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ON THE BIEBERBACH CONJECTURE
FOR THE SIXTH COEFFICIENT

By Mitsuru OzAawA

§0. Introduction. Let f(z2) be a normalized regular function univalent in the
unit circle [z]|<1

f&)=z+ Z}z anz".

In 1916 Bieberbach [1] proved |e:|=2 and stated his famous conjecture |a.|=#,
with the equals sign holding only for the Koebe function z/(1—z)? and its rotations.
Later Lowner [10] established the deeper inequality |as| =3 by his parametric method,
which was also proved by various authors. Garabedian and Schiffer [3] showed
that |@:|=4 in a lengthy paper and Charzynski and Schiffer [2] found its elementray
proof. Several authors claimed recently that they proved the local maximality for
general @, or a special a, at the Koebe function. In our earlier papers [8], [12], [13]
we proved the local maximality for the coefficient as at the Koebe function. Our
method in these papers suggests certain possibility of a further global study. In
[11] we proved that if a, is real non-negative then Ras=6.

In this paper we shall prove the global maximality for the as at the Koebe
function, that is, Ras=<6 for |arg a.|=x/5, with equality holding only for the Koebe
function. Consequently we have the decisive answer to the Bieberbach conjecture
for the sixth coefficient.

THEOREM. |as| 6.

Equality occurs only for the function z/(1—e®z)%, 6 real.

Our proof of this theorem is on the non-elementary level, since we make use
of a result due to Jenkins [6] (Lemma 4 in this paper). However we believe there
would be an elementary proof. This is supported by various phenomena. It should
be remarked that the essential part in this paper has been proved within the ele-
mentary level.

Our method in this paper would suggest some further possibility for |es|=8.
To this end we should prepare a certain simpler proof of local maximality for as
than in [9], which would not be so difficult, and several useful lemmas, which give
some effective estimations of several combinations of the coefficients of lower in-
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98 MITSURU OZAWA

dices. However the true difficulty for |as|=8 stems from a tremendous amount of
calculation we must perform.

Section 1 is devoted to several preparatory lemmas and general inequalities,
with which we start out. Section 2 to 6 are concerned with the case 1=Ra.=2,
|Ja2/Ra2|?*=<1/10. The main part in this paper consists of two sections 4 and 5.
Section 7 is concerned with the case 1=Ra,, 1/10 = |Ja:/Ra.|*<5—2+/5 and

Section 8 is devoted to the case 0=Ra,=1, |Ja:/Ra.|>=<5—2+/5. Sections 2, 3, 6, 7
and 8 are rather trivial parts in principle.

§1. This section is devoted to a general consideration and to establish several
lemmas, which will be used later on.

Let Gu(w) be the pt* Faber polynomial which is defined by
b v
Gu(9(2))=2"+ Z} . 9(2)=f(1/2%)""2

Then it is known that vb,,=pb,,. With these notations Golusin’s inequality [4] has
the form

and Grunsky’s inequality [5] has the form

m
Zx!‘ ™ é Zulx,[z

m

27 vz,

[, v=1

m
= Divla|*

Jenkins [7] pointed out that Grunsky’s inequality is a direct consequence of Golusin’s.
Our principal leading idea in our previous papers [8], [9], [12] and in this paper
comes from this Jenkins’ remark. By a simple calculation we have

2by1=—a,,

2b;3=—(as—3a./4),

2b15= —(a@s—3a:23/2+5a,%/8),

2b17= —(as—3a:a4/2— 3as?[4+15a,2,%/8 — 35a.*/64),

2bss=—3(as—2asas-+13a:%/12),

2bss = —3(a@s—2a:a4—5as* 4+ 29a:a,% /8 —85a,*[64),

2b55= —5(@s—2a:a5— 3asa,+4as2as+ 21asas* 4 —59%sa.%/8+689a,°/320).
From now on we shall use the following notations:

ptiz' =2—z+ix' =a.,

y+iy = —2bss,
y+in’ =—2bss,
E+if’=—2by,,

k=2x'[p.



BIEBERBACH CONJECTURE
And it is evident that 0=p=2 and £*<5-—2,/5 when |arg a.|==/5.
Now we shall give here several lemmas.

LemMma 1.
7(62+612)+5(7]2+012)+3(y2+y12)+x12§4_p2:4x_$2

Proof. This is a simple consequence of the area theorem for f(1/z%)-'"2.

LEMMA 2.
o+ (26 %)y
=@2—p)B+ (4+217+p2) - &'y +— Pw”’

Proof. By the Grunsky inequality
|b11561%+6b152125+ 3bssxs®| < | 1] ® 3| 28|
Here we take x;=1/3 and put z,=p. Taking the real part

7= iy+—acy+ b p

> +2py+Fp
2 2
= 3 424,

which is just the desired result.

We need a better inequality than Lemma 2.

Fopol-£)l

T L A e 2

2 /2 2
Sl - e

1 2
=5 €’+<ﬁ—%>7/’+—4~(1>2~x’2)y’—<y’—%x’>y—7 x’ri} .

LEMmA 3.

Proof. By the Golusin inequality we have

5 29 85
5|as—2a.a,— T as®+ —8— 3@’ — a as*+ <a4

2 axas+ %azs)ﬁ

2

3 2
+3 az— —4—a22+ azp

13 3
(14—20203+'ﬁ a*+ ((13— Tagz)ﬂ

=— +4lﬁI2

2
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100 MITSURU OZAWA

Then we have

1 1
5 E’——Z—(Pv’+x’v)~yy’+7(ﬁ2 22y + - b xy+1371}
__i i /! i _i ’ }2
+317 > py+ 5 2"y’ + 12?* 1 2"+ By
1 2 1 2
3= Gy =g aut G

+(y+BpY+ W + P’ )= % +4p, B real.

This implies the desired result.
LemMmA 4.
ly]| <1.005 and |y’|<1.005.
Proof. Jenkins [6] proved that
W' +y?) =142
Since 1+42¢-¢<1.005, we have the desired result.

We are now in a position to explain a general consideration and to establish
two inequalities, from which we start. By Grunsky’s inequality with m=5, z.=2x,
=0, z:=p/6, ;=0 we have

59 689

—2a:a5—3asa,+-4aq’a+ & 205® asas*+- % as®

4 8

5 3 5
+ (ds—zazéh— ‘Z— as®+ —— 29 —5 @32 —%az >ﬁ+2<d4— 702034‘ '8—6123>5

+ %( 20203 + ——az )‘82 (Cl:;— %aﬁ)ﬁﬁ—l—azﬁz

g—g— 'ﬁl +218]%.

