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The determination of the structure of finite rings is reduced to that of ^-rings,υ

for every finite ring is a direct sum of pi-rings where pi are different primes.
Let R be a finite ^-ring whose additive group (R, +) is of type (peι,pe*, - ,peι\

eι = e2^- H^eι. Then R can be identified with a subring of the endomorphism ring
B of (R, +). (If R does not contain an identity element, we replace (R, +) by
(7?*, +), where R* is the ring obtained by adjoining an identity 1 to R', here we
may set peιl=0.) The ring B can be considered as the ring of all ίxl matrices

^ί,/^/) of the form

(7ιι

#22

where Qi3 are rational integers modulo pβk, k=max{i,j}. (Shoda [2], Szele [3]).
Now, let λ be a positive integer ^n=βι and let β* be the number of λ's which

appear among the set (d i=l,2, ••-,/}. If &=() for some λ (i.e. if λ does not appear
in {βi}\ we insert λ to {d}. After this for every λ with &=0, we obtain a series
of integers in which each positive integer not greater than n(=βι) appears at least
once:

n, n, •••, n,n—l, •••, n—l, •••,/, •••, i, •••,!, •••, 1.

Here, aλ=βλ or aλ=l according as /3^0 or β*=Q, respectively. We set m=al-
H \-an. Then the ring R can be imbedded in the endomorphism ring A of an
abelian group of type (pn, •• ,pn,pn~1, ~ ypn~l, ~,p, •••,/>)• We can identify A with
the ring of all matrices of the form

α—
- A2n

" Asn

Ar±nn
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1) A finite ring is called p-riτig if the number of elements is a power of p.
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where Aτj is an an-l+1χan-j+ι matrix having the components of rational integers
modulo ρn~k+1

y k=max {i, j}.
The finite ring A of this type is somewhat less general than the endomorphism

ring B, which we have mentioned above. But we can still imbed an arbitrary
finite p-rmg R as a subring of such an A.

The present paper may be divided into two parts. In the first part we shall
study the automorphisms of this type of finite rings. The second part is the
discussion of a particular case where αn_ ΐ + 1 = l (l^i^ri)', there we shall also be
concerned with the automorphisms of the radical of the ring. In any case, the
radical of the ring as above can be seen to be (in a sense) a generalization of a
total nilpotent algebra2) over GF(p), whose structure (the automorphisms and ideals
in particular) is thoroughly discussed by Dubisch-Perlis [1]. In the following some
of their methods will be extended to our matrix rings.

The author wishes to express her hearty thanks to Professor H. Tδyama and
Professor M. Okuzumi for their kind. advices. She is also indebted to Dr. S. Asano
for his encouragement and valuable suggestions.

1. Let A be a finite ring as in the introduction. Namely, A is the ring of
all mxm matrices of the form

(1) a=

A2n

where A%3 is an an-l+1xan-j+ι matrix having the components of rational integers
modulo pfi, k=mm {n—i+l, n—j+l}.

We write the matrix of A, which has (s, t) component 1 or pl~', and 0 else-
where, as es,t or pl-Jes,t (l^s,t^m); here, (s, t) is one of the subscripts associated
to a block A%3 (i^j) or pl~JAlJ (i>j), respectively, in the expression (1). (We shall
say that es,t [pl~Jβs,t] belongs to the block A%3 [pl~JAιj]).

A is generated by en (i=l, ,m), e3,J+ι (/=!, •••, m—1), ek+ι,k (k*?Σ{~ι<*n-ι+ι,
/=!, •••,«) and pe*+ιtk (k=Σ{=ι<*n-ι+ι,f=l, ••-,»).

The radical of A is the set of all matrices whose components of diagonal
blocks An (f=l, -~,ri) are divisible by p.

