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ON HYPERSURFACES WITH CONSTANT
k-TH MEAN CURVATURE

By MARIKO TANI

§1. Introduction.

The study arising from the formula of Minkowski has been pursued by
Liebmann [5], Siiss [6], Hsiung [1], [2], Katsurada [3], [4], Yano [7], [8] and others.
Most of their works have been combined with the condition that the first mean
curvature is constant. The purpose of the present paper is to get the integral
formulas for a hypersurface whose k-th mean curvature® is constant and also to
show the integral formula given by Hsiung [2] and Katsurada [3] in a different way.

§2. Notations and general formulas on hypersurfaces.

Let M™** be an (#-+1)-dimensional orientable Riemannian manifold with local
coordinates {z*}.» Let g, Vi, K3.", and K,, be a Riemannian metric, the operator
of covariant differentiation with respect to the Riemannian metric, curvature tensor
and Ricci tensor, respectively.

We consider a closed orientable hypersurface 7 in a Riemannian space M™*!
whose local parametric expression is

x*=z2*(u?)
where #!® are local coordinates in V™ If we put

ox?

2 9%
By o

then B;* are = linearly independent vectors tangent to V”. The first fundamental
tensor ¢g;; of V™ is given by
gjizgx,‘Bijt”.

Since M™*! is oriented, there is a uniquely determined unit normal vector C* for
each point of 7™, and we have
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1) k-th mean curvature will be defined 1n §4.

2) Here and in the sequel Greek indices 2, g,v,--- run over the range 1,.--, %, n+1.
3) Here and henceforth Latin indices 4, j, &, --- run over the range 1,-.., 7.
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gjiB]lBiP= glﬂ_clcl‘.

Denoting by 7, the operation of van der Waerden-Bortolotti covariant differenti-
ation along the hypersurface V", we have the equations of Gauss and Weingarten;

7 iBi=hyuCh,
7 ,Ci=—hjBy

where %;; are components of the second fundamental tensor of V" and %%=/;g%.
We also have the equations of Gauss and Codazzi:

@2.1) Ko Bi* By* B Br” = Ky jin— (henht jo— binbing),
2.2 Ko Bi* By Bi'C* =V thji—V jha,

where Kyjin is the curvature tensor of the hypersurface V" Transvecting this
equation with ¢7¢ we get

@. 3) K, BiC =V chy? —V shi.

The principal curvatures aguy, -+, @my, Of the hypersurface V™ are the roots of the
determinant equation

|k ji—ag | =0.

§3. Algebraic preliminaries.

Let aqy, **+, @y be the n principal curvatures at the point P of V" and consider
the k-th elementary symmetric function of ¢, =+, @)

Sk= 2 Qap - Aag, so=1.
Yy < <ig

If we put
n
Pyy= Zl(ﬂu'))k
then we have the relations between Sy and Pg,, so-called Newton formula, that is
P (1)'—Sl=0:

P(23—31P(1)+252=0,
P(s) —81P(2)+52P(1)—383=0,

.......................................

Peny=S1Pn-1y4SePen-2y—+++ +(—=1)"""Sp_1 Pty +1(—1)"Sny =0.

Therefore we can express S; in the terms of Py, -+, Pa, as follows:
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S1=P(1),

1
Sz=—2—(_P(z>+P<1>2)’
1
Sy = g(2P<3)—3P(1>P<2>+P(1)3)’

1
(3. 1) S4= 'Z!'('—6P(4)+8P(3)P<1)—6P(1)2P(2)+3P(2)2+P(1)4),
(=1)trt+tnth

ty4+2g 4ty =k (t]_!)(tz!)‘ . -(t,,!)Z‘z- copln
t3=20

Sr=

.....................................................................

S— (—1)tr+rttnsn

et Tntg=n G () - ()20 mln
t420

P<1)t1...P(n)2n'

On the other hand we have the following identity

n—=k 1
Slsk—(k+ 1)Slc+1= - Z (a(il)—d(iz))zdua)“'d(ikﬂ)
n n 1<ig
13< - <Tf41

3.2
which will be used in §5.

§4. Formulas in M"*' admitting a conformal vector field.

