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ON |C, 1|, SUMMABILITY FACTORS OF FOURIER SERIES
By NIRANJAN SINGH

1.1. Let XY a, be a given infinite series with its »-th partial sum s, and let
th=th=nan. By {o3} and {¢;} we denote the #-th Cesaro means of order a (a>—1)
of the sequences {s,} and {#.} respectively. The series Y, a, is said to be absolutely
summable (C, «) with index k&, or simply summable |C, a|; (B=1), if

1.1. 1) Dt on—op_q]|*< o0,
Summability |C, a], is the same as summability |C,a|. Since
t;‘,=n(0;‘,"“0‘;_1),
condition (1.1.1) can also be written as

|Za]*
1.1.2) X1 <eo,

A sequence {4,} is said to be convex if 422,=0, n=1,2, ---, where 42,=2p—An41
and 4%4,=4(42,).

1.2. Let f(¢) be a periodic function with period 2z and integrable in the sense
of Lebesgue over (—=, ). Let the fourier series of f(#) be given by

FO~ “2_" + i (@n cos nt + by, sin nt) = i An?),
n=1 n=0

where we can assume, without loss of generality, that @,=0.
We shall use throughout this paper the following notations and identities :

o=~ f @+ @D —27 @),

Da()= % +-C0S £+cos 2¢+ -+ +cos nt= Si;l_s(;:l%’
Sn(fl?): éAK:E): % S:{f(x+t)+f($"‘t)}Dn(t)dt,
1= 9 x
Sa(x)—f (x)= Tz So{f(fb"*"i) + flx—8)—2f(x)} Dp(t)dt = —{Soﬁa(t)Dn(t)dt,

and
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1 n
K.()= u D1 vA, Cos VL.
y=1

1. 3. Pati [3] has recently proved the following theorem.

THEOREM. If {2,} be a convex sequence such that Y, 2,/n<oco, them a mnecessary
and sufficient condition that Y, A,A.(x) be summable |C,1|, when

L.3.1) S:|¢<u>|du=o<t>,
is that
I
1.3.2) 222 fsul@) = (@) <eo.

The object of this paper is to find a necessary and sufficient condition in order
that the series } 2,A.(#) be summable |C,1|x, =1, at the point #=x, under a
suitable condition.

1. 4. In what follows, we shall prove the following theorem.

THEOREM. If {A.} be a convex sequence such that ), A,/n<co, then a necessary
and sufficient condition for Y, A,An(x) to be summable |C, 1|y, k=1, when

(L4.1) Stlgo(u)l"du=o(t), as £,
0
is that
Ak
2 o [sn(x)—f (2)|¥ < oo.

For k=1, it may be observed that the theorem of Pati, mentioned above, is a
particular case of our theorem.

1. 5. For the proof of our theorem we require the following Lemmas.

LEMMA 1[3]. If XDn..=D%1vcosvt, we have the following order estimates of Yin.r:
1.5.1) o#?),
(1.5.2) O)+O0mt™),
(1.5.3) O)+O(t2)+nDy(2).

LEMMA 2[3]. If K.@) is defined as before, then we have the following esti-

mates for it.

(L. 5. 4) 0<n—1"£ ;2sz> +Ony),
v=1

n—1
(1.5.5) O™ +O0(n'2,)+O0(n 12,72+ (z“ln‘1 > vda, >+X,,D,,(t).
v=1

LEmMA 3[2]. If {2,} is a convex sequence such that Y, An/n<oo, then
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(1. 5. 6) 3 log (n+1)d2a=0(1),  m—oo
n=1

and

1.5.7) Am log m=0(1), M—00,

Lemma 4. If (1.4.1) holds, then

1/n k
(1.5.8) [So lo®)] dt =0@"),
E k
(1.5.9) [S/ ()]t} =oq),
(1. 5. 10) {SV —"ﬂ(;ll—dt *—01{(og )},
(1. 5. 11) [ S:,; '*"t(f)' at) =om.

Proof. We have
(S:/n le@)] dt)kg S:/" |¢(f)|kdt<8:/"dt)k“‘
=O<%) Ak =0(n"F).