Now we put f=2p and 6=5p%/8+By. Then by taking the real part and by rear-
ranging the terms we have

2 2, 1 7T 525 5
E}iasé—é-—i--g—P E!’+—4OP+—64P(2 y2)
(3 T /z> ,2_<2_9 . 11 /z> L pre Ty
(21’ g P ) \F g )Y T T g
(A)
3 5 29 1
- T VI, Y Y Todor 12, ’2, 3
3y'y —2x'¢ 5 FUY— & 8px y+—817?/
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o+~ BYC—pw+ (- p=2Bp+2B— B )+ G 2B,

Next we put f=2p and 6=9p%/16+By. Then by taking the real part and by rear-
ranging the terms we have

22, 1o 7 8L,
Ras= 3 + 315 121>+40P+2561‘7(2 b)

_ 13__7- ’2 lZ_(ﬁ 2_£ /2) //___7_ /2___1 YV S W)

(217 8.i>x>x g V=g %) — by o bx' 3y’

®)

1y — ix”r)— %px’zw % Bp*(2—p)y

3
g4 4
—2x$———2 Y'Y=~

2
+( p-2Bp+ 2B~ Bp v+ G—2Bwn+ -+ 2p).
§2. In this section we shall be concerned with the case y=0, p=1, £2<1/10.
In this case we start from (A) with B=3/2. Then we have

5

19 1 1
1200 /2, — 2 3___ /
A -y px*y+ - O—"p)y +—8 (P*—10px %)y

Ras=R(p)—X—

(155 — 1209},

2 2 1 7 25,
R(p)= 5 + ?ﬁz" '1'2‘?54" 2‘6155‘1— EIP @2—p),

3 7 29 11 7 7
X (g =)o (S G ) ety
+3y'y' +22'¢".
Since k*=z?/p*=<1/10, ¥ =0,
& (P =102y =0.

Further by the area theorem

.L 20 Lor! _l_<_1§22 Ezrz_ Ior? ﬁz/a)
8(1515.19 122"y )y = R4 41)x+ 41‘);6 122"y’ + 4py

=0
for p=(64/75)'*. Hence we may omit them. Further we have, applying Lemma 1,
15
4

2
=6—-2

="7 960

2
R(p)=6— x—9%(4320—5480x+2120x2—287x8)

P(x)___ %g_(xlz__l_3y/2+57]l2+7512+3,y2+5772)
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with P(x)=5220—5480x-2120x%—287x%. Hence we have

Rato=6— o Pla)—X — (x’2+3y’2+577’2+7{-"2) —x’zn————px’zy

960
9 7 45 75
Hg -7t E) “167

Here we make use of the following trivial inequalities:

"‘+—a77, a>0,

_— %x,277<

8a

—-—p ’Zy_pr"‘-l- 16 .317?/, £>0.

If we put a=7.5 and f=1.5, then the coefficients of 7* and ¥* are zero and non-
positive for p=27/27.5, respectively. Since 19px'2/1.5=<12.67px’?> and 10x’2/7.5=0.49
for p*+2'2=4 and x’z/p2__<_1/10 we have

ngs_S;(s"" P(x) Qr

960
16Q=(24p*—26.67 pz2'*+14.5)x'2+2(29 p* — 11z’ 2z’ y’ 4+ (28 p+45)y’*

+56px’y’ +48y’y' + 75724322’ 410562,
Now consider the quadratic form @ and its associated symmetric matrix

14.54-24p°—26.67 px’* 29p*—11x2  28p 16

292 —11z'* 45+28p 24 0
285 24 75 0
16 0 0 105

By a simple estimation for its principal diagonal minor determinants we can prove
that @ is positive definite for p=1 and k251/10. This implies that

%de_—éG P(x)

960

Since
P(z)=5220—5480x+21202%—2872° >0

for 0=x=1, we have

Ra:=6

for p=1, k?=<1/10 in this case. Equality occurs only for =0, that is, for the Koebe
function z/(1—2)%

§38. This section is devoted to discuss the case y=0, p+2py=0, 1= p=2, K2=1/10.
In this case we start from (B), in which we put B=3/2. Now we remark that
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(2" =102"%)(n+2py)=0.

Hence we have
2Raé6+$(x)—X—%:c’y’y— 3 Px’zz/Jr P"‘wy+ (9 ()0

SEUNG WS VNP
3ot Tt 555 P

4

S(z)=—10x+8x%— —1—2—.73 ~ 120

and X is the same expression as in §2. Since

S(x)—l— — pzax
377 155 181 8\
— 4 9375x—§2—{68 108a— (T—ms ) (—3— % ) (@— +7>xs}
4 9375

=—

( 12+3y/2+57]12+7$/2+3y + 57]2)
377 155 181 8
—5{1075 108a—<T—108a> +(—3——27a> —< + - ) },
we have, with «=3/4,
Ras=6—2°P(x)[96—Q(B)+ Y (B),
P(x)=79.5—134x+94.25x2—21.575x%,

Q=3+ 280 oy 3y iy ren— S gy
Pom( L Lo D AT g 2, A

We consider the coefficient of »? in Y (8), which is

(6.375+ % _98p+ 9p2) /8.

Here we put f=1/2. In this case we have
12.375—28p+9p*<0
for 1=p=2. Hence Y (1/2) is non-positive for 1=p=2. Next we have
16Q(1/2)= (24 p*—14pa"2+19.75)2"2 4229 p*— 112"z’ y’
+ (28 p+59.25 —6x"2)y’2+56 px’y’ +48y’y’ +98.757'2+ 32x'&" 4-138.25¢"2.

The coefficient of %2 may be replaced by 28p+457, since 6x'2<2.2 in this case.
Consider the symmetric matrix associated with this modified quadratic form @* of @
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19.754-24p*—14px’'*  29p*—112'2  28p 16

29p*—11x"2 574-28p 24 0
28p 24 987 0
16 0 0 138.25

It is easy to prove that all of its principal diagonal minor determinants are positive
for 1=p=2, k2<1/10. Hence we have

§Ras_6———~ P(x).

Since P(x)>0 for 0=x=1, we have Ra,=6 for 1=p=2, £2=<1/10. Equality occurs
only for the Koebe function z/(1—z)%

§4. In this section we shall be concerned with the case y=0, y=0, 1.2=p=2,
k2=1/10. Firstly we have, putting g=p, in Lemma 2,

3 3
-Z—.byér)-l- —2—1521

=px +15 (4+2P+P2)——x'y’+ px’z

Hence
srv=Tilpor 5 rzs o+ o).
In this case we start from (A) with B=3/2. Then we have
15 3 5 29 1 9-7
Ras=R(p)— X+ o Pey— -5 @Yy —4—«'0’27}— ?zﬁx’zm- 5 vt L4 V%

where R(p) and X are the same as in Section 2. By applying the above inequa-
lity we have

ps _ pz 9 71)

3 5 29
__2 Lot — 2 oty 2 2T przg o T F
Ra=L+ —pixy— X+ o1 &Y o &Y Y= 2"y 81) v+ A

- P :
L=R@®)+ T3 1 T e,

By a simple calculation we have
_e_ 2 28 ,, 505 , S8 , <_1__l 2 L>5
Leb—qga—got g2~ g~ tea )™
Hence for a>0
15
2 2,,2
T

. hH2 2
L+ pxy<L+ 1615
%5 92—d5a , 575-270a , 424—135a
I TR A TR A T S o

15
4 5 2,,2
x—i—]\lx-l—map .
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where M is 1/6—7/40+25/64+41/144. By putting a=2 and by applying Lemma 1
we have

Y N

_3 . 3 T s
S(x)= 48.70 72x+72x M.
Since
29 /72 oty 12
——~P:c+ xy+116 =0
for p=1. 2,

____3_ /l___zg 12> E 12,
< 2:021 ?px yélmyy

58
g’y

5
=99 W= 5818

Thus we have

5
2 = — 2
Q=X— %w'2+—x'y'+ 22 (/2 43y’ -5y 2 TE").

