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PERIODS OF DIFFERENTIALS AND RELATIVE
EXTREMAL LENGTH, II

By Hisao MizumoTto

§4. Elementary differentials and relative extremal length.

1. Throughout 1 and 2 we shall preserve the notations in §2.1. Let X4;=X4,(y)
and ¥z;=Xz,7) (j=1, -, g; g=co) be the functions on € defined by

Xa;(N=14,xyl and I (n)=|rXBil

respectively. Let €4, and €35, (j=1, -+, ¢) be the subclasses of € consisting of curves
v such that A,Xy=0 and yXxB,=0 respectively. Then by Corollary 1.6 we have
that

2((& xAj)z'z(@Aj) xAj))
2(@:, XBj):x(@Bj; XBJ') (]:L ).

4.1

We know (see [3]") that there exist the differentials ¢4, and ¢z, in I'ifN rse C A%
uniquely determined by the period conditions:

SAk P45 By, pa;=0m

S 503j=—5ﬂc, j SDB,-=0 (J, k=1, -, g)
Ag B

respectively. By Theorem 2.1 and (4.1) we have that
2(67 XAj)=Z(@Ajr xAj) = | [gDAj[ |—2v
2(@: XBj)=2(('SBjy XBj)=”§DBj[]_2 (.721) ) g)'

2. Let C; be a generic element of {C}Y.; (N=o0). Let X¢,=X¢, () be the func-
tion on € defined by

Xo, (n)=Ir X C¥|.

Let €¢, be the subclass of € consisting of curves y such that yxC¥=0. Then by
Corollary 1.6 we have that
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Z((‘S, Xok)=2(@0k’ ka)-
By Theorem 2.1 we see that there exists the unique differential ¢¢, €4 which

satisfies the condition:

S gpok=S §00k=0 (j:l, ey g)’
4y By

S 00, =3 (=1, - N)
Oy

if and only if A(€¢,, X¢,) >0, and provided any of these conditions is satisfied, the
equality

A&, Xop)=llec,lI™?
holds.

3. We shall use the notation in §1.2. A generic element C,,.,, (j,>1) of
the canonical homology basis of dividing cycles modulo 8 shall be also denoted
by the simplified notation C,(C,=C,,..,,; =1, -, N; N=oco). The sequence of non-
compact regular subregions {Q:)i-, such that 02,=—C,..;, 11, 02:=—C;pp 11,
defines an ideal boundary component aj. Further {2:}7., such that 0Q{=—C,,..;,,
092;=—Cj,pp11, -+ defines an ideal boundary component «, Partition the ideal
boundary J of R into two disjoint sets ajUa; and J—ajpUa; Let ¢, be the dif-
ferential of the generalized harmonic measure with respect to An(ajUa;, J—ajoUay)
associated to C, (cf. §1.7). Assume that r¢;0. Then obviously z¢,€Ann(a, B), by
Corollary 1.1

“.2 [, <=l l5>0
C;
and further

4.3) SC 5=0 (k).
k

Let C¥ be the conjugate relative cycle of C,, let & be the class of curves in
R defined in §3.1 and let @¢, be the subclass of € consisting of curves y such
that yxC¥x0. Let X¢;=¢,(y) be the function on € defined by

Xo () =|rxC¥l.
Then by the definition of 7e€® we see that
1 (reCq)),
0 (746q).
Thus by Corollary 1.6, Theorem 3.1, (4.2), (4.3) and (4.4) we have that

. 4) o j(7)={

A8, Xe )=24(Cc;, Xo )=2Cc ) =|lzc,lI%.
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The last equation is also valid for z¢;=0.

§5. Applications.

1. Application of Theorem 2.1. Throughout the present number, we shall
preserve the notations in §2.1. We note that we can take an arbitrary subclass
€’ of € in place of & in Theorem 2.1 provided A€/, X)=i(€,X). By Corollary
1.6 we may assume that 2(y)%0 for all ye€’. We shall fix such a class of curves
€.

Let us define

Ca;={rlyxB,=x0, reC}, Cr;={r|A;Xr=0, yeC},
Co,,=1{rlrxCi=0, re€},
6%,={rlyxB,*0, re@), C5={r|A,xr=0, re€’},
G, ={rlrxC¥=0, re€’},

m ;= sup (), mp;= sup A(y) and e, = sup X(7)
re@Qj Te% Te%k
(.7=11 05 k=1, R N)'
Obviously
6'c U 64U U 6hU U 6f, 64,64, 65,65, and 64,cCo,
a;x0 bj%0 Cp¥0

(.7:1’ 0 k=1y ) N)r

where by Ua;«~o, etc. we denote the union for all 7 with a,%0 respectively. Thus
by Lemmas 1.9, 1.10, 1.6 and the consequences of §4.1 and §4. 2, we have that

11
A6, 1 AC,x)

1 1 1

= -—
= BTG D B WGy D o2 Wy D

my mb; mé,
=< i J J
= 2 TGy T % 1y T2 1L

M My; Mg
=< —ad
- aj%0 l(@Aj) + ij#:O l(@Bj) + chaF:o 1(@01‘)

5 mk, my; 3 mp;
- aj*0 2(@Aj, xAj) b0 Z(GS'BJ', XBj) cjx0 1(('501’) xoj)

p mzAjll¢Aj||2+ 2 szj”¢Bsz+ p m%j”SDC’jHZ:
aj#O bj#o 01#0
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where ¢4, ¢z, and ¢¢, are the differentials defined in §4.1 and § 4.2 respectively,
and X4, %3, and X, are the functions on € defined in §4.1 and § 4.2 respectively.
Hence we obtain the corollary of Theorem 2. 1.