In this section we assume that the Riemannian manifold M"*' admits a con-
formal vector field »% ie. v* is a vector field which satisfies

4.1 VitV 0.=209,.
where v,=g,,0* and p is (1/(n+1))V;v*. Putting
v‘=Bi‘vi—I—aC‘
and transvecting (4. 1) with B;*B;*, we obtain
4. 2) V j0i+V0,=2p9 ;4 2ah i
from which
Vsv*=np+aPqs.

If we apply Green’s formula to this formula, we have

4. 3) S(np-l—aPu))d V=0.
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For simplicity we fix the notations as follows.
H'(m)mmﬂzhmzhizza. . .himlm+1’ ]{(o)ij Zhi],
v(m)zmH:hilnhizta. . .himlmﬂvn, Voyt="1",
Kojro=Ki o Bi* By By'C”,
4. 4)
Kojo=K;.C*Bi*B,"C*,
Kiv=K,,B"C,
Ky=K,C"C.

Let us consider all of the following formulas for any integer & (0=k=wn)

Sst(k)xd V=0,
SVSP(I)U(k—l)Sd V=0,

SV,,P(D“---P(")‘"z;(k__2)st=() i+ +nt,=2),
(4. 5) e ,

SVSP“)tl < Py 20 -y’ d V=0 i+ +-nt,=m),

SVst“"'Pcn)lwvwde:o (it oo nta=F).

Forming the following expression of the integrands in (4. 5),

Ap= 2 kbac)(l‘n sy BV Py Peny 0 sy

14224 +m=
osmsk

where

(—1)tr++tntk

T @D ()2 i

b(k)(tlr Yy tn)

we find that A; (0=<k=n) does not contain the terms of the derivative of P(;}’; that
is the terms of the form (VsPuytt:++Pemy)'®)vm," are cancelled each other for all j, ¢
and m. In order to check up this fact we note the following equalities.
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VsP(l)tl' . .P(l)tt. . .P(n)tn

M=

t— -1
; l‘zP(l)“"'P(L—l) i IP(Z)‘L (VSP(D)P(Z+1)5I+1...P(n)ln’

Il

1

st(m)s= (Vshilz2 . 'hims)v“ + (hilw‘ ' 'hims)VsU“

B

I

H(l—l)zlu(Vslezl H)H(m—l)zl | 131)“ +H(m)zls(‘058“ ‘I‘ﬂ'hs”)
1

2

il

I

m
P H1ya" (Vo hastt 41— Ky s 20) Hem iy, 02 4 0Pimy + @ Pims 1
=1

1
;‘ m—I+1

Vo Pon-1:15)va-n"
“‘? V-1 Ky 0 Ham -1y, * -+ 0Py +aPan 1y,

Vo' = shi Yo +hi* (7 s0°)
= ihs' — Kio)v*+hi* (005 +ahes?)
:(ViP(l))vz_Kiovz"l—PP(l)+aP(2).

These equations are derived from (2. 1), (2. 2), (4. 2) and (4. 4).

Moreover the coefficients b,(¢:-+-£,) introduced above are nothing but the numbers
in the formula (3.1). Therefore we get

Ar=Sk(mo+aPuy)—Se-1(0Pay+aPey)+ -+ (=1 (0P -1y +aPay)
+Sk-1Kio0s — Sk—2(KiijoH 0,0+ Kiov 1)
+ Sk—s(KiijoH 1y 70+ Kis joH 0y 70 1yt Kol (20%)
— e +(“1)k+1(K—lij0H(k—1)jivl+Klij0H(lc‘2)jiv(1)L+ cee
(4. 6) +KiijoH 1570 io—0y'+ Kol i -1%)
= (n—E)pSeta(k+1)Sps1+ S Kinv®

k -2
+lzz(—-1)”lsk-z<z H(l—m—l)jiv(m)hKhle'I‘v(l—l)lK’io)-
= m=0
By virtue of Green’s integral formula, we have

[ =St atet DSeon 51K
4.7

& 1—2
+ lZ (—1)l+lsk—z< Z H(l—m—l)jiv(m)hKMjo‘l' v(l_l)”Kio> }d V=0.
=2 m=0
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If we assume that S; is constant for any fixed &, then from (4. 3), (4. 6), (4. 7) and
(3. 2), we obtain

o
S{—“ 2 (@cipy—@cigy) cigy  Aig,—Sk-1Ki0®

N y<io
183 <ig_1

4.8)
K -2
+ IZ (_1)lSk—l< ZOH(l—m-l)”v(m)hKhzjo + Kiol)(z_l)’> }d '=0.
=2 m=

The k-th mean curvature M; of the hypersurface is defined by

(1

where (%) denotes the binomial coefficient. Then we have

kl(n—k—1)!
MiMy— My, 1= — 142 (@ap—ein)Acigy iy, -
. 1<12
13< - <ip+1

For a space of constant curvature, (4. 7) becomes
\oMi+adteav=o.

