*}
=Pr' {0=q,=1 for all j}
=1,

that is

(6. 16) ] Z] )Pr’ {Qel(vy, -, vo)}=1.

Next we calculate the left side of (6. 11), then

Pr{Pmwe U I(u1,~-~,us)}
[GTRENT))

“Pr| U (@<pP<a, foralli j)}

1,005v8)

6. 17) =Pr| U (@< and a,>HP for al j)}

1,1 v)

<Pr| U GIp—me<s for all j)}
(1,0, v8)

A

=Pr {MP—m$<o for all j}
=Pr{|p{p—M™| <o for all i, j).

437

Combining (6. 16) and (6. 17) with (6. 11), we obtain that for any positive number

(6.18) Pr{|pp—M{| <6 for all i, j}—1 (n—oo).

If we denote the length of a vector P in s®>-dimensional Euclidean space by

||P]l, we have

Pr{||P™— M| >6)

8 " N 52
619 = 3 Pr{iy— > 2

2,7=1

s . N 5
= Pr{}p%’—Mjl >—-}.
%7=1 S
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For any positive number 4, each term in the last summation in (6.19) tends to
zero as m—oo, s0 we have proved that (a’) implies (c). Q.E.D.

THEOREM 6. A stationary and irreducible M.C. with R.T.M. is ergodic if, and
only if,

(6. 20) Pr{mjw)>0}>0  for some j,
or equivalently if, and only if, for some j and N
(6. 21) Pr{p®(@)>0 for all i}=Pr {p@(w)>0 for all i}>0.

Theorem 6 is an easy corollary of Theorem 8 or of Theorem 9, but the proof
of Theorem 8 is complicated while the proof of Theorem 6 is rather simpler by
using the dual processes. The structures of both proofs are similar to each other,
hence we shall prove Theorem 6 first and then modify it for Theorem 8. To prove
these theorems we need the following lemma.

LemMA 7. Let P=(p;;), Q=(qs5) and R=QP=(r,;) be stochastic matrices (i.e.,
they are elements of P). We denote the maximum and the minimum of the j-th
column of P by

(6. 22) M,=Max p;, and  my;=Min p;,

15158 . 1=iSs
and similarly those of R by
(6. 23) M};=Maxr,, and mj=Min r,;.

1=Zi8s 15158
If for some j, there is a number 6>0 such that
(6. 24) Qi7g>0

for every i, then
)
(6. 25) M}-m;é(l—i‘)(%—mj)

for every j.

Proof of Lemma 7. Through this proof, j is arbitrarily fixed. When M,=m,,
(6. 25) is trivial, because m,=m;=M)=M, as in (5.11). Hence we may assume
that M,>m,. Let J be a subset of S defined by

(6. 26) T={ilpu= g 0t4mp).
Since

6. 27) Py = kZ_Iqmpw,
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we have for some i

Mj=r,= 2] qudri+ 2 Gk Drs
keJ Prag
1
(6. 28) =M, 2} qu+ ‘2—(Mj+mj) 2. Gin
keJ k¢J

1
=Mj'— f(Mj-—mj) Z qik-
ké¢J
Similarly, for some i’ we have

1
(6. 29) mi=r,; =m;+ —2—(M,~—mj) 2. Gk
keJ

Subtracting (6. 29) from (6. 28) we obtain the desired result:
., 1 1
Mj—mi=(Mi—m|1— 5 2 qiv—+ 2 Gk
2 fer 2 i3
(6. 30)
<@t=m)(1-5).
for if joeJ then Yiesqux>0 and if jo&J then Xxesqix>0. Q.E.D.

Proof of Theorem 6. First we shall prove the necessity. By Theorem 5 we
may suppose that

(6. 31) P—M, (n—o0) w.p.l.

for every 7,7 and so we have

(6. 32) wm,=M, wp.l
Since
(6. 33) > py=1

=1

for every ¢ and #, (6. 31) and (6. 32) implies that

(6. 34) Sti,=1  w.p.L
=1
and so we conclude (6. 20).
Next we shall prove the sufficiency by showing that (6.21) implies (c¢) in
Theorem 5. We may restate (6.21) as follows; for some j there is an integer N
and a positive number § such that

(6. 35) Pr{p®>6 for all i}>0.
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For these N and o, let
(6. 36) Ar={0eQ|*p& >5 for all 7}, k=1,2,3, ).