Let TV be the radical of A. N and Λ^, the powers of N, are characteristic
ideals of A. Also, there are some other kinds of characteristic ideals in A. We

2) A total nilpotent algebra of degree n over a field F is defined to be any isomorphic
copy of the algebra of nxn matrices over F with zeros on and above the diagonal.
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list them as follows:

(a)

It is clear that QCcί) is a characteristic ideal,

(b)

We have (bx)a=b(xa)=Q, (xb)a=x(ba)=0 for xeA, &eP(d0 and #€Q(cD. Thus
PCc° is an ideal. For every automorphism σ of A, #€Q( ί Z ) and &ePC(D, we have
bσaσ=(ba)σ=Q=ba. As QW) is characteristic, aσ varies over every element of QC(D, and
so bσ€P^d\ Thus PC(D is also characteristic. PCώ) is the set of all matrices of A
such that all the components are divisible by ρd. We write PC1)=P. Clearly

matrices of P(cD are of the following form:

d blocks

.. δ - o "
d+l blocks]

(c)

t/(ίD is the set of all elements of A whose components in the blocks AIJ,
i>d, are divisible by p.

d blocks-

P

P

P AΛ<ι

P P P

(The letter p means " divisible by p ".)

(d) R^ =

3) The arguments in this section is similar to that of Dubisch-Perlis [1].
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is the set of all elements of A whose components of the blocks AlJ,j<d,
are divisible by p.

d—l blocks

Add

p

In the same way as in (b), we can see that £7((D and
ideals.

are characteristic

LEMMA 1. When eStt belongs to the block AIJ (i^j) [pl~Jes,t to the block pl~JAlJ

(£>./)]> then for every automorphism σ of A we have

The residue class ring A/P of A with respect to the characteristic ideal P is
isomorphic to the matrix algebra over GF(p) of the following form

(*)

Aίn~]

0

where the block A%3 is an an-ι+ιXan-j+ι matrix with the components of rational
integers modulo p.

We consider, in general, a ring R of matrices of the form (*) over an arbitrary
field F. We write the matrix of R which has (s,t) component 1 and has 0 else-
where as es,t Also we write the set of matrices of R whose components are all
zero except for components of the block R%3 (AIJ, in (*)) as Rμ,^.

The radical N(R) of R is the set of all matrices whose components of Ru
(i=l,2, ~,ri) are all zero. We can find characteristic ideals of R in the same way
as before:
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(a')

ί/(ώ) is the set of all matrices whose components of the blocks Rτj, iyd,
are zero, and FCώ) is the set of all matrices whose components belonging to the blocks
Rijyj^dy are zero.

If the matrix es,t belongs to R^j], then for every automorphism σ of R,

THEOREM 1. Let R be the ring of all matrices of the form (*) over a field F.
If σ is an automorphism of R, then σ is inner. ̂

Proof, ( i) Let σ be an automorphism of R and let aLktk^ be a matrix of
7?[fc,λr|. Then we have, as mentioned above,

d[k , k f — Σ bμ , J3 — b

where b^j^R^j^ and rk€N(R). Hence R^^ is mapped in itself moάN(R) by σ.
By the well known theorem of algebra, we see that there exists an inner

automorphism Ia\ x-^a~lxa (xzR) of R which has the same effect as σ on RLkt^
mod N(R).

Now set τ=σlaτl. The automorphism τ fixes the elements of RLktkl (k=l, ~,ri)
moάN(R). This implies that τ satisfies xτ—χζN(R) for all xcR.

(ii) Let r be as above: xτ—χζN(R) for all x. Let es,t be a matrix unit in
Λμ.i+i] (l^ί^w— 1). Since eStg

Te9,t
Tet,t

T=eg,t
T we have es,ses,t

τet,t = es,t
τ(N(R)2). This

means e8,t
τ=C8,tes,t (N(R)2) with some cs,t^F. Next suppose that <?M,υ is another

matrix unit in ^^^.ij. Then eu,v=eu,8e3,tet,v, where eu,s^R^,^ and ^^^€^+1,1+1],
From ^w.-y7— eu,s

