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ON THE SOLUTION OF THE FUNCTIONAL
EQUATION f-g(z)=F(2), V

By Mitsuru Ozawa

In our previous paper we discussed the transcendental unsolvability of the
functional equation fog(z)=F'(z). In this note we shall extend some results in [4]
to a more general class of functions and make use of the same terminology “trans-
cendental solvability ”. Our basic tool is an elegant theorem of Edrei-Fuchs [2].

THEOREM 1. Let f(2) be an entirve function of the form P(2)e™® with a poly-
nomial P(z). Assume that there exist two constants a,b such that |a|=>|b|, ab=0
and that f(2)=a and f(z)=0b have their solutions on p straight lines b, ---, I, almost
all, any two of which are not parallel with each other. Then f(2) reduces to a
polynomial.

Proof. By Edrei-Fuchs’ theorem in [2] f(z) must be of finite order and hence
M(z) must be a polynomial. Denote it by

2"t 12" a2t a, a0,
By a suitable change of variable we have
M@R)=z2"+ap_22" 24 Fa12+ay
with new «,. Hence our problem reduces to solve the following equation
(Apz™+ -+ Ao) exp 2"+ an_22" 24+ ) =a.
We have asymptotically

" 1 a .
z (1"‘0(?)): lOg m+2Qﬂl.
Hence the given p straight lines /,, -+, [, must be parallel to one of

F o2

arg z _2n+nﬂ’ s=0, -+, n—1,

respectively. Assume that /; is parallel to a radius given by
Rexi/zn'

Then /, can be represented as x,+ R exp (ir/2n) with a real x,. Let
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Xo+iY= log +2gni

Am
with real numbers X,, Y. Then

ot Ry (1-10( L)) -t
Taking the real part, we have

nR"“lxo.ng("")"m” (1 _|__O<%>> =Xo

This implies that z,=0 and hence X,=0. Therefore
logi Ao |—Xo—0

which shows that
lal=|Ame®|.

The same holds for each /,, By the same procedure we have
|b]=|Ame™|.

This is a contradiction. Therefore M(z) must be a constant.

This theorem suggests the following conjecture: Let f(2) be an entire function.
Assume that there is a sequence {a,} such that @,—oco as n—oco and that almost all
the roots of f(z)=a, lie on p straight lines /i, ---, {,, any two of which are not
paralled with each other. Then f(z) reduces to a polynomial of degree at most 2p.

Edrei [1] proved this conjecture, when p=1. By Edrei-Fuchs’ theorem in [2]
we can say that f(z) is of finite order.

LeMMA 1. Let f(2) be an entire function of the form P(2)e™® with a polyno-
mial P(z) and a non-constant entive function M(z). If there ave p straight lines
Ly -y Iy, any two of which are not parallel with each other, such that almost all
roots of f(2)=a, a=x0, lie on b, ---, Iy, then P(z) reduces to a constant and M(z)
=a(z—2z0)"+ B for some z, and some positive integer n.

Proof. By the proof of theorem 1 we have
2"t n_ 22" 2t z+mlog z<1—|—0<—i—>) =(2qr+vyo)i,

assuming An=0. Here put
2= Re /™,

Assuming a,_»%0 and taking the real part of both sides,
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R 2Qary_se™—omt/2n (1 10 (%)) o,
which implies that
Ry g Dm/20=(),
Similarly we have
.ER(X,,_zg— (n—z)m/znzo.
Hence
COSs (.8+(ﬂ—2)ﬂ/2n)= CcoSs (18—(”_‘2)7[/2;1):0’

which is clearly untenable, unless #=2. Here A is an argument of a,_.. Hence
an_s=0. The same holds for each a, 1=j=<x—2. Now we have

2" 4-m log z(l +0<%>> =(2gn+vo)i.

Taking the real part, we have

mlog R(l—}—O(%)) 0,

which shows a contradiction. Hence A,=0. The same holds for each A,, 1<j=m.
Thus we have the desired result.

THEOREM 2. Let F(2) be a meromorphic function whose image covers the
Riemann spheore. Assume that co is a Picard exceptional value of F and almost
all the roots of F(2)=A lie on p straight lines {I;}, any two of which are not parallel
with each other. Then the functional equation f-9(2)=F(z) is not transcendentally
solvable.

Proof. Evidently we have
Fw)=w—w)*w),  9(@=wi+P)e”®

with a polynomial P, entire functions f*(w) and M(z) and a negative integer 7.
By the assumption there is at least one solution w, of f(w)=A. Further ¢(z)=w,
has solutions lying on {/,;} almost all. Since g(z) is transcendental, P(z) must be a
constant by Lemma 1. Then F(z) has the form

F(Z) =fog(z)=C"e"”‘z)f*°(wL+CeM(’))

with a constant C. This shows that F'(z) is an entire function. This contradicts
the assumption.