Then A; are mutually independent events and moreover from (5. 5) and (6. 35) we
have

®. 37) g}lPr {Ar)=oo.

Therefore using Borel-Cantelli lemma, it follows that
(6. 38) Pr {Ax occurs infinitely often}=1.

In other words, if the random variable K ™ (w) denotes the number of occurrences
within the # events {4, A, ---, A»}, for each integer r

(6. 39) PriK®™z=n—1  (n—oo).

We divide the whole space into 2" events as

(6. 40) 0= U [r’ﬁBuk}

G1yitg) (B=1

where ix=0 or 1, and Byo=Ax, Bu=A{. Then the number of zeros in {ix, k=1, :--, n}
is equal to the value of K™, If weBy=Ax then by Lemma 7 we have

(6. 41) ]ﬁ}(k+1)N) (0)— MO () < (1_ j;__) ( ﬁf,"”’(w)— N (w)).

Because, we may replace P, @ and R in Lemma 7 by pav % KNP D gnd Peanm
respectively.
Now we use the inequality (6. 41) for we By, and use the inequality

(6. 42) ﬁ}““’m(w)—~ D] ()< ﬁgkzn(w)_ W (o)

for we By, then for we{K ™ =7} we have
(6. 43) ﬁ;(knm)(w)__,;t;(lcﬂm)é(1_ %)r

For each ¢’>0 there is an integer r such that (1—¢/2)"<¢’, and therefore for
arbitrarily small 6’ we have

(6. 44) Pr{M{™—meV <5} zPr {(K™=zp—1  (n—o0).

By the monotonicity of ﬁgw and m§, (6. 44) implies that

(6. 45) Pr{M{®—mp<d}—1  (n—o0).

So we have
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(6. 46) Pr{|pf?—M;|<d'}>1  (n—o0).

Repeating the discussion at the last paragraph in the proof of Theorem 5, we
complete the proof.

Next we shall consider the non-stationary case where in general no limit exist.
However, by generalizing Theorem 6, we can show that the effect of the initial
variable vanishes in the long run.

THEOREM 8. If there is an increasing sequence {ny} of integers and @ positive
number 6 such that

Pr {"p{x+1-70 > for some j and all i}=co,

Ms

(6. 47)

El
It

1
then for any positive number e
(6. 48) Pr{M{™(0)—m{(w)<e for every jl—1 (n—c0).

Proof. For a non-stationary M.C. with R.T.M., the basic relation (5.5) does
not hold and so we cannot use the concept of the dual process. Hence we shall
define a substitutional process with which this proof can be done in parallel with
the proof of Theorem 6.

Select a large integer L and define random variables Pi(w) (¢=1, -+, L) by

(6. 49) Pi(w)=PIYw), el
and a process {P®} by
(6. 50) PP(0)=PYw) Py@)=L"P™(w)  (n=1, -, L).

We will use the same symbols with tilde and L, instead of hat, for corresponding
variables as those in the dual process.
Let us denote the events in the braces of (6.47) by

(6. 51) Co={weR | L™+ f+1-"0(p) >6 for some j and all 4}

for mx1=L, then {Ci; #x.1=L} are mutually independent. Hence by (6. 47), Borel-
Cantelli lemma assures that

(6. 52) Pr {Cy occurs infinitely often}=1

or if the random variable K (w) denotes the number of occurrences within the »
events {Cy, C, -+, Cy}, then for each integer r

(6. 53) Pr{E®=p—1  (n—oo).
Next, let ky=Max {k&|nz,.=L} and divide 2 as

ko A
(6. 54) Q= U { n Bmk}

[CHERPYR YA}
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where ix=0 or 1, and §k0=Ck, §k1=C,i. For weCy, by Lemma 7,
6.55) B (0) = (1) (0 0)— iy 49 o),