We consider the coefficient of %% which is

2
A 32 (27264808 —3248 p+435%).

Here we put f=5. Then the above expression is negative for 1.2=p=2. Since
7=0, we may omit —(5/4)x'%)—(125/48)»*>. Hence we have

Ras=6—P(x)x*—Q, P(x)=P(x, 5).
We consider the symmetric matrix associated with 48 @
254-T1p*—42pz"*  88p*—33z’2  84p 48
88p*—33z'? 75+84p 72 0
84p 72 125 0
48 0 0 175
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Its principal diagonal minor determinants are
175,
175-125,
105004251,
8679561 21745500 p — 92610000 p2 4134628375 p*— 38937500 p*
+(—100658250 449875000 p*)z'2 — 23821875z (= 4).

We shall prove the positivity of these minor determinants. To this end, we may
consider 4 only. For this 4 we have

A= ¢(p) =8679561-+ 21745500 p — 92610000 p2-+ 124562550 p* —34188218.75 p*

for £°=1/10. We have ¢(1)>0 and ¢(2)>0. And it is easy to prove that ¢’(p)>0
for 1=p=2 and hence ¢(p) is monotone increasing there. Thus ¢(p)>0 for 1=p
=2. This shows that 4>0 for 1=p=2, k*<1/10. Hence Q is positive definite
there. Further it is easy to prove that

29-72 P(x)=1399.5—10152+-2233x%*—812.7252°
is positive for 0=x=1. Thus we have the desired result:
Ras=6
for 1.2=p=2, k?<1/10. Equality holds only for z=0.
§5. In this section we shall be concerned with the case y=0, =0, »+2py=0,
1.6=p=2, k*<1/10. This case is the most difficult one in principle and in practical

sense. We need laborious calculations here. We need Lemma 3 in the following
form:

2 +2p9)

2
__4_ ,p_s 25_2_2_4—1)2 2_2__</ i />2
3_48+16p(4 ) g oY= vi—(v+ b

=

3 1 1 z 1 1
_ ’ ’ 2 a2\l ’ _ 8,/ )/ 4,2
3{n+4ﬁy+—~12(3p z'%)x —sz/} 4.b:vy+8px

1 2
—5{€’+ —i—ﬁv’+ % (P*—a")y — (y’— % x’)z;— Tw’v} .

This is easily obtained from Lemma 3 by putting f=5p/4 and by rearranging the

terms.
Now we start from (B) and make use of the above inequality. Further we

put B=1. We, then, have
5p

3 5 29 9 8—
Rao=Sp)—X——-2"y'y— 2"~ < Pt g Pt vt
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4 T 46 _2_52 _ 2___5_2 v, _—p ., p
{-415{3 48p+161’(4 ) gﬁ(‘i 5y y} SV T 5
1 2 3 / p i
4p(y +—1>x)—4—ﬁ{7}+4p + x_ny}
T p‘z L, N 1
B p{f x Y (y 2x>y 2“”7},
BTy B
So=—t o= B Lt )

with the same X as in Section 2. By rearranging the terms we have

Nas=6-+ 19; % (—5042—1608x%+ 26762 —1509x*+408.3x° —44.15x5) — X

: (y +-—Px> - —{ +—Pz/ +15 (?ub2 ’Z)x'}z——ﬁx Y

T 1p ip”

1 5,0 5 3 o 8—5p 1
gy P~ 4p{$’ l»H——(pZ %)y } T VY
+yn+ —szy"l‘ 16 > {v'& +1.5py"y +(p*—a' 5y ly—yQ*

5 3 1
+ ZE x {El-l- TPW"I‘ e (Pz—xlz)y'—px'}p,

where

— .22 _M z Y LIV pwow _:_l_‘t-’_ __3_ 1t

_15 _30
16 16p

Now we shall prove the non-negativity of @* for 1.6=p=2, k2<1/10. By Lemma 1
32pQ*=5p¥(x"2 43y’ 24572 +76'%)+ (110 p*4-22'2) 22+ 2 p(15+ 5 p*— 5z’ 2)x"y’
+15p2—12)2z"y —30 py'y' +40px’e’ —60y’E’.

'!/'0"" IG/ /5/ (4_?2)’

Consider the symmetric matrix associated with the last quadratic form

11522 15p+5p°—5pa’>  15p°—12  20p
15p+5p°—5pa’?  15p° —15p —30
15p2—12 —15p 25p? o |
20 —30 0 35°

whose principal diagonal minor determinants are
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11524222,
—225p%-1575p* — 25 p°+ (180 p*+4-50 p*) x> — 25 p2a*,
3240 p2—31050p* 433750 p° — 625 p°4-(—2250 p2+6750 p* +1250 p%) 2’2 — 625 p*x",
129600—108000£*—2901600 p* —1386750 p°+ 1181250 p° — 21875 p*°
+(—45000p*+ 71250 p* 4-236250 p° 443750 p®) 22— 21875 pox"4.

All of them are positive for 1.6=p=2, k2<1/10. This implies the non-negativity
of @* there. Since y=0, —yQ*=0 there. Hence we may omit —yQ*. By using
the trivial inequality

||
yZ
[44

a>0,
we have

U=——- 192 r - (—5042—1608x>--26762° — 15092 +408.32° — 44.152°) -+ —- szy

8—5p 1

+ 165 €157 = (S — Lo

= 192 p{ —504x— (1608 —864a) %+ (2676 — 1296 ) x* — (1509 — 648a) *
+ (408.3 — 1080()305 —44.15x%}

10

T prp

+< 4 4p + 16ap 3258

Here we put a=2, $=0.36. Then by Lemma 1

Vi v+ g v L (=

Us 45 p{ — 4 Az (A—6)a*842° — 21324 +192.32° — 441525}

_ 126—A 2 2 2 12 _ 126—A 2
Topp @ H3Y 50 HTE) Fyp— 75 =5

10 126—A )\,
036~ 6 '3>y
4—1)2—-.23’2
.

+ 25| 64p—40p*—8+9p°4-

32p ol
+ g E+LEBT +( = 2P

Take A=3. Then the coefficient of %? is
61 p( 139+ 22 1128p—80p*+182° (D).

0.36 ) 64p

Here ¢(p) is monotone increasing for 0=p=2 and ¢(2)=-31/9. Hence ¢($)<0
there. Thus we may omit the term ¢(p)y?/64p. Since yp=0, we may omit this
term.
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We again make use of the trivial inequality and we have

3 2 02
U+ 47 z {$'+ TM+ p—4x—y’—px’}7)

2

= ———2P*ax)—

205
12 12 72 12
= gzp (%" +3y"? 4592+ 765+ ——

64p sps T edp !

+ ———{SI_I_]- 5p7]l+(p2_x/2)yl}2(4_p2__x12)+ EJ/JZ(SI_'_ _3_1) ,_I" pg_xl2 y’—P.’L">2
325 : 8p Rl 1 ‘

If we put e=1/5, then the coefficient of »? is
(—2054-200)/64p=—5/64p<0.