τes,t
τet,v

τ we have cu,v=cs,t. Thus for each J?[i,ΐ+i] there exists a
(non-zero) element cτ in F with xτ=dx(N(R)2) for all #€^^13. We now set
Z)=£Ί+Cι£l2+cι^2£l3 + ••• + ciCz •" Cn-ιEn, whers El is the unit element of the sub-
ring jRcM]. The inner automorphism /D by D clearly satisfies xr=cix=xIi>(N(R)2)
for all αfcjRct^+i], and hence xτ=xID(N(R)2) for all χeN(R). Set p=τID-l\ it is easy
to see that x'=x(N(R)) for all Λ?€^ and x^ = x(N(R)2) for all ^€JV(^).

(iii) We proceed to show that the automorphism p is inner. Thus put e 8 t t
p

=es,t+rs,t', we know that rs,tsN(R) always and that rs,t^N(R)2 if es,t€N(R). From
ek,kp=ek,kpek,k(> we have rk,k=ek,krk,k-{-rk,kek,k(N(R)2). Hence the components of the
matrix rk,k is zero mod N(R)2 except for its &-th row and &-th column. Also, from
0ί,/=0ί,ίp0ί,/0.7,/ we βet n,j=eijrjj+rz,ieί,j(N(RY), which implies that the com-
ponents of rίtj is zero mod (N(R)2) except for its f-th row and -th column; moreover,
the f-th row is congruent to the /-th row of r3,3 and the /-th column to the ί-th
column of n,ι (mod N(R)2). Finally, from ei^e}j

p=^ (i^j\ we have n

4) When an-k+\ are all 1, this theorem is reduced to the Theorem 8 of [1].
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=0(N(R)2). This shows that the (i,j) components rG,*)*,.;, (rjtj)i,j (of rl,l and rjtj

respectively) satisfy (n tι)ί,y+(/> ty)ί,y=0 if the position (f,y) is such that eitJ $N(R)2.
Now define a matrix Γ as follows: The f-th row of Tis that of ru (f=l,2, •••, w)

Then, if Tf is a matrix defined similarly by column (i.e., the y-th column of Tf is
that of rjtj (y=l, 2, •••, w)), we have Γ+ T rΞθ (N(R)2) by what we have seen. Clearly

T— —f-th row
of ru

T' =

"

r y-th column
of rjΊ

Consider the inner automorphism I1+τ by l + T. then eii/
1+Γ

Ξ(l-ΓKΛl+Γ) = (l+ΓO*iΛl^

+n.j (N(R)Z). Hence 0iy==e i f/i+r for all ̂ . We set μ=pl£τ Then a?"=a? (7V(#)2

for all #€7?.
(iv) Let es,teRίi,ι+ιι. From es,s

μes,tμet,tμ=es,t
μ and from (iii) (x u=x (N(R)2) if

^e7?) one verifies easily that es,ι
μ=es,t(N(R)z). Hence we have x^ = x (N(R)*) for all

xsN(R). By constructing a similar inner automorphism as in (iii) we see x u=xI1+τ*
(N(Rj) for all x^R, where T2 is <a matrix in M )̂. In the similar way we can
construct successively the inner automorphisms II+T^ Iι+τ2, ~, Iι+τn such that

xfΊϊ+TJϊ+T '^ϊ+Tn—xeWR)™. Since N(R)n=Q we must have p=lι+τnlι+τn_2 ••• /i+zv
this shows that p is inner and, at the same time, σ is an inner automorphism. This
completes the proof of Theorem 1.

Let σ be an automorphism of A. σ induces an automorphism σ of A/P. By
Theorem 1, σ is an inner automorphism of A/P: x^=xIa = ά-1xάf for xc

Let a be an element of the class άcA/P. The automorphism σl<r
satisfies xσla~l—xeP. By constructing matrices Mi successively, similarly as in the
proof of Theorem 1, we can prove that τ=σla~

1 is inner: σIa~1=lM1~ Ijfn_1

Thus we have the following

THEOREM 2. All automorphisms of A are inner.

