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ON |C,1|* SUMMABILITY FACTORS OF FOURIER SERIES

BY NIRANJAN SINGH

1. 1. Let Σ an be a given infinite series with its n-th partial sum sn, and let
tn=tn=nan. By {σ%} and {^} we denote the n-ih Cesaro means of order a (α>— 1)
of the sequences {sn} and {tn} respectively. The series Σ βn is said to be absolutely
summable (C, a) with index k, or simply summable \C,a\k (&^1), if

(1.1.1) Σ**~Ί*s

Summability |C, α|ι is the same as summability |C, α|. Since

ft = »(σS~^-ι),

condition (1. 1. 1) can also be written as

\t*\k
(1.1.2) 2J

A sequence {xw} is said to be convex if Λ2ΛWΞ>0, τz=l, 2, •••, where Δλn=λn— λn+1

and Δ*λn=Δ(Δλn).

1. 2. Let /GO be a periodic function with period 2π and integrable in the sense
of Lebesgue over (— π, π). Let the fourier series of /(/) be given by

/(*) ~ ̂ - + Σ (^n cos nt + bn sin nf) = Σ Aι</),
^ 7Z = 1 71 = 0

where we can assume, without loss of generality, that #o=0.
We shall use throughout this paper the following notations and identities :

= if(x+f)+f(x-f)-2f(x)},

Sn(*0= Σ AW= —
v=0 ^ JO

= — φ(t)Dn(t}dt,
o

and
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n v=ι

1. 3. Pati [3] has recently proved the following theorem.

THEOREM. // {λn} be a convex sequence such that Σ Λ»M<oo, then a necessary
and sufficient condition that Σ^nAn(x) be summable |C, 1|, when

(I. 3. 1) ^\φ(u)\du=o(t\
Jo

is that

(1.3.2) Σ — l*»(*)-/(*)l<°°n

The object of this paper is to find a necessary and sufficient condition in order
that the series Σ*nAn(t) be summable |C, 1|&, k^l, at the point t=x, under a
suitable condition.

1. 4. In what follows, we shall prove the following theorem.

THEOREM. // {Λn} be a convex sequence such that Σ ΛιM<°°, then a necessary
and sufficient condition for Σ λnAn(x) to be summable |C, 1 ,̂ k^l, when

(1.4.1) [t\φ(u)\kdu=o(t)9 as
Jo

is that

For &— 1, it may be observed that the theorem of Pati, mentioned above, is a
particular case of our theorem.

1. 5. For the proof of our theorem we require the following Lemmas.

LEMMA 1 [3]. // Σn,t = Σ?-ι y cos vt, we have the following order estimates ofΣn.t'

(1. 5. 1) O(n2\

(1. 5. 2) OdHO^Γ1),

(1. 5. 3) 0(l)+0(Γz)+nDn(t).

LEMMA 2 [3]. // Kn(f) is defined as before, then we have the following esti-
mates for it.

(1. 5. 4) θ(n-^Σv*Δλ\+0(nλn\
\ v=l /

(1. 5. 5)

LEMMA 3 [2]. // {λn} is a convex sequence such that Σ^/w<oo, then
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(1. 5. 6) Σ log (n-fl)J4=:O(l), w-»oo
n=l

and

(1. 5. 7) λm log w=0(l), m— >oo.

LEMMA 4. // (1. 4. 1) Ao/ds,

(1.5.8)

(1.5.9) JΓ
I Jl/n

(1. 5. 10)

Proof. We have

l/n

Thus (1, 5. 8) holds. (1. 5. 9) is evident. Applying Holder's inequality we get

l/n f / \ l / n ί /\J l/7 i

T
Jι/n ι/n

=0[(log n)*-r log n] =O[(log n)*].

Thus (1. 5. 10) holds. Similarly (1. 5. 11) can be proved.

1. 6. Proof of the theorem. Let Tn denote the w-th Cesaro mean of order 1
of the sequence (nλnAn(x)}. Then summability |C, 1|* of ΣλnAn(x) by (1.1.2) is
the same as the convergence of Σ \Tn(x)\kln.

Sufficiency. In this part of the proof we assume that

and proceed to s,bow that Σ \Tn(x)\k/n<oo. Now
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V - = Σ

Σ±τί=2 n

Γ
vλv—\ φ(t)CQ$vtdt

00 1 I Cπ 1 n

=AΣ-\\ φ(t)-τi^Σ>n=2 n I Jo (Λ+l) v=ι

gAΣ-K'Vω^ϋΛΓ
W=2 W I JO I

= A f; — K1 nφ(t)Kn(f)dt + (* φ(f)Kn(t)dt k

71=2 n \ Jo Jl/w

=iΛ Σ -̂1 Γ"i^ωi ι«,ωiΛ+1Γ φ^KnWtlY
71 = 2 ^ I JO I Jl/7l |J

00 1 f f»l/7l
<A v —I \
~~ 71 = 1 ^ I JO

say.