Hence we may omit the term of 2. Thus we have for 1.6=p=2, k2=<1/10

Ra,<6— 192pP (2)—Q,

P*(x)=124-3x—84x24-2132°—192.32* +44.1525,

Q=x+L gy 2 x'2+ (x'2+3y'2+57]'2+75'2)+ (y'+ iﬁx’>2
16 32 1

3p°— 2 - , pr—z'? , 2
+Ei5/ —Py’l"‘—*z— }+4—p{5 —P7}+ 1 ZI}

x/Z

-
By rearranging the terms, we have
Q=Q:+2""Q:+(1.9/64p)x"%y"?,
64pQ1=(41+25p2 497 p* — 72 p2x'%) "2+ 2(20 p+127 p* — 40 px'?)x"y’
+(139+4139p2—4.6p*+2.4p° —2 p*z'2)y 2+ 2(124 p*+ 5 p%2'2) "y
+2(132p+0.6p3+3.6 p°)y"y’ +(253+4-23.4 p2+5.4p* — 10 p2x"2)y"2
+2(64p+8px't)x'e’ +2(10.4p2+2.4p* —162"2)y’e’
+2(45.6 p+3.6p° — 2.4 pa' %) &’ +(357.4+2.4 p* —202'%)&"2,
64pQe=(6p>+x"2[3)x"2+2(—Tp+2p*—2px'?)x'y’ +{9.2p*—0.9p* — (4.6 +-1.4p*)z'2}y"?
+2(—4+px"y +2(—0.6 p—1.5p*—2.1 px'?)y’y’ +10.9p%"
+2(5.6—2p*—0.4"2)y’e' +14.46".
Consider the symmetric matrix associated with the quadratic form Q.
(Aj),  Ay=A4Aj,
An=144, Ap=0, A;3=5.6—2p*—04z"%, Au=0, A»=10.92%
Ap=—06p—15p°—2.1px"%,  Ap=—4+p%  Au=92p"—0.9p*—(4.6+1.4p%z",

pZ I

(64 or+ B v =) = g5 At 1507+ o,
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Asy=—Tp+2p*—=2px"?, Au=6p*12"%/3.

We may replace Ay by 6p2+0.32'2. Then we consider the principal diagonal minor
determinants of this modified matrix, which are

14.4,
156.96 9%,
—347.008p*4-1662.272 p* —217.264 p° — (709.472 p*+327.904 p*) "> — 65.248 p2x"*,
501.76—3212.8 p*—9181.728 p*4-14691.392 p° —2000.864 p°
-+-(988.16—2081.7024 p* —7669.1904 p* —789.7232 p°)"*
+(2.56—697.9616 p*—996.5792 p*)x’* —19.5744 p°»'°.

All of them are positive for »/2=p=2, k2<1/10. Therefore Q, is positive definite
there. Next we shall consider the symmetric matrix associated with the quadratic
form @,

(@), @iy =0aji,
a=41+25p°4+-97p*—72 p%x"%, a12=20p+127p*—40px"?,
@22=139+139p*—4.6p*+2.4p°—2p*x"%,  a15=124p+5p%"2,
a23=132p+0.6p>+3.6 %, @33=253+23.4p%45.4p*—10p%2"%,
a1 =64p+8pa’?, a4=10.4p2+2.4p*—162"2,
@34=45.6p+3.6p°—2.4px"?, @41=357.4+2.4p*—20z"2.

Since 1.6=p=2, k2=<1/10, we may replace a,. by 139+4139p2+p*. Then the cor-
responding quadratic form @Q,* satisfies @,*=Q,;. We calculate the principal diagonal
minor determinants of the modified symmetric matrix. They are

4,=41+25p2+-97p* —T2p%"%,
4;=56994-8774 p*4-11919 p* — 2621 p°+-97 p°+(—8408 p* 4152 p* — 72 p%)x'2 — 1600 p*x"4,
4,=14418474-1638794.6 p*+1326954.8 p* —46713.96 p°+-9638.88 p°+8638.92 p*°
—219.24p'*—1257.12 p*
-+(—2184214 p*—446903.2 p* —178399.6 p°4-58330.72 p° 4-3524.24 p*°+933.12 p'*)"?
-+(—404800p*—9635 p* —13875 p°—745 p®)x'* 416000 p*x’®,
4,=515316117.84-433271318.2 p*4-468014409.52 p* —24376778.68 p°+10739180.16 p°
+711091.8p'°—47007 p**—385935.84 p1
+(— 28836940 —862985522.48 p2—191544069.6 p* —52626175.472 p°
+-20671058.016 p° +515732.304 p*°--318665.952 p*2 - 26706.816 p*4)2"2
+(—2655488 —85293519.04 p*--3931167.8 p* - 1476842.84 p° — 1826377.336 p*
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—166342.432p1°—19541.376 p*2) "
-+ (15454976 p*+5273667.68 p* +1290509.92 p° 4 61366.56 p*) ¢ — 575744 px'8.

The positivity of the first two expressions for 1.6<p=2, k2=<1/10 is very easy to
verify. Now we put

A3=01(p)+Do(p)x"* 4 D5(p)"* 4 Du(p)"°.
Then @.(p)<0, @4(p)<0 and D.(p)>0 for 0=p=2. Hence
4:Z Ou()+D*Do(5)/10+p*Py()/100=D(p)
for £2=<1/10. By a simple calculation we have
O(p)=14418474-1638794.6 p2+-1108533.4 p* —95452.28 p° —8297.43 p*
+-14333.242 p1°4-125.734 p'2—1163.808 p** >0

for 0=p=2. Thus we have 4;>0 for 0=p=2, k2=1/10.
Next we put

4i=p1( D)+ D)3+ 0s(D)" +u( D)2+ ps(P)z".

Then ¢ (p)+¢s(p)x"2>0 for 1=p=2, B2=1 and ¢:(p)<0, ¢s(p)<0 for 0=p=2. By
k2<1/10 we have

4z p(P)=1(D)+0°p2( )10+ s()/100.
o(p) is the following polynomial of p
515316117.84-430387624.2 p*-+381689302.392 p* —44384120.8304 p°+5515874.2908 p°
+-2792966.03 p*° —13697.54296 p'?— 355732.66912 p14--2475.26784 p*.

This is positive for 0=p=2. Hence 4,>0 for 1=p=2, £k*<1/10. This implies the
positive definiteness of Q¥ and hence of @; there. Thus we have

x

Ras=6— 192[3

P*(z)

there.

Now consider the polynomial P*(x). It is easy to prove that there is an x
satisfying P*'(z,)=0 and 0<x,<0.1 and that P* (x)>0 for 0=x<x, and P*(z)<0
does hold for z,<x=0.4. Hence P*(x) is monotone increasing for 0<z<z, and
decreasing for zo<x=0.4. Since P*(0)=12>0 and P*(0.4) >0, P*(x)>0 for 0=2=<0.4.

Thus we have the desired result:

Ras=6
for 0=2=04, k2=<1/10, with equality holding only for x=0, that is, for the Koebe
function z/(1—z)2.

A remark on our method should be mentioned here. Several tests we per-
formed tell us that only the truncated Grunsky inequality does not give any enough
informations even for the local maximality and hence for the global maximality.
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In this point of view Jenkins’ remark in [7] is very important and gives an im-
portant suggestion. Following this suggestion we made use of Golusin’s inequality
together with Grunsky’s.

§6. In this section we are concerned with the remaining cases of the case
1=p=16, k2=1/10.

