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INTEGRAL INEQUALITIES IN A COMPACT ORIENTABLE
MANIFOLDS, RIEMANNIAN OR KAHLERIAN

BY YOSHIKO WATANABE

Introduction. Obata [2] has recently obtained some integral inequalities satisfied
by a function / in a compact orientable Riemannian manifold. In this paper, we
study integral inequalities satisfied by a vector field in a compact orientable
Riemannian manifold and in a compact Kahlerian manifold.

§ 1. Integral inequalities in a compact orientable Riemannian manifold.

Let M be an ^-dimensional compact orientable Riemannian manifold. We
denote by d the operator which operates on a skew symmetric tensor of degree p,
u: Uir..ιp and gives a skew symmetric tensor of degree p+1,

du: FiUh...lp-FllUii2...lp Flpuir..lp_lX,

by δ the operator which operates on u and gives a skew symmetric tensor of de-
gree p—1,

δu: gJ'ΨjUu2...lp,

and by D the operator which operates on u and gives a skew symmetric tensor of
degree p+1,

Du: PiUir..lp+FllUii2...tp-\ YV%puiv..%p_λ%,

Fj being the operator of covariant differentiation with respect to the Christoffel
symbols {/*} formed with the fundamental tensor gμ of M. Furthermore we denote
by Δ the operator δd+dδ and by • the operator δD—Dδ. For a vector u, we have

Δu: gιjFiFjUh-Kh

%uu

and

Kh

ι being the Ricci tensor. We define the global inner product of two tensors air..lp

and bir..lp of the same order p by

dσ being the volume element of the manifold M.
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At first we get by virtue of Ricci identity, the following equation in M for
any vector field v%,

(1)

Similarly, we have

(2)

Thus, applying Green's theorem [3] to (1) and (2), we get

(A)

and

(B) [
JM

respectively, and, subtracting (A) from (B), the integral formula

(C)

where FJ=gιΨι.
On the other hand, we have the following identities;

Substituting (3) and (4) into (C), we get respectively

(D)

(E) ^^KjvW-iPiVjXPW) + -ί (

From these equations we obtain the following

PROPOSITION 1. In an n(^2) dimensional compact orientable Riemannian mani-
fold M, we have the following integral inequalities for any vector field v:

The equality occurs if and only if the vector field v is harmonic.

2) (Kv, v) ̂  (dv, dv)+(δv, δv).

The equality occurs if and only if the vector field v is parallel.
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3) (Kv, v) ̂  (dv, dv) + -^—ί (βv, δv).
n

The equality occurs if and only if the vector field v is concircular.

Proof. From (D), we immediately obtain inequalities 1) and 2) and in 1) the
equality occurs if and only if

from which we have Vjvi—VivJ=^ and Piv
l=0> which mean that the vector v% is

harmonic. In 2) the equality occurs if and only if (Pivj)(Fiv:l)=0, which shows that
the vector v% is parallel.

On the other hand, the inequality

that is,

is valid for any vector vι and the equality occurs if and only if the vector vι is
concircular. Substituting the above inequality into (D), we obtain 3), and we com-
plete the proof.

On the other hand, we know the following theorem proved by Ishihara and
Tashiro [1]:

THEOREM A. / / an n-dimensional compact Riemannian manifold admits a
non-homothetic concircular transformation, then the manifold is conformally diffeo-
morphic to a sphere in an (n+ϊ)-dimensional Euclidean space and vice versa.

Using theorem A, we can restate 3) of Proposition 1 as follows:

COROLLARY 1. In an ?K=2) dimensional compact simply connected orient able
Riemannian manifold M, we have

(Kv, v)^(dv, dv)+ -^—^ (δv, δv)
n

for any vector field v. For a non-parallel vector field v, the equality occurs if
and only if the manifold M is conformally diffeomorphic to a sphere in an (n+l)~
dimensional Euclidean space.

REMARK. If vi=Fιff Corollary 1 reduces to

COROLLARY 2. Let M be an n{^2) dimensional compact Riemannian manifold.
If f is a function over M, we have

(Kgmdf, grad/)g -2=1 (J/, Δf).



INTEGRAL INEQUALITIES IN RIEMANNIAN AND KAHLERIAN MANIFOLDS 267

For non-constant function f, the equality occurs if and only if the manifold
is conformally diffeomorphic to a sphere in an (n-\-l)-dimensional Euclidean space.

Corollary 2 was proved by Obata [2].

PROPOSITION 2. In an n(^2) dimensional compact simply connected orientable
Riemannian manifold, we have, for any vector field v, the following integral inequalities'.

1) (Kv, v) ^ (Fv, Fv)+(δv, δv).

The equality occurs if and only if the vector field v is a Killing vector.

2) (Kv, v) ^ (Fv, Fv) + — - (δv, δv).

The equality occurs if and only if the vector field v is a conformal Killing vector.

3) (Kv, v)^- (Xg, Xg)+(δv, δv).
V V

The equality occurs if and only if the vector field v is parallel.

4) (Kv, v)^-(Xg, Xg) +
v υ n

The equality occurs if and only if the vector field v is concircular and for non-
parallel vector field v the equality occurs if and only if the manifold is con-
formally diffeomorphic to a sphere in an (n+1)-dimensional Euclidean space.

Proof. The inequality 1) is obvious by (E) and the equality occurs if and only
if (FiVj+FjVi)(FlvJ-{-l7jvi)=0, which shows that the vector vι is a Killing vector.