LEMMA 2. Let f(2) be an entive function of the form P(2)eX® with polynomials
P(2) and M(2). If there are p straight lines 1, -+, I, such that almost all roots of
f@R)=a, ax0, lie on L, -, lp, then P(z) reduces to a constant unless M(z) is a
constant,
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Proof. By the proof of theorem 1 there are 2z directions along which almost
all ae-points of f(z) lie and they must start from a suitable point z,. Then by
Lemma 1 P(z) must be a constant.

In the sequel ps means the order of G.

THEOREM 3. Let F(2) be a meromorphic function of finite order, whose image
covers the Riemann sphere. Assume that oo is a Picard exceptional value of F and
almost all the zeros of F(z) lie on p straight lines i, ---, lp. Then the functional
equation fog(z)=F(2) is not transcendentally solvable.

Proof. Firstly we have
Fw)=w—w)"f*w) and  g@=w+LP(2)e”®

with a polynomial P and two entire functions f* and M and a positive integer .
Hence

F(2)=P(2) e ™M@ f*o(w,+ P(2)e™ ).
By the order finiteness of F'(z) we have that the order of
G(2)=e M@ f*o (1), + P(2)e™ @)
is finite and further f*(w) is transcendental. It is easy to prove that

06==Pxg-
Hence
0g=pr< 00

implies that ¢(z) is an entire function of finite order and f*(w) is an entire function
of order zero. Hence M(z) must be a polynomial. By Lemma 2 we have the
constancy of P(z), which again implies that F'(z) must be an entire function. This
is clearly a contradiction.

THEOREM 4. Let F(z) be a meromorphic function whose image covers the
Riemann sphere. Assume that co is a Picard exceptional value of F and almost all
the zevos of F(z) lie on p straight lines and further the order of N(r; 0, F) is
finite. Then the functional equation foq(z)=F(2) is not transcendentally solvable.

Proof. By a similar consideration as in theorem 3 we have
F(2)="P(2) e " O f *o(w1+ P(2)e" ).
If f*w)=0 has at least two roots w,, ws, we have
N(r; 0, f*og)=m(r, Pe”™)—O(og rm (v, Pe™))

by the second fundamental theorem. If f*(w)=0 has only one root w,, we have
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T*w)=(w—w.) el ™
and hence
N(r; 0, f*og)~sm (r, Pe™).

In both cases we have
ON(r; 0, F) = Pel,

which implies the order finiteness of g(z)=w,+P(2)e”®. Asin theorem 3 we have
the desired result.

In the sequel we make use of the notation g, as the hyper-order of f.

THEOREM 5. Let F(z) be a meromorphic function satisfying pp<p. Assume
that 0 is a Picard exceptional value of F' and almost all the poles of F’' lie on p
straight lines 1, ---, lp, any two of which are not parallel with each other and each
of which carries an infinite number of poles of F’'. Further assume that the image
of F' covers the Riemann sphere. Then the functional equation fog(z2)=F(2) is not
transcendentally solvable.

Proof. Consider the derived functional equation f-¢(z)-¢’(z2)=F"(z). Evidently
Sfw)=(w—w)"f*(w) and ¢&)=w,+P()e”® with two entire functions f*, M, a
polynomial P and a positive integer #n. If f*(w) has an infinite number of zeros
{wy*}, almost all the solutions of all the equations g¢(z)=wy*, k=1, 2, ---, lie on the
given p straight lines. Then theorem 1 implies that g(z) must be a polynomial.
Therefore f*(w) has only a finite number of zeros. Hence f*(w)=Q(w)el™ with
a polynomial @ and an entire function L. This implies that the lower order A; of
f*is not less than 1. By Lemma 1 we further have that M(z)=a(z—z20)"+p and P(z)
is a constant. Here # must be p by the assumption and by the proof of theorem
1 and Lemma 1. Hence p,=p. Now by our earlier result in [3] we have

br=py=0,
which contradicts gz <p.

THEOREM 6. Let F(2) be a meromorphic function satisfying pr <0. Assume
that 0 is a Picard exceptional value of F' and almost all the poles of F' lie on p
straight lines. Further assume that the image of F' covers the Riemann sphere.
Then the functional equation fog(z)=F(z) is not transcendentally solvable.

Proof. Evidently we have f/(w) = (w — w)*/f*w) and g¢(z) = w; + P(2)e¥®
=Q(2)e¥® with entire functions f*, M, N, polynomials P, @ and a positive integer #.