Case 1. 1=p=1.2, £2<1/10. In this case we may assume y=0. We start
from (A) with B=1/4. We, then, have

2+19p
16

25 5
RasSM (D)~ X+ 20 @)+ 5 b @D+~ v+ v+ 250y

3 ol _5__ /2, 29 72
o TYY— T D'y,
where X is the same one as in Section 2 and

11
120

2 2
M(p)= 5+ 5"+ 335 "

By applying Lemma 1 to 6—M(p), we have

S 5 1 2419
R 26— (6 M) D25 2+ e oty L e
+2.5’y77— ﬂf_@)_ (3y2+5772)—X-- 6—_1#)—(1;’2_‘_31//2_[_57712_!_75/2)

_ﬁ_ N4 _i 72, _~23 72,
D) x'y'y 7 x"*n 3 px*y.
Evidently we have 6—M (p)=4.411904 for 1=p=1.2. Since |y|<1.005, we have

1 25 400 __ i 200 _];_ 3
—6—M(O) -+ Sr @D+ T’ C—Du+ 5 1y

7 _ _ _r
= (—30.390464—12.06 p+50p*—25p®) = ol (D).

Put ¢(p)=¢(p)—0.06p. It is very easy to prove ¢i(p)=¢:(1.2)=—15.990464 for
1= p=<1.2. Thus we have ¢(p)=¢:(1.2)—0.06=—16.050464. On the other hand for
1=p=12

29 i Io)? i 72 i _p2
(— *S—Px’z— 5 'Y )yé 53 ¥ Y=g (4—p*1.005.

By these estimations we have

* 3 _16.050464 | 9.045
o1 YO 55 U—p"L005= o+ <0

and hence we may omit the corresponding terms
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- _— __2_ é 4 J— i 2 . i 3. __22 72 ___8_ 24,7,
6 M(P))4 +641>(2 D)+ 161)(2 DPy+ SP?/ SP:cy 5 TYY-

Therefore for 1=p=1.2
éRae < 6“‘L(C¥) '—Q(a)’

2+19p

Lw={5-6-M)—-2

. 5 5 5a |,
J— -+ {5 6-mn—3 |7,

Q(a):X_l_ é:é];l_lg_%(x/2+3y/2+5v/2+7$/2)_ %xl4

with a>0.
Now we consider the quadratic form L(a) of v, », which satisfies
16 L(a)=28.142848y*— 40yn+-(88.23808 —10a)7?

in 1=p=1.2. Here we put a=7. Then the right hand side form is non-negative.
Hence L(7)=0 there. Hence we have

Ras<6—Q, Q=Q(7).
Here we have
16Q= <24 pPP—14px’?4+17.647616— —172.70’2> 224229 p*— 1122 x’y’
+ (28 p-+52.942848)y"2+56 px'y’ +48y'y’ +-88.23808"2
+32x’&’+123.533312£72.
Since 1= p=1.2, 2"2=p?*/10, we have

0, 10 p_14
7L = 710 é——7——§0.205715.

Hence for 1= p=1.2, k2<1/10
16Q=Q*,
Q*=(24p*+174—14px'%) "2 4229 p*—112"%)z"y’ + (28 p+52.9)y"2
+56 px'y’ +48y'y' +88y/ 2+ 32x'&" 123872

Q* is positive definite for 1=p=<1.2, £2<1/10. This is easily shown by taking the
symmetric matrix associated with @* and by calculating its principal diagonal minor
determinants. Consequently @ is also positive definite there. Hence we have

Ras<6
there. This is the desired result.

Case 2. 12=p=15,k2=<1/10. In this case we may assume y=0, =0. We
start from (A) with B=0. Then we have
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25
RasS6—O6—M(D)+ gy PR+ 5 byt b +3u

where X and M(p) are the same as in the case 1. As in the above case

25 5 PP
=M~ — g P'@—D) g 1005

_ P s _ P
= 5o (1344—120.6p—910" 375" —22°) = g 4(2)
and
6853.2
P(P)=z¢(1.5)= 39

for 1.2<p=<1.5. Further

_3 //_‘_22 12, << _29 12 3_“/2 _§_I2
—2“-73@?/ SP-” y:y< ?P$+4x+4a?/>

4—p? )
4o )’

Here we put «=5.8. Then this implies that

_.2_9 12 _3_ 12
éy( 8px + yiesd +

3 29 4—p?
— 5 FVY— g by = 53 ‘7; Y.
By making use of Lemma 4 and Lemma 1 we have
b 4y 1.44 6853.2 2.5728 0.63 ,
960 /P 335 V=960 32 o3 0= v

Thus we have

. 3 5 5
Bas <6— V242 4 g (6= M) 6~ M (DI —QE+ 7+,
Qe)=X+ t,_]_f@ (272 +3y/2 452 TE2) — @55_:0/4.

Consider the coefficient of %2, which is

063, 7. 3 1 . 11
— =t b 6 M(p)= — 45 (69.72—28p—84*—L15").

This is negative for 1.2=<p=1.5. Now we put e=6.5. Then the coefficient of »* is
negative. Since y»=0, we may omit the term 3y». Hence we have

Ra<6—Q, Q=Q(6.5).
Since 6— M (p)=3.40390625 and 20x'2/13<0.4 for 1.2< p=1.5, £°<1/10, we have
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16Q=Q*,
Q*=(24p*+13.2—14 px'?)x"?+2(29 p*— 11a'%) "y’ 4 (28 p+40.8)y"?
456 pa'y’ +-48y’y’ +-6872 322’8’ 4-95.26"2,

Q* is positive definite for 1.2< p=1.5, .22<1/10. This is easily verified by taking its
associated symmetric matrix and its principal diagonal minor determinants. This
implies that Ras<6 for 1.2=< p=1.5, k2=<1/10.

Case 3. 15=p=1.6, £*=<1/10. In this case we may assume y=0, =0. We
start from (A) with B=1/4. By the same argument as in Case 2 we have

2+1 M
Ras<6+U+ Qp y*+2.5yn—X— 6—L‘Q( "2+43y"2+092 16" — ix "'y
5 29 6—M
— g gy~ D (34015,

where M(p) and X are the same as in Case 2 and
e P25 e D 1
U=—(6—M(p)) 1 + 64 p2—p)+ 16 Pxy+ 3 Py.

U satisfies

59"

Us—6-M L+ 2 p@—p+ L1005+ L a2—pr+ oot

(a>0)
L(a)=1344—600a+ (6000 —120.6) p—(910+150a) p2-+375 p* —22 p°.

Here we put «a=2 and L=L(2). Then L is a polynomial of p, whose minimum in
15=p=1.6 is attained at p=1.6 and is equal to 78.75328. On the other hand for
1.5=p=1.6 we have

— 19:1530’2?/ — —:21 yy= —5% Y= — (4— $%1.005<0.091.