and from (4. 8) we get

THEOREM 1. Let M™ be an ovientable Riemannian manifold of constant
curvature which admits a conformal vector field v and V" be a closed orientable
hypersurface in M™*. Suppose that therve exists an integer k such that

1) M, is constant,

2) M Mp—M;.1=0
and that the inner product of novmal vector C* and v* has definite sign.

Then V" is totally wmbilic.

The result for a space of constant curvature are given in [2] and [3].

§5. Concircular scalar field.

In this last section we get some results on the hypersurface in a Riemannian
manifold M™** which admits a special conformal vector field. That is, we investi-
gate the case in which M™** admits a non constant scalar field » such that

6.1 VW w=f(©)g,

where f(v) is a differentiable function of ». We call such scalar field » a concircular
field. If we put

v,=Vw, 9", =0
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we see that »* is a conformal vector.
Putting

v*=B*v*+aC?
and transvecting (5. 1) with B,”B;*, we have
Vvi=1)gt+ahs
from which we get
Vsv'=nf@®)+aPq,.
By virtue of Ricci identity we get

Kl,uvwvw = _f,(v)(vlgpv*vpglv)y

from which
K. v"=—nf"(v)v,
and
K 0'C'=—naf’'(v).
Thus we get
Khjo0" = K00 By B B,"C*
=—K,ou(v*—aCBB,’C*
=a{f"(v)g1;— Koujo}
and

Kivr=—anf' @)+ Ko).

Then the formula (4. 8) can be written as

1
S{a[; Z (@, —aw) @y oy, +Sk-1{(m—Ek+1) £/ (v)+ Koo}

13<1'!'<<1732k+1

k
5.2) — ZZ: (—1)lSk—zH<z-1)”Kozjo]

=2

3 ) % 12 .

— zZ (=1 Sk -1y Kio— ZZ (—1) Sk 21 v(m)hH(L_l_m)j’ijo}de 0.
=2 =3 m=

From the integral formula (5. 2) we have

THEOREM 2. Let M be an orientable Riemannian manifold which admits a
non constant scalar field v such that
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Vyylv::f(v)g,ul

where f(v) is differentiable function of v and V" be a closed orientable hypersurface
in M. Suppose that theve exists an integer k such that

1) M, is constant,

2)  MiMy—My.1=0,

k
3) Se-1{(n—k+1) f/(0)+ Koo} — lZ (=1)¥Sg-1H -1, K50 =0,
=2

3 % 1—2
122(—1)“‘51640(;_1)"&0 +lZ (=115 Z z/’(m)hf](l—1—m)ji]{mjoZO
= =3 m=1

and that the inner product of normal vector C* and v* has positive sign on V"
Then V™ is totally umbilic.

If M™+* admits a special concircular scalar field, then we have

THEOREM 3. Let M™* be an orientable Riemannian manifold which admits a
non constant scalar field v such that

V.V w=cvogu, c=const.,

and V" be a closed orientable hypersurface in M. Suppose that there exists an

integer k such that
1) My is constant,
2) MiMp—My1=0,

k
3) Sk{(n— k+ 1)(,‘+K00} — lZ: (—— 1)ZSk_ZH(l_1)zjK01j0 20,
=2

3 13 1—2
LZ (=1 1Sk_wq-1," Ko + zZ (—1)1Sk— Zl Vemy " Hm1-my" Knijo=0
=2 =3 m=

and that the inner product of mormal vector C* and v* has positive sign on V™.
Then V™ is totally umbilic. If v is not constant on V7", then V" is isometric

to a sphere.
Yano [8] proved that this theorem is true for 2=1. In our case, the first

half can be deduced from theorem 1, and then the condition that Sy is constant for
any k, is equivalent to the condition that S, is constant. Therefore theorem 2 is

valid for any k4.
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