On the other hand, we have the inequality

that is,

^—(FaVay,
n

which is valid for any vector and the equality occurs if and only if the vector vι

is a conformal Killing vector. Substituting the above inequality into (E), we get
2). Using (E) instead of (D) in 2) and 3) of Proposition 1, we can easily prove 3)
and 4).

§ 2. Integral inequalities on a compact Kahlerian manifold.

Let M be a Kahlerian manifold, that is, M is an even-dimensional space with
a mixed tensor F^ and with a Riemannian metric qi3 which satisfies the following
conditions:
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and

First, we recall some important formulas in the theory of Kahlerian manifold

[3]:

(5) K>aFah=-^KΛJi*F*',

(6) Kz

aFa

h = Fί

aKah.

We assume that the Kahlerian manifold M is compact in the discussion which
follows.

REMARK. For a harmonic vector in a compact Kahlerian manifold, we know
the following theorem [3]:

THEOREM B. A necessary and sufficient conditions for a vector vι in a compact
Kahlerian manifold to be covariant analytic is that the vector Vt is harmonic.

Combining 1) of Proposition 1 and Theorem B, we obtain

COROLLARY. In a compact Kahlerian manifold, for any vector field v we have
the following integral inequality.

The equality occurs if and only if the vector field v is covariant analytic.

Next, in a compact orientable Riemannian manifold M applying Green's formula

to f=(l/2)vιVi, we find that

(F) [
JM

Forming the difference (F)—(D) and the sum (F)-f(E), we obtain respectively

(G) [ \{QτjViVjVh-KiH^Vn, + \(PiVj-VjViWW-V'υ*) + (?&*)*]dσ=0,

(H) [ Γ ( g ^ # y ^ + i ^ V K + ^
JML ^ J

On the other hand, we get the following two pairs of equations which are
valid for an arbitrary vector vι in a Kahlerian manifold, by virtue of (5), (6) and
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the Ricci identity:

f \ φ»V& - FWVsKF/FrVi - F ψfflr)

Accordingly, we obtain

(7)

(8)

= (gtΨtPsvi+Ki

hυh)vι+~(FJψsv*-FsψJvsXF/Prvi-FriPjVr).

Applying Green's theorem, we obtain the following integral formulas in a compact
Kahlerian manifold M:

(I) ^Ug'ΨtPsV—Wv^ + jiFJΨsV'-FtψJVeXF/PrVi- FίΨ3vr)jdσ=0,

(J) J J V Ψ.F.»i+i&*»ft)0 + \ (Fiψsv*-FsΨW) (F/FrVi -FHF

Forming the difference (H)—(I) and (J)—(G), we obtain respectively

(K)

- \

(L)

\ /PrVi -FriPjυr)jdσ=O.

From equations (K) and (L), we obtain the following Propositions.

PROPOSITION 3. In a compact Kahlerian manifold, for any vector field v, we have
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{Kv, v)^~ [{So, δυ)-Uϋ,
6 υ v

The equality occurs if and only if the vector field v is covariant analytic.

Proof, From (K), we can easily obtain the above inequality and we can see
that the equality occurs if and only if

which means that the vector vι is covariant analytic.

PROPOSITION 4. In a compact Kάhlerian manifold, for any vector field v, we
have

The equality occurs if and only if the vector field v is contravariant analytic.

Proof. From (L), we obtain

(Kv, v)^~ [(dv, dv)+(δv, δv)].

On the other hand we know that the equation (Δv, v)+(dv, dv)+(δv,δv)=0 is valid
for any vector v [3], so we have

(Kv, v) + \(Δv, v)^0, that is, (2Kv+Jv, v)^0,

which shows that the above inequality is valid. The equality occurs if and only if

(FJψsv*-FsψJvs)(F3

rPrVi-FriFjVr)=0,

which means that the vector vι is contravariant analytic.

COROLLARY 1. In a compact Kάhlerian manifold, for any scalar function f,
we have

(Kgmάf, grad/)^ -ί(z//, Δf).

The equality occurs if and only if the grad/=/ z is contravariant analytic.

COROLLARY 2. In an n-dimensional compact Kάhler-Einstein space M, if f is
a proper function of Δ corresponding to the eigenvalue λ (=constant), then we have

where K—g^KtJ is a scalar curvature. The equality occurs if and only if Vtf=f%

is contravariant analytic.
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Proof. Substituting the conditions that Δf=λf and the space Mis an Einstein
space {KlJ={Kln)giJ1 K== constant) into the inequality

iτr\ {Δffdσ
6 JM

which is valid for any scalar function / by Corollary 1, we have

f2dσ.

On the other hand, applying Green's theorem to Vi(f-p)=ftP+f(Δf), we get

( ΆPdσ = -[ f(Δf)dσ=-λ\ Pdσ.
JM JM JM

Therefore we have

- ^λ[pdσ^~γ^Pdσ,

for any scalar function /. Accordingly, we have

We see by easy computations that the constant λ appearing in Δf=λf is necessarily
negative, we have λ^—

REMARK. We know the following theorem of Yano [3]:
If a compact Kahler-Einstein space with K>0 admits a Killing vector field v\

then the equation Δf=~(2K/ή)f admits a solution other than zero given by
f=(nl2K)FfψjVi and vice versa.

Thus we conclude that —2K/n in λ^—2K/n of Corollary 2 is best possible.
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