Hence for 1.5=p=1.6

» 29 roy 3 pryry<— 22
— 960 L~ g P¥ VT 5 VY= ~gg, 78.75328+0.091
o 80.8388 _  11.22036 ,
960 ~ 160

by Lemma 1. Hence summing up the coefficients of y? and multiplying 160 we
have —663.229364190p+492.5p*+11p°, which is negative for 1.5=p=1.6. By the
trivial inequality
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5 12, < 5 2 5 4
g =g g
we have the non-positivity of the coefficient of #* by taking ¢=5.8. Thus we have

%(16 <6—Q,

6—M(p)
4

By rearranging the terms and by remarking
6— M($)=2.9321386>2.932,

z’,

Q=X+

12 12 ’2 2y _
(x4 3y’*4-59/24-7£"2) 6.4

we have 16Q=Q%*,
Q*= (24p3+11.728~ (14p+ 2—59>x’2>x’2+2(29p2—11x’2)x’y’—l—(28p+35.184)y/2

456 px'y’ +48y'7’ +58.647'2+322'&’ +82.096£2.

We may replace the coefficient of x'2 by 24p°411 — 14p2’?, since 1.5 p=1.6,
k?=<1/10. Now we adopt new variables 27/, 4¢’ instead of 7’,&’. Then the as-
sociated symmetric matrix is

2431114 pa’? 29p*—11x" 14p 4

29p*—11x" 28p+435.184 12 0
14p 12 14.66 0
4 0 0 5.131

Its principal diagonal minor determinants are
5.131,
5.131-14.66,
5.131 (410.48 p+371.79744),
15035.86027104+16600.22168 p— 35383.704384 p*+ 67622.15995136 p*
—12712.25774 p* 4+ (—45671.87330496 p+18504.23316 p?)z'2—9101.675662"4.

All of them are positive for 1=p=1.6, £2<1/10. Hence @ is non-negative for
1.5=p=1.6, k2<1/10. This implies the desired result:
§R616<6

there.

§7. In this section we are concerned with the case 1=p, 1/1O§k2§5—2M 5.
We divide this case into several subcases: 1) y=0, 2) y=0,1=p=<1.6, 1/10=k%=1/4;
3) y=0, 1.6=p, 1/10=k*<1/4 or 1/4=k*=5-25; 4) y=0, 15<p =16, /4 =Fk°
=5—24/5; 5) y=0, 13<p=<15, 1/4=k*=5-25;6) y=0,1<p=13, 14k
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=5-2/5.
Case 1). In this case we start from (A) with B=3/2. Then

Rz S,

9-7p , 3
2

1 15 9
S=R(D)+ — P*y+ -5 D 2—py+ V= —zyy— 2 px"*y
8 8 2 8

2 2 1 7 25
R(p)= o+ =5 '+ g '+ 51 P'C—D)

and X is the same one as in Section 6. On the other hand we have

29 1 3 ,, 5 1\ ’a
——8—Pw2y+?p3y——xyy~fp (Tﬁ k2> (—p + 5 xy>J

>
1
( Px'“r >y<T V= (4—?2)1/
=L orpet 2 eron
— 24 248
with $>0. Hence
S=6— 145 s (43205480 121202 —287) + &, b Uyt
150f 2o ( 2__11 9 2+p>
A T 4 + + %45 y?
<6— oo " (5220 —3600a— 1605 (5480 — 36000 — 408)z-+ (2120 900a)z* — 28727}

15 24p 5\, 75,
+(16ap2 2er T ous 16> 167

Here we put a=1.1, f=1. Then we have

5
— _E (x/2+3y/2+57]/2_|_7$l2)‘

S=<

2
6—%(1100—1480x+11309:2—287903)—I—( 15 Ty 9 240 45)

2 . I
76l " 3P T T 16
75

— 167

Consider the coefficient of ¥2. We can easily prove that this coefficient is negative
for 1<p<2. By putting L(x)=1100—1480x+1130x2—287x* we have

2——}—f;—(x’2+3y’2+51;’2+7$'2).

ma6§6_ L( ) X 2 (x12+3y/2+577/2+75/2)+%x/4_<ﬁ—i>v2’

960 16 &

e>0.
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Here we put e=2/15. Then the coefficient of #* is zero. Therefore we have

éRd(;_—<_6— L(.’L') Q

960
Q= X+—(x’2+3y’2+5>7’2+75’2)—

The symmetric matrix associated with @ is
15+24 p*— (14 p+4/3)x"? 29p*—11x'? 28p 16

29p*—11a72 28p+45 24 0
282 24 750
16 0 0 105

This is positive definite for 1=p (=2), 1/10=£2=<5—2+/5. Since L(z)>0 for 0=x=1
and z>0 for 1=p, 1/10=k2<5—2+/ 5, we have

Ras<6
there, which is nothing but the desired result.
Case 2). We start from (A) with B=3/2 in this case. Then we have

Rae<6+Y—X— ix’zv— %g—px’zy — —S—x'y'y—i- 1‘75p2xy+ %1’32/

4 2

9-7p

-+ D) a8
Ye— 22 o P 4390548051 212022— 2877
=Ty 960 v v T

where X is the same as in the above case. Now we have

45 75
Y=— 960 P(«’v) (x’2+3y’2+577’2+7$’2) T 6772’

P(x)=5220—5480x+2120x%— 287 x°
and

3
(—v) (-2— 'y’ — ‘%5‘152.17)

_Ezlz 2/2 2)
=(— y)( 'y’ 3 P'w 3217 321> =0

for p=1. Thus we have

ERaG— P( ) X 2 (x'2+3y/2+577'2+7$/2)+ %x/4+ %_z_pﬁx/(i

960
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T A W R SR T LA WL T

Here we put a=2/15, f=1. Then the coefficient of %? is non-positive for p=1 and
that of 7? is zero. Hence we have

29 ( 7P 9 45 ) 5 75

xz

mas§6— W

P(x)—Q,

— E ’2 ’2 ’2 12 L 14 29 74
Q=X+ @43y +57 +7¢"%) — 152t — J - pu

for 1=p. The symmetric matrix associated with @ is

15+ 24p3—43px'2—%x/2 20p*—112*  28p 16

29p*—11x"2 45-+28p 24 0
28p 24 75 0
16 0 0 105

We may replace the (1, 1) element by 13.1+24p*—43px’?, since 4x'2/3=<1.85 in this
case. Evidently its principal diagonal minor determinants are positive with the
exception of the determinant 4 of this modified matrix. For 4 we have

4=3133480.5+2350950 p— 3704400 p*+-8841000 p*— 1330875 p*
+(—14189805—4457250 p) px’2 — 952875,
If 1/10=k*=1/4, then
4=3133480.5-+2350950 p— 3704400 p*4-5293548.75 p* —2504742.1875 p*

and the right hand side is positive for 1=p=<1.6. This implies the positive de-
finiteness of @ and hence we may omit it. Since P(x)>0 for 0<x=1 and x>0 in
this case, we have Ras<6 in this case. This is the desired result.

Case 3). We have p<1.8 when 1/4=k2=<5—2+/5 and p<1.91 when 1/10=Fk2
=1/4. We start from (A) with B=4. Then

15 xz 2 3 5 /2. 3 Y0
Rae=6— 15 960 (4320—5480x+-21202% — 287 %) — X — A e
29 1 89p—128
— 2 bty PSP By — S5y,

where X is the same as in the above case. By Lemma 1 we have for 1.6=p

5
()b —5 =)= (—0) (285"~ ) 0

and
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(2/)(—-——0 73 z'y' — éﬁ") —y( 2 ’2+——0°73x’y’ Ll > =0.