Now

i/w

00 1 ίΓ 1

^^Σ- \
τι=2 ^ I Jo

Jo

i f r 1 /"

=/1+/2, say.

By virtue of (1. 5. 8) we have

o

h^

i n-1

-=-Σ
n v=ι
1 n-l

k c» I

+ ̂  Σ i-
w=2 ^ I I Jl/w

l/7i } k

\ψ(t)\nλndt\
o J

oo 1 ίpi/n }k
1 Σ — \ l^)l»*.*

w = 2 ̂  I Jo

Again by virtue of (1.5.8) we get

1 ί 1 n~l Cl/n ] *
— — ΣΛttvΛ |^(/)| Λ

2 ^ I n y=ι Jo I

1) A is a positive finite constant but is not necessarily the same at each occurrence.



SUMMABILITY FACTORS OF FOURIER SERIES

fc

293

n=2 n \v

Therefore IΊ=O(1).
Now we have to show that Σ2=O(l). Making use of (1. 5. 5) we have

^\\\ Ψ(t)Kn(t)dt

φ(f)Dn(t)dt

n=2 ^ Jl/n

Γ oo 1 Γ f a λ }

θ\ΣJ-\\ IrtOIΛ fLw=2 ^ I Ji/w n j

=Ml+M2+M8+Af4+Af5, say.

Hence we have to show that M"r=O(l), f =1, 2, 3, 4, 5.
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ι/w

J§_
τi=2 n

%_
"2 n

\Dn(t)\dt

\Dn(f)\dt

oo 2Λ. w fc f ί l/w

Σ^^ \n=2 ^ [ Jo

~2 n
k

71 = 2 W

by virtue of the hypothesis, (1. 5. 8) and the fact that Dn(t)=O(n). Again

M2=θΓf;—K |?>(f)|* M*l
Ln=2 n i J i / n n \ J

Next

[ oo 1 f r » f Ί fen

Σ-^ \ WβlΛ -J-
n=2 ^ I J i/n n J J

[ oo fc f f f f ] ATI

Σ-M-£r I W«l*7i=2 n [Jl/n J J

Also by (1. 5. 11)

[ oo :fc . wfc -1 p oo 2Λ -1

Σ^]=O[Σ ^]=o(D.TO=2 /* J L7l=2 'fr J
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Lastly, we have by virtue of (1. 5. 10) and (1. 5. 6)

[ oo 1 /n-l

Σ2^r(Σ^n=2 n \v=l

;̂ . ;
ι n=v+ι n J

Hence 2̂=O(1).
Thus the sufficiency of the theorem is proved.
Necessity. To prove the necessity of the theorem we assuptie that

is summable |C, 1|*, and we have to show that

Now we observed that summability |C, l| fc of the above series is the same as
the convergence of the series L \Tn\

k/n, that is

We first show that

Now by Lemma 2

k

<00.
V »|Jo'

λk

-f- ψ(f)Dn(t)dt <oo.
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) &

\φ(t)\dt
ι/7l

ΣlΓlΓ φ(t)Kn(t)dt\
n=2 n\_\Jl/n |J

«> 1 ί p*

+ Σ-ΪTΓ
n=2 n [ Ji/n

say.

Clearly L2=O(1) and L3=O(1). Also by (1. 5. 11)

[ °° λk Ί
Σ •£• =0(i).
w=2 ^ J

Since L5 is the same as Mδ of the sufficiency part, we have L5=O(1).
We have now only to show that Lι=O(l). Now by Lemma 2 and (1. 5. 8),

Σ -l\(°<p(t)Kn(f)dt
w=2 n L I J o
c o l oo 1 f p l / n

Σi-ι^i fc+^Σ- \
W=2 ^ W=2 ^ I JO

oβ 1 ί p l / n ι

Σ- \ ipωι* -
τι=2 w i Jo n

oo 1 I p l / W I * / 1 W-l

Σ - \ 1̂ )1 Λ (- Στι=2 w I Jo J \n v=ι

w_ι

Σ
v=ι

71=2 ^ o
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Therefore we have

(1. 6.1) -f- \ ψ(t}Dn(t)dt
1/n

<oo.

In order to complete the proof of the necessity part of the theorem we have
to show that

%

Now by (1. 6.1)

oo 2fc I f π

^Σ— \ ψ(t)Dn(t)dt
n= 2 n I Jo

^4 Σ -?- 1 Γ
ri=2 ^ I J l / n

oo U f fl/n

Σ-r \
W=2 ^ [Jo

^fc f p l / r c

— \
^ [Jo

ά=2 n

This completes the proof of the theorem.

The author would like to express his warmest thanks to Dr. S. M. Mazhar for
his kind help and valuable suggestions during the preparation of this paper.
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