We assume, firstly, that f*w)=0 has an infinite number of roots. By its
representations

(P4 PM")e™=Qe",

which implies that
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P'+PM’'=QeH
for an entire function H. Firstly we shall consider the case that A is not a con-

stant. In this case

z H__ D/
=S QNP jorC,  MAHLD=N

P

with constants C and D. Hence

F/ _ Pne(‘rH 1)M+I{+DQ
S*o(wi+ Pe™)
By Pélya’s method

Mjeig(r)= Mo <d M, <%>> =dtM, <%> '

for a constant d, 0<d<1, and for every positive constant K, and hence

where 4, indicates the lower hyper-order of g. By its form and by Pélya’s method
we can easily prove that

1,=1.
Further
T(r, F")=m(r, 1/F")+N(r; 0, F")4+O(log »)

=m(r, 1/F")+0(log 7)

and
m(r, f*og)=m(r, 1/F")+(n+Dm(r, g)+m(r, e?)4-Oog r)

=m(r, 1/F")+n+2)m(r, 9)+0(og 7).

Hence

m(r, f*og)—n+2m(r, ))=T(r, F')+O(og 7).

Let w* j=1, 2, ---, be an infinite number of zeros of f*(w). By the second funda-
mental theorem

K+1
m(r, f*e)=N(r; 0, f*oq)= ; N(r; wy, g)

= Km(r, 9)—O(log rm(r, 9))
with a negligible exceptional set of #» and for an arbitrary large K. Hence
m(r, f*oq)—(n+2)m(r, )= K'm(r, g)

with a negligible exceptional set of . Hence
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pr=A=1.

This contradicts the assumption. Therefore H reduces to a constant. Thus M
must be a polynomial. In this case theorem 1 does work without any assumption
on the situation of p straight lines. Then we can easily conclude that ¢(z) is a
polynomial. This is clearly untenable.

Now we shall consider the case that f*(w)=0 has only a finite number of roots.
In this case we have

FHaw)=Raw)er
with a polynomial R and an entire function L and hence

PnenMQeN

F'=
Ro(w1+PeM) . eLﬂ(w1+PeM) .

Let s be the degree of R. Then
T(r, FY=N(r; oo, F")=sm(r, Pe)+O(log r)=sm(r, g)+0og 7).
This implies that
1> 67 =0,

Next we want to prove that for an arbitrary positive K there is a sequence
{#n} (rp—o0 as n—oo0) of 7 such

Ae™ 49> Km(r, g)
through {r,}. If not, for =7, there is a constant K, such that
Ae™ 40 = Kum(r, g).
This implies that

m(r/4, g)+log A log m(r, g)+log K,

co= lim =<lim
Py log r =t logr»
and hence
co=lim lOg [m(7/4: g)+10g A]
e logr
<lim log [log m(r, g)+log Ko] _ 4,26,
e log r

This contradicts g,<1.
By Pélya’s method



312 MITSURU OZAWA

m(r, Foq)= —log M,(—;—) = 5 log My.e (dMg(%)) 0<d<1)

w

1 7 d
> —_ > 2zm (r/4,¢)
___3dMy<4)___36 g

Hence we have
T(r, F")+0(log )z m(, f*og)—(n+2)m(7, g)
= Bm(r, f*oq) (0<B<1)

through {r,}. In this case it is not matter whether H is a constant or not. This
implies that @¢z=4,.,. Since 1,.=1, we, further, have 4,.,=2,=1. We now arrived
at a contradiction.

In the sequel we use the notation

1. log log log T'(r, FF)
pr= ;gg log » :

TueoreM 7. Let F'(z) be the derived function of a meromorphic function F(z).
Assume that oo is a Picard exceptional value of F’, which has at least one pole,
and almost all the zervos of F' lie on p straight lines, any two of which are not
parallel with each other. Assume further that either §r<pnco,ry 0F 0<oncr 0,5
pr<co. Then the functional equation fog(2)=F(2) is not transcendentally solvable.

Proof. Evidently we have f/(w)=w—w.) " *w), ¢(z)=w,+ P(2)eX® with a
polynomial P, two entire functions f*, M and a positive integer n. If f*(w) has at
least one zero we, g(z)=w. has its roots on the given p straight lines almost all.
Hence by Lemma 1 P(z) must be a constant and then F’ is reduced to an entire
function, which is clearly a contradiction. Hence f*(w) has no zero. This implies
that

FHw)=eL®

and
F'(2)=P(z) re M @ gLuit P&eM @ DI () L P(AM(2))e™ ™,

In both cases we assumed that

0<powrar0. 7.
Hence

0<ora, 0.7y =pNery0, PrerPury
=pu=pu.
This implies that
oM =00 and M= pyr.

Therefore we have
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05 Z PeM =00
and

Sr=PeM=pu.
The latter inequalities imply an absurdity relation
S =0NG;0,Fy.

Thus we have the desired result.
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