32 2 37 Y
Hence by using Lemma 1 to —15x/4 we have
5 2.27 13
*__ P Y N 72,
Ras=6— 960 P(x) X e z'%y 5 PVY— g by
_ i B - _ 45 - 75
1 (89p—128)y*—5yn 6V 1677,

P(x)=>5220—5480x+21202>— 287 %%,
X6= X TS BT

We use the trivial inequality 2Auv=|A|au?*+|A|v*/a. Then consider the quadratic
form of y and », which is

—%[{(356—135) p—467—9.088}y*+80yy+(75—10a)77], a>0, 80, 5>0.

Here we put a=2.,5, B=2, 6=2.5. Then the above form is always negative for
p=1.6 unless y=%=0. Thus we have

Rae=6——— 960 P(x) Q,
PRI VS DUTE™ V8
We make the symmetric matrix associated with @
15424 —~192p2'2—4x'*  29p*—11z"2 28p 16
29p*—11x"2 45428 p—4.54x" 24 0
28p 24 75 0
16 0 0 105

Here we may replace the (1,1) element by 154-24p°—22pa’?, since 4x’2=2.5px’?
for p=1.6. Evidently we have the positivity of the principal diagonal minor deter-
minants except the determinant of this modified matrix. For it we have

4=36918814-2769900 p— 3704400 p>--8841000 p°—1330875 p*
~+(—456994.5—8018010 p--546982.8 p*>— 858060 p*) "2+ (— 952875786555 p)x’*
>36918814-2769900 p—3945693.096 p24-4607490.72 p* —1113265.1691 p* —453055.68 p°

for 1/A=k2=5-2+/5<0.528. The last polynomial is positive for 1.6=p=1.8.
When 1/10=<k?<1/4, we have

4>3691881-+2769900 p—3818648.625 p*+6836497.5 p* —1203658.05 p* —206649.45 p°,
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which is positive for 1.6=<p<1.91.

In both cases @ is positive definite there. Further P(x)>0 for 0=x=1 and
x>0 in this case. Hence we have the desired result.

Case 4). We start from (A) with B=4 in this case. We have

—y<188—9 Px’2—5ﬁzx> =0,— 0.73 z'y'y+ %PS?/,S_O
for 1.5=p=1.6 similarly. Thus we have

‘,L.Z

960
P(2)=5220 — 5480221202 — 287",

§Rae§6 P(.Z‘)-Q(Ct’, ‘8: 5)_ Y(a; ‘B! 6)!

2.27 10.1

12,02

g TV 16s

pa't,

_ E 72 72 ’2 =/2___5_ r4__
Aa, B, 0)=X+ 16 (2'2++3y"24-59/24-76"%) 8a

16Y («, B, 6)={4(89p—128)—9.083—10.16p+45}y2+80yn+(75—10a)?,
a>0, >0, 6>0

with the same X as in the above case. Here we put a=2.1, f=1.5, 6=2. Since
z*P(x) is monotone increasing in 0.4=x=0.5 and P(0.4)=3348.832, we have

x? 0.16 0.16 3 5
~ 960 Pr)y=———P0O.H<— —7—- 73348.832:4/

960 960
by Lemma 1. Consider

0.16 3 ,
Y(21, 15, 29)+ g - —;-3348.832y

= %6 (6.697664--335.8 p— 480.62)y2+5yn-- —28102.

This is positive for p=1.5. Thus we have
Ras<6—Q, QR=Q (2.1, 1.5, 2).

We make the symmetric matrix associated with @, which is

154-24p°—19.05p '2——%90’2 29p*—11x"" 28p 16
29p*—11x"* 4528 p— 18é16 x'* 24 0
28p 24 75 0
16 0 0 105
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We may replace the (1, 1) and (2, 2) elements by 15+24p*—22.3 px’2, 45428 p—6.12"2,
respectively, since p=1.5. Then this modified matrix is positive definite for 1.5=p
=16, 1/4=k*=5—24/5<0.528. This implies the positive definiteness of @ there
and hence we arrived at the desired result.

Case 5). We start from (A) with B=2 in this case. Since
—y(12.6 pz'*—20 p2x) =0,

(057 1 N_ (057 /o = _p3>
y( 5 Sp)g y(T\/5—2M5p-1.005 5 )=0

for 1.3<p=<1.5, 1/3=k*=5—24/5, we have

Rate=6— Q%P(x)—cz(a, B O—Y(a, B, d),

— E /2 2 72 12 ___‘l:-)__ r4 2.43 12,12 16.4 74

16Y (a, B, 0)=(454-100p—128—9.725—16.4 p5)y? + 1699+ (75—10a)?,

where a, $, 6 are positive number and P(x) and X are the same expressions as in
Case 4, We put a=7.7, g=1, 6=2. Now x?P(x) is monotone increasing for 0.5=x
=0.7. Hence we have by Lemma 1

z? 0.25
_ M _1_ 2 2 2 r2 2 /2 2
= 960 16 L3St +3y"2+-59"24-76"2).

Further again by Lemma 1 we have

_ 2974125 1, 2974 1.69 _ 2074 1.69 3 . 3.9
90 167~ 960 16 — 960 16 4 ' - 16

for 1.3=p. Now we have

lIA

2974.125 1 ., ., 3.9 ,
Y77, 1, 2)+-————960 1—6(3y +57%)+ 6 Y

= 11—6 (Ty*+16y7+139%)=0.

Hence we have
Rar<6-Q%,  Q*=QQ7, 1, D+ B Ly gy yiiren,
Now we consider 16Q*, which is just
{15424 —22.2 p2'2— (10/7.7) 2’2} 22 +2(29 p> — 112/ %) 2"y’ + (45428 p—9.722"2)y’?
4-56 pa’y’ +48y’y’ + 7572+ 322’6’ 4105672 +4-3.098046875(x"2 43y 2+ 592+ TE"2).
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Since 0.8px’2+102"2/7.7=3.098046875 and 9.72:'2<11.545173 for p=1.5, k*=5—2/5
<0.5279, we may replace 16Q* by the following quadratic form Q:
Qi=(15+24p*—21.4px'?)x"*+2(29 p*—11x'?) 'y’ + (42+ 28 p)y’2+56 px'n’
+48y’y’ +807'24-32x'&" - 126&2.

Consider the symmetric matrix associated with @,, introducing new variables
(J?/, yly 47/1’ 25/)y which is

154+24p°—214px">  29p*—11z"> 7p 8

29p*—11x"* 42-+28p 6 0
7P 6 5 0
8 0 0 3L.5

We may replace the (4, 4) element by 30. Denote this modified matrix by y. The
positivity of the principal diagonal minor determinants of y is evident except the
determinant of . This is

671644-54040 p—61740 p*+157200 p* — 25350 p*
4 (—139428 p+5820 p*) 2 — 1815024,

which is positive for 1.3<p=15, 1/4=k2=5—2+/5. Hence we have the desired
result: Rae<6 for 1.3=<p=15, 1/4=k*=5—2./5.