Thus (1.5.8) holds. (1.5.9) is evident. Applying Hoélder’s inequality we get

(1, =, )5, )
o[22+, %]

=0[(log n)"'lle(D +0 (Sm$> ”

=0](log n)**-log n]=0[(log 7)*].

lIA

Thus (1. 5. 10) holds. Similarly (1. 5.11) can be proved.
1.6. Proof of the theorem. Let T, denote the zn-th Cesaro mean of order 1
of the sequence {#n4,A.(x)}. Then summability |C, 1|z of X 2,A(x) by (1.1.2) is

the same as the convergence of Y |Tu(x)|*/n.
Sufficiency. In this part of the proof we assume that

B
2, sa@—f @) <o,

and proceed to show that ] | Tw(@)|¥/n<oco. Now
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Tt & 1] 1
2 _EJ' (n+1)§1”‘"A"(””)|
:rgz—:t—l(n-l;-l) Z::,‘lvl “S o(t) cos vtdt
©o 1 3
=An2=2; S o(®) @ +1)vz_j,1u2 cos vtdt
® 1
=A% - S go(t)Kn(t)dtl
= 1
=A% So So(t)Kn(l‘)dl‘+Sl pOK O]
> 1 k
=ag (" Sl/"go(t)Kn(t)dtH
=a% (" onxoal +aZ || soroal|
- n=17 [ Jo 4 " n=2 N 1/n¢ "
=3,+23,, say.?
Now

=

5=AT —’%[Sunlgo(tﬂ { 15 it 'dt]k

A %{Sl |¢(t)|— z VA3, dt + So ]go(t)ln/lndt]k

saZ AV w01 Evanal + 4 S S {emn]

=I,+1, say.
By virtue of (1. 5. 8) we have

oo 1/n k
rza gl (o) a

oo
=AY nk Ak nE

n=2

%

£l

lIA

et

§_ -S:/"Isoa)ldt}k

("z';: MA,)”(S:/" o) dt)k

1) A is a positive finite constant but is not necessarily the same at each occurrence.

Again by virtue of (1.5.8)

we g
13
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=ay L z VA2 )
- n2k+l

o k
=AE T (sz(éu YR, )l/k)

oo n— /K
=A% (z Vi 42 )(z Ax,)

n=2 N v=1

o n—1
éA § W ; Uzkdl,,

=A Z vk 42, Z 2k+1

Therefore X,=0(1).
Now we have to show that Y,=0(1). Making use of (1.5.5) we have

[, 90K, 0| I

a2

éAé% 2

Sl,f(”’)"“)d”
In

+f, leorjoer+o()+(5)
+O(t“n“:§v41,> ]]k
Sl go(t)Dn(t)dt| r

[ toor|]

1
2 N
+o[§2% [, ool 27}]
H
1

S |<P(t)l _/}z_}"]

+o[ {1 o 25|

t n y=1

=M+ M.+ M;s+M,+M;, say.
Hence we have to show that M,=0(Q), r=1,2,3,4,5.
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1/n k
|$4(@)—F () +S () |1 Datd)] dt}

I
hS
MB

1/n k
so)=r@i+4 52 ool 1D2001at]
{S |so(t)ldt}

oo k
=O(1)_|_.A Z _2_"_ nkopk

3
H

oo zk

—0Mm+A 3, - =0q),

by virtue of the hypothesis, (1. 5. 8) and the fact that D,(&)=0(). Again

Next

M2=O

Mg
X~

1
»

(" twwrae ||
= ewnaf ]

] o).

L7

DMs

i

3
[
X
R

=0

—

I
)

) L
1M 8

3

[

[

N
S|
i
-

M=0| 5, %{S:nlso(t)l dt- %}k]

o & || onae ]

| n=2 1/n

[~ o 2;::'
0| &+ ]=0(1).