2. Now, we consider the case where e i (i=l, •••, n) are different each other. In
this case, we can imbed the ring in the ring A whose elements are the matrices
of the form
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1 012 Qln

'21 922 Qzn

731 PQ'32 #33 ' • • Q'&n

363

a=

pn~lQnl Pn~2gn2 Onn_

where g^ are rational integers moάpn~k+1

f k=max{i,j}.
The radical of A is the totality of the matrices whose diagonal components are

divisible by p. We denote it as N. N is generated by the elements βk.ki-i and
pej+ι,j (k,j=l, 2, •••, n—1). We can find characteristic ideals of 7V corresponding to
those of A. These are the intersections of N and those of A.

The residue class ring N/P is a total nilpotent algebra over the prime field of
characteristic p.

The automorphisms of a total nilpotent algebra are determined explicitly by
Dubisch-Perlis [1]: The automorphism group of N/P, which we denote ®=(&(N/P),
has the suructure ®==®2ft==:9ft:£), where SD is the group of diagonal automorphisms,
and 9ft the group of monic automorphisms. Besides, 2ft has the structure 2ft=:ftx 3
where 91 is the group of nil automorphisms and 3 the group of inner automorphisms.

We wish to define the automorphisms of N corresponding to the monic, nil,
diagonal and inner automorphisms of N/P. First we observe that the inner auto-
morphisms are defined in the same way (footnote 6).

a) Automorphisms corresponding to Oft (monic automorphisms).
For every automorphism σ of N, ejc,k+ισ is written as follows:

*.*+i*= Σ

since e^^N^U^^R^. We can easily see that βk,k+1™*Q. When &,*+ια) = l,
the set of these automorphisms correspond to the monic automorphisms of N/P.

b) Automorphisms corresponding to 9ΐ (nil automorphisms).
We call the element u satisfying xmP (uxzP) for all x^Nan absolute right (left)

divisor of P, corresponding to the absolute divisor of zero in N/P. The absolute
right (left) divisors of P are linear combinations of elz, eLB, ~,eιn (eln,e2n, ~ ,en-ιtn) and

5) An automorphism, μ of an arbitrary ring S is called monic in case x —xcSr+1

whenever x lies in Sr.
6) An inner automorphism λ of S is defined by the formula

xλ=x+bx-\-xa-{-bxa

where a is an element of S such that there exists beS; a+b-{-ab=a-\-b-}-ba=().
7) A diagonal automorphis δ of a matrix algebra over F is an automorphism xδ=dxd~l

determined by a diagonal non-singular matrix d= Σ dleii, dicF.
8) An automorphism » of S is called nil if uv=u for every absolute right if xu=Q

(ux=ty for every xeS.



364 MIZUE MORIYA

the elements of P. The automorphisms which satisfy uv—uzP correspond to the
nil automorphisms of N/P.

c) Automorphisms corresponding to © (diagonal automorphisms).
Let d% be an unit of the ring of rational integers moapn~l+1. A diagonal matrix

d= Σ diβu
ι = l

determines an automorphisms δ of A: ,χδ=d~1χd, x^A. The automorphisms of TV
induced by these δ's correspond to the diagonal automorphisms of N/P.

Let δ be such an automorphism. Then

where ak are units (i.e. integers (considered moάpn~k) relatively prime to p), and
for k<l

( 4 )

and

For

( 5 )

Conversely, arbitrary units at (i=l, •••, n— 1) moapn~l and equations (4) and (5)
determine a δ defined in (c) given by

THEOREM 3. The group © of the automorphisms of N has the structure
©=©3[R=5[R© where © and Wl are the groups of automorphisms defined in c) and
a), respectively.

Proof. This is proved in the same way as in [1].

THEOREM 4. All the automorphisms defined in b) are generated by

( 7 )

(8)

Proof. From (7) it follows
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βin"— 0in€jP, eif—eysP (ί=l, •••, n—l;j=29 •••, n).