CoROLLARY 5.1. If there exists the subclass & of & for which the inequality
6. 1) 2 mflj]lSDAj||2+ 2 m%j”SOBjnz"' 2 m%j”ﬁoof”2<°°
aj#O bj#o 01#0
holds, then there exists the diffevential weA¥, which satisfies the period condition:

S w=a, S w=b, (j=1,-+,9),
AJ Bj

S w=c, (j=1, -+, N).
Oy

ReMARK. In the inequality (5.1) it is assumed that there exist the differentials
¢c, for every j with c¢,0 respectively. Further the inequality (5.1) implies that

(5.2) my,<oco, mp,<co and mg,<oo

for every j with @,%0, b,%0 and ¢,20 respectively.
If we take @ for €’ then (5.2) is not satisfied. Furthermore for an arbitrarily
given system {A,, B,, C;} of the homology basis modulo g there does not neces-
sarily exist the €’ for which (5.2) holds. Thus for the test of the criterion (5.1)
it is necessary to choose the system {A,, B,, C;} and the subclass €’ for which (5. 2)
holds in the first place.

Similarly we obtain the corollaries of Theorems 2.2 and 2.3 analogous to
Corollary 5. 1.

2. Application of Theorem 3.1. Throughout the present number, we shall
preserve the notations in §3.1. Let €¢, (=1, .-, N) be the subclass of € consist-
ing of curves 7 such that yxXC¥=0 respectively. Let €’/ be the subclass of €
consisting of curves y such that X(y)=0. Then

€’c U G,

0_1#0
Set
me;=supX(y)  (j=1,--, N).

re@c]

Then by Corollary 1.6, Lemmas 1.9, 1.10 and the consequence of §4.3, we have
that
1 = 1 = ___1__5 Mo, _ me,
AC, ) €7, 1) T 7 A€oy X) T omo A€o ejFo llzaylli
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where ¢, is the differential defined in §4.3. Thus we obtain the corollary of
Theorem 3. 1.

COROLLARY 5.2. If the series

Moy s Moy
;%0 X((\ng) ;%0 ”T(Jj“fre

is convergent, then there exists the differential weAf, which satisfies the period
condition:

S W=Cy (j=17 "ty N)'
&

3. Another application. Throughout the present number, we shall preserve
the notations in §3.1. We note that we can take an arbitrary subclass 6 of §
in place of € in Theorem 3.1 provided A(®’,x)=2(G,x). By Corollary 1.6 we
may assume that X(y)30 for all ye@®’. We shall fix such a class of curves ¢’.

We divide €’ into homology classes €, (=1, -+, v; v=co0) by the homology
relation modulo 5. Further let €, (=1, ---, v) be the subclasses of €& which consist
of all elements of € which are homologous modulo g to an element of @} respec-
tively. Then obviously

€¢'= UG6,c U E.cC.
n=1 n=1
The function X(y) takes a constant value %k, on each €, respectively. Hence by

Lemmas 1.9, 1.10 and 1.6 we have that

(N SR S BN B
2@, 1) ACL,X) T Az ACLY) am ACL) T AT A6

(. 3)

Let ¢, (=1, ---,v) be the differentials of the generalized harmonic measures
with respect to /a(a, B) associated to ye@, respectively. Here o, does not depend
on a particular choice of an element 7 of &, for each ». Then we find that

(5. 4) 2(@7&)=”0‘n”2 (ﬂ———l, ) V)

(e. g. see Theorem III. 3.1. of [8]).
By (5.3) and (5.4) we obtain the corollary of Theorem 3. 1.

COROLLARY 5. 3. If there exists the subclass €' of & for which the series

N R
(5. 5) ,;1 A6n) ) 424 llonl

is convergent, then there exists the differential we/Af, which satisfies the period
condition:
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S W=C; (j=1"'°,N)-
Y

ReMARk. If we can find the subclass €’ of € for which the homology classes
€, (n=1,---,v) are families of curves in disjoint open sets 2, in R respectively,
then by Corollary 1.4 and (5. 3)

i1 Z kx
R (AP N= A (A

Thus by Theorem 3.1 if the series
v k?t
n‘é; A(€7)
is convergent, then there exists the differential w in Corollary 5.3 and

L gt
lolfe= 2, ey

Similarly we obtain the corollaries of Theorems 2.1, 2.2 and 2.3 analogous
to Corollary 5. 3.
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