Also by (1.5.11)

M=0| &

{Slm lso(t)l L An ]"]

:0*‘2 2 { |s0(t)l }

nk+l

=2 n=2

o[ & & |- [i 2 ]-om.
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Lastly, we have by virtue of (1. 5.10) and (1. 5. 6)
M=0| 5 l{g 1O . 25 vta } ]

1/n v--l

[ be(Gen) [ 50

=0_§: —n%l—(”z_: vAZ,) (log n)"]
| =2 v=1

o[, Cog (5]

o[ £ 0 (5 s2) (o) ]

| n=2 v=1
_ © (log n)k <n—l A2 ) (n—l log (”+1).p42v )k-—l]
=0 _nZ=:2 w\X é log (v+1)

_o| 3 Qogmt | :'g;m (z 1og(v+1)Ax) 1]

| &, prt (log n)**

n—1
-0 Z logn Z Az]

| n=2
n—v+l ]

_ il log (v+1)
=0 5van =555, ]

Hence .=0(Q).

Thus the sufficiency of the theorem is proved.

Necessity. To prove the necessity of the theorem we assume that X 4,Ax(x)
is summable |C, 1]z, and we have to show that

=[Z

I

o[f; log (v + 1)4@]:0(1).

v=1

Ak
T St sal@)—f @)] <o,

Now we observed that summability |C,1|c of the above series is the same as
the convergence of the series ) |T,|%/n, that is

1 3 %
= so(t)&.(t)dt\ <oo.
n n 0

We first show that

S:m go(t)Dn(t)dt”k<00

Now by Lemma 2
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E |l om0 00
=4+ S:/nso(t)Kn(f)dtl-!-% [ tewiar
éi%[g w0 [

+ X Wn‘ Np@ldt

1/

1/n
k eo ]lc

o le®l )"
k+1 { 1n tz dtl

= 1 [ " |90(f)| }
+ I e Z”‘”"Slm ;o

v=1

]
S0 ol
|+

+2 W |<P(t)[dt
n= 17

=L,+Ly+Ls+ L+ Ls, say.
Clearly L,=0(1) and L;=0(). Also by (1. 5. 11)

L4=0[Z _n"T . n’f]

n=2

> Ak

=0 £, 7+ ]-ow.

Since Ls is the same as M; of the sufficiency part, we have L;=0(1).

We have now only to show that L,=0O(1). Now by Lemma 2 and (1. 5. 8),
=1

L1= Z —[

n=2 n

S:msoa)Kn(t)dtl]k

lIA

A% |V eomoa+ | oonm.ola]

<A f; %IT,,[H-A 22—;— [ S:" I.ga(t)HKn(t)]dt}k

=2
oo 1 in 1 n—1 i/n k
SAF+AS —[S |¢(:)|dt-—z;ym,,+8 |go(t)|dt-n2n}
n=2 N 0 n =1 0
oo 1 1/n k 1 n-1 k
SA+AY =~ {S lo(®)| dt] (— 5 ywu)
n=2 0 n v=1

n
[S lso(t)ldt}k-nw,
1

) oo k
=A+A% — (sz ) A };Zin"—
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n—1 n—1 k/k'
SA+AT, ( z;uzw,)( Z.'M)
v=1

<A+AZ poeres Z V#5432,

<A+A2u2’°42 z iﬂ
<A+A2ukzu 1
D
<A+AY A,=A
y=1

Therefore we have

&
(1.6.1) ;7[

Sl go(t)Dn(t)dtl }k <oo

In order to complete the proof of the necessity part of the theorem we have
to show that

%3 .
PN "y [su(@)— f (@) <co.

Now by (1.6.1)

o Ak
5 & s s @l

o0 2116‘ n i
=A Z=:27| Sogo(t)Dn(t)dtl

SAZ S

[ wopoa| +a% 2 eoDuola|

sa+a$ 2 poipaoia]

ArAs S {S:/nlso(t)lndt}k

n=3 N

oo nk n k
—ALAD . —n—{S lso(t)ldt}
n=32 0

> A & A
§A+AZ_:27-n’°-n"“§A+AZ—

n=2

IA

A.
This completes the proof of the theorem.

The author would like to express his warmest thanks to Dr. S. M. Mazhar for
his kind help and valuable suggestions during the preparation of this paper.
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