Case 6). We start from (A) with B=3/2 in this case. Since

—y(15.3px’?—15p%x) < —yp*(15.3-1.3-0.5279—10.5) <0
and

—4(0.96"y’ ~p") = —py(0.96]y’|n/5—24/ 5— ) =0

for 1=p=13, 1/4=k2=5-—24/5 (<0.5279), we have

2
ﬁ P(x)—X*—Y— = x"*n— 2.76 z'y'y— 13.7 'y,

=6—
Ra:=6 4 2 8

X* =X o 3y By T,

16Y= (56 p—27)y*+-757?,
with the same X and P(x) as in Case 5. Now we consider the minimum of x2P(x)
in 0.7=x=1. Then £*P(x)=0.72P(0.7)=1138.93591. Further we have
—pa'*y = p*(5—2+/ 5)|y| =1.005 (5—24/5)1.3"
Hence

_ .z oty 19
960 P(x)—px'2y< 960 <0.
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Now by the trivial inequality we have

ERQG_G Q(a, ,B 5) Z(C(, ‘B, 5)’

960
5 2.76 5.7
— Ko /4___ /2 12 74
QU f, )=X*— oot — S oy e par
2.76 5 7 5
Z(a, B, 0)=Y— 1 By?— pﬁy — —8-007

Here we put a=7.5, =15, 6=2. Then
162(7.5, 1.5, 2)=(44.6 p—43.56)y2=0
for p=1. Hence for 1=p=13, 1/4=k*=<5—2s/5
Ras<6—Q, Q=Q(7.5, 15, 2).

We now make the symmetric matrix associated with @

15424 p*—16.85 pa’?— —g—x’z 20p*—11x"® 28p 16
29p*—11x"2 45428 p— 223.)08 z'? 24 0
28p 24 75 0
16 0 0 105

Here we may replace the (1, 1) and (2, 2) elements by 154 24p°—18.2px"%, 45-+28p
—7.362"2, respectively. Then the modified matrix is positive definite for 1=<p=<1.3,
1/4=k2=5—2+/5 and hence Q is positive definite there. Thus we have the desired

result: Rae<6 for 1< p=1.3, 1/4=k>*<5—24/5.
Summing up the results in this section we have
%de<6

for 1=p, 1/10=k*<5—24/5.

§8. In this section we shall be concerned with the case 0< p=1, k2=5—2+/ 5.
We divide this case into several subcases: 1) y=0, k2<1/29, 2) y=0, £2=1/29, 3) y =0,
R2=1/29, 4) y=0, 1/29=Fk>

Case 1). Since |y|<1.005, we have, by starting from (A) with B=0,

5
Ras<6—P(p)— X— - &Yy — Tx'var ——py2+3y1],

2 2 25 1.005 ,
8 p’

PO)=6— 2~ 2 g = 2 o p)—
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with the same X as in the above case. We consider P(p). By a simple calcula-
tion we have

1
P($)=6—g55 (1)

&(p)=3844640 p*-+120.6 p*+750 p* — 287 p°.
It is easy to prove that ¢(p) is monotone increasing for 0<p=1. Hence ¢(p)
=¢(1)=1607.6 for 0=p=1. Therefore

1607.6 13
960~ 432+ 5500

>1.08 (p*+2"2+3y* 43y *+ 572+ 5y TE"%).

P(p)=6—

Hence we have

3 3a 5 58
2 E3 72,,/2 2 /4 2
Ras<6—1.08p2—X +—4ax y +—4 Y +—8/3x -l——8 7

+ -—}Py2+3y77—3-24y2~5-47/2,
X*=X+1.08(zx"2+3y’2+ 592 47E%), a>0, g>0.
Here we put a=1.3, =14. Then
(9.06—7p)y*—12yn+18.192=0

for 0<p=1. Hence we have

3 5
_ - — Yk P a2 /4
Rae<6-108p°—Q,  Q=X*— = (@'y)— 75"

We make the symmetric matrix associated with @

17.28 +24p°—14pa'*—(10/1.4)z"? 29p*—11x"? 28p 16
29p*—112"* 51.84+28p—(12/1.3)z"> 24 0

28p 24 86.4 0

16 0 0 120.96

It is easy to prove that this matrix is positive definite for 0=p=1, k2<5—25
<0.528. This implies the desired result.

Case 2). In this case we have
Ply—29px'?y= 29p3<% —k2>y§0.

Hence we may omit them in this case. Hence we can apply the above estimation
in Case 1) and then we have the desired result,
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Case 3). In this case again we have p*y—29px'2y<0. Therefore we can apply
the estimation in Case 1) and then we have the desired result.

Case 4). Firstly we assume that 0.5=p<1. We start from (A) with B=3/2.
Since
—py(28.4x’2—15 px) = —p*y(28.4k* p—15x) <0
for p=1, k?=5—24/5<0.528, we have
— i Y w 2 i /2. 1 3 ﬁ ’2
Rae=6—P(p)—X— 5 2'y'y+ 5 Voo >7+-8—P Vg px’y,

11
120

with the same X as in the above case. Further
P*y—0.6 px’2y = —yp*0.6-0.528—1)<0

2 2 ., 25
P(p)=6— - — 51" — 555 0~ =1 'C—D),

for k2=5—2+/5<0.528. Since P(p) is monotone decreasing for 0=p=1,
P(p)=P(1)=4.4510416.
And further
|3/2)a"y"y| =B/’ (y*+y'*) =(1/4)(0.528)"*(4—p*) =0.6816.

Hence we have

5 1 5
Ras<6—3.7694— X+ §E$M+ —2-~(9—7p)y2+ ?‘87/2

<6— S—ZEPZ—Q(,BH— %(9—7 H—5.64)y2 — %(37.6—55)02,
Q(ﬁ)=X+ 3-476 (x/2+3y/2+5n12+75/2)_ —é%xl4'

When 0.5=p=1, the coefficient of y? is negative and further the coefficient of »? is
negative by putting f=7.5. Hence we have

Ras<6—Q, Q=Q(7.5).
We consider the symmetric matrix associated with @

15.044-24p*—14 pa’*—(10/7.5)2"? 29p*—11z"? 28p 16

29p*—11x"2 45.12+28p 24 0
28p 24 75.2 0
16 0 0 105.28

Again it is easy to prove the positive definiteness of this matrix and hence of Q.
This implies the desired result.
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When 0=p=0.5, k.2<5—24/ 5, we start from (A) with B=0. In this case we have

2 ey =1.005-22 0,528+ - <0.24045,
8 g g
—_H2
‘ - %xyy = % |2y’ = 471’ k| p=0.528"2 - 0.5<0.3635.

Hence
7 5
Ras=6—P(p)— X+ —-py*+3yn — — 2" +0.60395.
Since P(p)=P(0.5) for 0=p=0.5 and P(0.5)=5.3938, we have
o <6478 X+~ pt+3un — oo

4.78
1P

=6—Q(0)— Y (a0)—
4.78
4
4Y (a)=(14.34—7 p)y*—12y9+(23.9—2.5a)y>.
Here we put a=8. Then
4Y (8)=(14.34—7 p)y®>—12yn+3.99*=0
for 0=p=0.5. Hence we have
Ra<6—Q, Q=0(8).

It is very easy to prove the positive definiteness of @. Thus we have the desired
result.

Qa)=X+

($'2+3y'2+5ﬂ’2+7$/2)— %x/4’

Thus we have completed our proof of Ras=6 for |a.|=2, k*=<5—2+/5 with
equality holding only for the Koebe function z/(1—z)?.. Thus we have the affirma-
tive answer to the Bieberbach conjecture for the sixth coefficient.
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