And, as P is characteristic, we have av—azP for azP. Hence v has the required
property.

Conversely, let v be an automorphism defined in b). By Theorem 3, v=δμ,
l. So we have

where p&P, ck^N2\JP. As eί2 is an absolute divisor of P, we have «ι=l,
For &<?z, we have

01,/mV = 0lΛλ;,AHα" = (01fc+ί/^

where jV, '̂, pk+i^P. From above, we see αk=l and elkc^P. For y^^, l<y we
have from 0=^ι/^,/fcfl

v, βijc^P. Therefore all the components of ck except the
first row are divisible by p. And for fe+1^', j<n we have from Q=ek,k+ιvejn

v and
βΛnv=^,Λ+ιvβΛ;+ιtw

v, ckejn^P and ckek+ι,n^P. So all the components of CΛ except (1, n)-
component are divisible by p. We have

As 0»-i,nv--en-i,w€P, we have rι^r«-ι=0. Thus we have proved (5).
As for (M+ι,fc)v, we have from (pek+1,kγ€P-P2,

From 0=eiί(M+ι.*)VΞ^ιz(M+ι,*)v(^P2) (K/^A+1), and pelk

v=elk+ι(pek+1,k)
v, we have

Also we get α!<w=0 from 0=(pek+l,kγeu (k*l) and (pezι)
v=(pe2ι)

venv (/^2). So
we have

As 0=(M+ι,*)v(^«,z+ι)v (^^) andM+ι,fc+2Ξ(^A;+l5fc+2)
vΞ(^A;+ltA;)

vfe,&+2)v, we have

Finally, from the congruence
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we get rί3r.3=0 (/>).

It is clear that every automorphism σ of N induces that of N/P.
And moreover all automorphisms of N/P are induced by those of N. To see

this it suffices to prove the existence of an automorphism of N which induce each
element of ®, 91 or 3 of N/P. This is evident from the fact that the group (S of
all automorphisms of N/P is decomposed into the product of these subgroups.

( i ) Automorphisms inducing ©.
Suppose δ of © of N/P is given by the element d=e11+άιeZz-\ ----- \-άn-ιenn of

NIP. Then, the diagonal automorphism δ of N determined by the element
d=eιι-\-α1e22-} ----- l-α»-ιe?m, oίi—άi induces δ itself on N/P.

(ii) Automorphisms inducing 3.
For every inner automorphism τ of N/P, x~r—x~+bx + xά+bxά, we take an

element α of N in the class # modP and find b such that α+b+αb=α+b+bα=Q.
Then, the automorphism τ, yτ=y+byJ

Γyα-\-byα induces τ on 7V/P.

(iii) Automorphisms inducing 51.
All nil automorphisms of Λ^/P are generated by

ek,k+ι"=ek,k+ι+γkeιn. fι=fn-ι=0. [1]

In AT we define a mapping v as follows:

It is clear that v is an automorphism of N inducing v on A//P.

THEOREM 5. The automorphisms of N which satisfy xa—xzPfor xzN are inner.

Proof. We put 0^+1'— 0*. «+!=/>*, />*€P. From 0=^,t+ι^<;,>7+ισ for f+1^', we
have

ιΛΞθ (P2),

that is

Thus we know that the components of pi are divisible by /?2 except the z-th
row and the (/+l)-st column.

We construct a matrix Q in the same way as in the proofs of Theorems 1
and 2. We set

(Q)t+u=(Pύi,j (P2) (for /
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The inner automorphism induced from I1+Q: xz^Q=(l— Q)x(l+Q) (P2) is the
same one as σ modP2.

By the method similar to the proof of Theorem 1, we know σ is inner.

From Theorem 5 and the facts mentioned in (i), (ii), (iii) we have

THEOREM 6. There is a natural mapping from the group of automorphisms of
N, ®(N) onto the group of automorphisms of NIP, ©C/V/P). And all automorphisms
in the kernel of this mapping are inner.
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