Because, we may replace P, Q and R in Lemma 7 by PE-meo, L""k+!ﬁ‘,:k+l“”k) and
P{0 respectively. Therefore, if we use the inequality (6. 55) for we By, and use
the inequality

(6. 56) ME () — m& "0 (w) M &) () — MGk (o)
for we By, then for we{K® =7} we have

MP(0)—mP () =M E(0)—mE ()

(6.57) é(M‘LLf""O’(w)—rﬁ%’"’%’(w))<l—-g—)r

é(l— %)

For each ¢’>0, there is an integer » such that (1—4/2)"<é’. Hence we have
(6. 58) PriM®—m®P <5 for all j}=Pr (K% =7).

By (6. 53), for each ¢>0, there is an integer &’ such that for k=k’

(6. 59) Pr{E®=n>1—-

Therefore for any L(=#y)

(6. 60) Pr{M{®»—mP < for all j}>1—e

which shows (6. 48).
Now we shall prove one more theorem which is useful to examine the structure

of a non-ergodic, stationary and irreducible chain.

THEOREM 9. A stationary and irreducible M.C. with R.T.M. is ergodic if, and
only if, for each pair of subsets I and K of S (Ix¢, Kx¢ and INK=¢)

(6. 61) Pr {there is an n=n(w) such that PP (w)=0
: for iel, k¢I and for icK, k¢ K}<1.
Proof. We first prove the sufficiency in several steps.
(i) Since the number of possible pairs (7, K) is finite, (6. 61) implies that there
are positive numbers 6 and 7 such that for each pair (7, K)

Pr {there is an n=n(w) such that p{P(w)<d

(6. 62) for iel, k&¢I and for icK, k¢ K} <1—7.
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For arbitrarily fixed j, let {g:;;} (i=1,---,s) be a set of rational numbers satisfying
the following conditions:

(6. 63) 0=gi,=1  i=1,-,s
and

(6. 64) Max gi,= M>m=Min g;,.
We put

(6. 65) I={i|qi;=M}

and

(6. 66) K={i|gi;=m}

and define the positive numbers d and ¢ by

(6. 67) d=Min [Min (M—gs,), Min (q”—m)]
i¢I ¢K

and

(6. 68) e=£25-.

(ii) From now on we concentrate on the j-th column of P™(w). We define
the sequence of random times n.w) inductively by

Min {n| | p{¥(w)—¢:;]<e for all 7},
(6. 69) ni(w)=
co if the set in above braces is empty,
and
Min {n>n; () | | B{y(0)—q:j|<e for all i},
(6. 70) n(®)=1co if n,_i(w)=o0 or if m,_i(w)<oco and the
set in above braces is empty.

Then if n;.1(w)<co, we have

(6.7 mpganoc 2o _;

for iel, k¢I and for ieK, k¢ K. In fact, since

3
6.72) B = 3 MBROmO B,
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for iel and ky¢ we have

S
M—e< e < 2 Mt g te)

(6. 73)

A - Ny N p1—MNy)
=et T, quy BRI g, ™ PETT™
k¥ko
A — AN —_
Set-M(1L— " pRrTm0)+ iy ™ BEST
2 —_
=+ M—(M—qr, )™ PP,

Hence for iel, ky¢I we have

6. 74) ntﬁ§%¢+l"nt) <—= == 5

Similarly the same relation holds for i€ K, k.¢ K.
(iii) Next we shall show that

(6. 75) Pr {n;,1(0) <oo}<(1—7).
We may divide the event {n:,:(w)<oo} into disjoint events as

(6. 76) {nia(@)<col= U U {niw)=v, ne.a(0)=v+ph

v<oo p< o
By the result obtained in (ii) we have

6. 77) {nw)=v, ny,(0)=v+pC{P¥(w)<d for iel, k¢ and for ieK, k¢ K},

while
(6.78) {n(w)=v, niy(w)=v+p} C{n(w)=v}.
Therefore
{nw)=v, ne(0)=v+p
(6. 79

c{' P (w)<o for iel, k¢ and for ieK, k¢ K} N {n(w)=1}.

