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CYLINDERS IN EUCLIDEAN SPACE E?tN

By KATSUHIRO SHIOHAMA

Introduction. Massey [1] proved that a complete surface of Gaussian curvature
zero in Euclidean space £® of dimension 3 is a cylinder. This theorem was extended
to a surface of the principal and the secondary curvatures 4=p=0 in Euclidean space
E* of dimension 4. In this paper we shall prove the following theorem:

THEOREM A. A comnected, oviented and complete surface M? of class C* in Euclid-
ean space E**N (N=1) of dimension 2+N with the curvatures Ay=2y=-=Aiy=0
is a cylinder.

As usual, a cylinder means a surface which is ‘generated by a moving straight
line with a fixed direction_through a curve in E2*¥, The author expresses his deep
gratitude to Professor T. Otsuki who gave him a lot of useful suggestions.

1. In the following we consider a connected, oriented and complete surface M?
of class % in Euclidean space E?*¥, We shall make use of Frenet-frames in the
sense of Otsuki. In our case we cannot define the uniquely determined Frenet-frame,
but we can take suitably such a frame (p, ey, ez, €s, -, €2,x) from the first. Then
we have the following:

1.1) dp=e,w;+e,w,, deA=§wABeB, wpt+wpa=0,
A,B=1,2,---,2+N.

dwizww/\wf_l_zr:w"/\wr’ dow= ;w”/\wm
dwiy=wi\w;+ g“’is/\“’”’
(1.2) dwrs=T0r Nt 20\,
i,7=1,2, 7,51t=3, -, 2+N.
Oir= ;Aﬂfw.h Ary=Arsi,

where w;, w; and o, are the basic forms and the connection form of M? with respect
to the induced metric. And we have

(1. 3) a)l'r/\wm-:)r—zwl/\wb
1. 4) W17 N\ Wos+ @15 A\ w2y =0,
1. 5) G(P)=;2r_z.
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By the hypothesis of 4;=2,=-.-=4y=0, we could define two sets:
(1. 6) My={pe M2 rank(A,;$))=0, for all r},
1.7 M,={peM? there exists » such that rank(A,,,(p))=1}.

It is clear that M, is closed and M, is open in M?2

Now suppose that M3 ¢ and take a point pe M, then there exists # such that
rank (A, (p))=1. The asymptotic direction with respect to e, at p is defined by the
direction of the tangent vector v=J,, v%¢;, which satisfies ¥, Arn0'0?=0. Let e; be
the unit tangent vector field defined in a neighborhood U, of p in M; which has the
asymptotic direction with respect to e, and let e, be the unit tangent vector field
orthogonal to e; where the orientation of (e, e;) is coherent with the one of M2
Then it follows that

00
(1. 8) Aru: < 0 fr) or, 01,=0, W2 =[5,

where f, is a continuous everywhere non-zero function defined in U,. By virtue of
(1. 4), (1.8) and A;=2=---=2y=0 we get the following:

00
Ofs

where f; is a continuous function defined in U, For any unit normal vector
e=;a%e at p, the second fundamental form with respect to e is given by

(1. 10) dzp 6= ; atfthwz.

1.9 Agiy= ( ) or, @15=0, Wy5=f5we, (sx7)

The above relation shows that the asymptotic direction at p is independent of the
choice of the unit normal vector at p.
The proof of theorem A will complete if we prove the following theorem.

TueoreM B. FEach connected component of M is a proper cylinder.

A point of a cylinder is called proper if there does not exist any neighborhood
of the point which is contained in a plane. A cylinder is called proper if all the
points of it are proper. In fact we can easily show that if Moﬂcgzi, then each con-
nected component of M, is a piece of plane, where M, is the largest open set con-
tained in M,. Since M? is complete and flat by (1. 5), the universal covering space
is E% And because the covering map = is a local isometry, we get the following:

o /O\
(1.11) 7 (Mp)=r"YMo),
1.12) 7~ (M )= =" (M)Y

Where M! is the set of all boundary points of M; in M2 By virtue of theorem B,
M, consists of plane stripes in E%**¥ and we can prove that through each point of
M, there passes a unique straight line contained entirely in M. These facts show
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that through each point of M?, there passes a unique straight line contained
entirely in M?, and we can prove that these straight lines are all mutually parallel,
to others which implies theorem A.

2. Let us prove theorem B. From (1.8) and (1.9) we get the following;
2.1 W1o =g Wy,
where ¢ is a continuous function in U, Here we consider U, as an open ball.
By (2.1), we get at once
2.2) w,=du,
where # is a continuous function in U,. It is clear that the asymptotic line through
p is a straight line segment. In fact it is given by w.=0, then we get along it,

dp=e,du, de;=de,=0 by (1.8), (1.9) and (2.1). By (1.8), (1.9), (2.1) and the
structure equations of M3 we get along it

dg 2 __
2.3) W_HI =0,

14

@4 5 LS Drie=0,

we may consider that #=0 corresponds to p. Solving these differential equations,
we get the following:

i)
2.5) g(u)= TOutl’
2. 6) 0 —_)

[9O)e+112°

where Z(u)=3sf2. It is obvious that /(x) is independent of the choice of Frenet-
frames in U, and so we may consider it on ;. On the other hand, let us con-
sider the following function:

2.7 h=(trace(An))%

making use of any field of frames of M2cE*, & is a continuous function defined
on M?, and by the definitions of M; and M,, we get the following:

(2. 8) R|M,=h,

(2.9) h|M,=0.

Making use of & and the expression of %, we can prove that the asymptotic line
through p is a full straight line. In fact, otherwise it is written as x=xz(n),
0=u<wu,. By completeness, it follows that limu.;..z(#)eM? By virtue of (2.6)

and (2. 8) we get limy14,A(#)%0, which implies that limesuex(z)€ M.
Since g¢(#) is continuous, we must have ¢(0)=0, i.e.,, ¢=0. And since de;=0,
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dey= 31 fses0,%0, each connected component of M; is a proper cylinder. Then the
proof of theorem B is completed.
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