The event {n.=v} depends only on the fraction (o, -, 0") of w=(0’ o', «? ), and
the event {"pW<o6 for iel, k¢l and for ieK, k¢K} depends on the fraction
(@', -+, ©"**). So they are independent. Hence we have

Pr {nt=v, nt+1=u+,u}
(6. 80)
=Pr {"p{ <o for iel, k¢l and for ieK, k¢ K} -Pr{n,=v}.

Therefore
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Pr{n; 1<ocol= 3 X Pri{m=y, n.=v+p}

v<oo p<L oo

=2 X Pr{m=uvPr{p®<o for iel, k¢l and for icK, k¢ K}

v<oo p< oo
= § Pr {n,=y}-Pr {there is an n(w)>v such that *p{P <o
(6. 81) for iel, k¢1 and for ieK, k¢ K}
= § Pr {n,=v}-Pr {there is an n(w)>0 such that p{P<é
for iel, k¢I and for ieK, k¢ K}
<(1-9) g‘_, Pr {n,=v}=(1—0) Pr {n;<oo}.
Using this relation repeatedly we obtain the desired result (6. 75).
@iv) If p{P(w) (i=1,---, s) has an accumulation point in the interval (g;;—e¢/2,
gii+¢/2) (i=1, .-+, 5), then p{P(w) visits the interval (g;;—e, gsj+¢) (=1, -, s) infinitely

often. Therefore if A(g:;) denotes the event that p{P(w) has an accumulation point
in the interval (¢;;—¢/2, ¢;;+¢/2) (i=1, -+, s), then for every ¢

(6. 82) Algi)c{n:< oo}

Hence

(6. 83) Pr{A(g:;)}=lim Pr {n; < oo} =<lim (1—p)t-1=0.
t—oo t—o0

(v) Now we shall fonsider the case in which the chain is not ergodic. Let
B be the event that P™(w) does not converge to M(w). For every we€B, there
exists some 5 and {g;;} such that we A(g;;). Therefore

(6. 84) Bc U U Algij)
1=1{q45}

Since ¢;, are rational numbers, the number of possible {g;;} is countable. Therefore
Pr{B}=0. This completes the proof of the sufficiency.

Now we shall prove the necessity. Suppose that there exists a pair of subsets
(I,K) of S (Ix¢, Kx¢ and IN K=¢) with which

Pr {there is an n=n(w) such that p{P(w)=0

(6. 85)
for iel, k¢ I and for ieK, k¢ K}=1.

Let D (c ) be the set of all P=(p;;) such that p;,;=0 for iel, k¢ and for ieK,
k¢ K. Then the assumption is

(6. 86) Pr {there is an n=n(w) such that P™eD}=1,
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If P™eD and "ﬁ‘"”e?, then it is easily shown that PatmeD. Hence if we
define that t=Min {z | P™eD} then

{there exist at least two m’s such that P™eD)

(6. 87) A
= U {¢=v, there exists an n such that *P™e¢D}.

y< 00
Therefore we have
Pr {there exist at least two m’s such that 13<”>GD}

= ), Pr {t=1} -Pr {there exists an n such that "13“‘>6D}
v<oo

(6. 88) = 3} Pr {¢=y}-Pr {there exists an m such that Pmepy

r<oo

= 3 Pri{t=1}-1

»< o
=Pr {there exists an m such that ﬁ‘“’eD}=1.
Similarly for each m we can show that
(6. 89) Pr {there exist at least # epochs (m’s) such that 13<”>GD}=1.

Therefore for every N, there is an n>N with probability one such that P™eD.
Hence by the monotonicity of m{® we have

(6. 90) mP =m™ = piP=0

for n=n(w)>N with which P™eD and for icl, j¢I and icK, j¢ K. Since I°UK®
=S, we have for each j

(6. 91) m =0
with probability one, and as N is arbitrary, this implies that

(6. 92) i, =1im m =0.

N—oo

On the other hand, for every N and i

Mf')

(6. 93) ]ﬁ;N)g > pE=1.
=1

1

J

Therefore for each w at least one M ;=lmy_e Zﬁg"’) is strictly positive, and this
contradicts to (d) in Theorem 5.
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