AN IMPROVEMENT OF A LIMIT THEOREM
ON (J, X )-PROCESSES

By Hironisa HaTor: AND TosHIO MOR!

1. Let I,={1,2,---,7} and R=(—o0, o), and let {(Ju, X»); #=0,1, 2, ---} be a
(J, X)-process with the state space I, X R, or a two-dimensional stochastic process
that statisfies X =0, and

P{fn:k: Xnéxl(]% XO)’ Ty (]n—l, Xn—l)}:QJn_l, k(x) (a. S.)

for all (, x)el, X R, where {Q(-); 7, k=1, 2, -, 7} is a family of non-decreasing
functions defined on R such that Qx(—o0)=0 for 7, k=1, 2, ---, 7, and X}5-,Q x(+o0)
=1 for j=1,2,--,#. Let I be the rxr identity matrix and let P=(pu) be the

def
X7 matrix with elements pu=@Q;x(4o0). Throughout this paper we assume that
there exists a positive integer m for which every element of the matrix P™ 1s
positive. Then the equation

(1) det (/—zP)=0

has the root ay=1 as a simple root and the remaining roots ay, -+, ay—; are greater
than 1 in absolute value. In the previous paper [1], we have proved a limit theorem
concerning the (J, X)-process by assuming that (i) the polynomial det(/—zP) is of
7-th degree and (ii) all roots of (1) are simple. In this paper we shall prove the
conclusion of this theorem without these two assumptions.

ReMARK. In the previous paper, we derived a sequence { Y} of random variables
from the (J, X)-process and proved a theorem for the sequence {Y.}. However, it
is sufficient to consider only the sequence {X,} of random variables in place of the
sequence {Y,}. Because we may show that the stochastic process {(Ja, Yz); #=0}
is also a (J, X)-process. In what follows, we shall prove this fact. Since we have
from the definition of {Y,} that

P{ Yléyh tty Ynéyn‘]O‘:kO; AR fnzkn}

=S SP{RIUM T XS s Rullucty Jor Xo) Sal To=tio, vy Ta=lom Xo= 11, -+, Xn=1n}
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XPloy =Xs<x14-dzy, -y 2n =X <Bntdza| o=k, -+, Ju=Fn}
:SSP{Rl(kO: kl; xl)_—<_yly A Rn(kn—l; kn, xn)éyn}

X Plo=Xi<m+dm| Jo=ko, Ji=ki} - Plon < Xn<@n+dn| Jo-1=Fn1, Jn="Fn}

1

Koy

SP{RI(ko; kl; xl)éyl}kookl(xl) P L SP{Rn(kn—l, Bn, xn)éyn}kon_lkn(xn)

kp—1kn
= Fkokl('yl) e Fkn_lkn(yn)y
where

defl
Fal) = P{YaZ| Jaor—i, Ja—k} = —plfk SP{ Rali, by )=} d@ua)

is the conditional distribution of Y, given that J,-.=j and J.=k, it follows that
Y, and (Y3, -+, Y,-,) are conditionally independent under the condition that ( [/, -+, Jx)
is given, and therefore
P{Yn=ylJo, =+, Juy Y1, ooy Yo} =P{Yo=ylJo, -+ Ju} =F,_17,(y).
Hence, denoting by #;s,-r; the indicator function of the event [/.=£], we have
P{Ju=k, Yo=y|Jo, s Juy Y1, Yai}
=tern=a PLY2=yJo, oy Juy Y, ooy Ynoi}
= Yegn=k1" F,_ 1Y) . s).
Therefore
P{Ja=Fk, Ya=ylJo, =+, Jn-1, Y1, =+, Yo}
=E{P{Ja=k, Yo=Y Jo, -+, Ju» Y1, =+; Yu-1}lJo, =+ Ju-1, Ya, o0, Ypoa}
=E{ssn=t3Fop_ o Jo, *++s Ju-1, Y1, *++y Y1}

=Fy,_6@) P{n=k|Jo, -+, Jn-1}

=prp_yt* Frn @) =Qrn_y, V),

— defl —_
where Qu(¥)=piFix(y). It can easily be shown that {Qu(-); j, kel,} satisfies the
conditions mentioned above.
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def
2. Let us define pu(@)=E{e?*»| J,_1=j, Ja=Fk} P{Ja=Fk|Ja-1=j}, and denote by

def
H(0) the rXr matrix (9x(0)). Let gua(0)=E{e? X+ +Xn)|J =k} be the characteristic
function of X;+---+X, given that Jo==£, and define

def oo
(2) D40, 2) = 3 oun(0)2™.
n=0
It has been shown in [1] that
( 3) ¢n(0)=H(0)'¢n~1(0) (n=1,2, ),
and so
(4) 00, 2)= 3, pal0)z =(I—zH(0) e
n=0
for small z, where
P1a(0) 1 b,(0, 2)
def] def| Idef]
on(0)= IR e=| : and 0, 2)=
@ra(0) 1 .0, 2)
are r-dimensional vectors. Denote by n-dzef[nl, .-+, @] the vector of initial probabilities

m=P{Jo=Fk} (k=1, ---, 7), and denote by ¢,(f) the characteristic function of X;----
+X,. Then we have that

¢n(0)gE{eian1+--~+xn) }

= Z rpen(0) =12+ oul(0),

and therefore from (4), we have that

o0, 2)™* 20 on0)z= x- éo on(0)2"
(6)
=x-@0, z)=r-(I—zH(0)) e

holds for small z. We shall now prove the following

THEOREM. Under the assumption that the functions 90) (7, k=1,2, -, v)
have continuous derivatives of 2md ovder in a neighborhood of 6=0, respectively,

(Xy+-+Xn—np)s/ n converges in distribution to a normal distribution, where p
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is a constant.

Proof. Let the polynomial det(/—zP) be of k-th degree, and let ap=1, ay, -+-, @,
be the roots of (1) which need not all be distinct. Since limg,oH(6)=H(0)=2P, the
degree r=x(f) of the equation

(7) det(/—zH(0))=0

is not less than & for small 6, and the equation (7) has & roots £o(0), Li(), ++-, Ci-1(0)
which satisfy that

Co(0)—1, Ci(@)—ay, -y Cp-r(O)—ap—y as 6—0.

If the remaining roots (@), -, C-1(0) of (7) exist, then they tend to infinity as
0—0. Therefore we may choose two positive numbers ¢ and 6, such that {,(#) has
the continuous derivative of the 2nd order in |8]|<#,, and

(8) IS —1|<e,  [GO>1+e  (=0)

holds for |0 <6, Since ,(f) is a simple root of (7) for |0| <@, we have the follow-
ing expression from (6) by partial fraction expansion:

9) o0, Z)=To(l7)/<1—- 'chéi)Jr 00,2 / (1~ ﬁ)(l_ ﬁ)(l— =)

where 74(0) is continuous at =0, and
(10) 9(0, 2)=go(0)2"2+g:1(0)z" >4+ +gr—2(0)

is a polynomial of at most (»—2)-nd degree for any fixed 6 (]6]<6,). Now, we shall
show that the coefficients ¢:(8) ({=0,1, ---, v—2) are continuous functions of & for

10]<0,. Putting f(6, z)—r-adj(I—zFH(8))-e and

- b

=(i-ci)- - ) S

9=\1" 76 )1~ 2@

we see that they are polynomials of at most (r—1)-st degree in z whose coefficients
are continuous functions of . Then we have

S0, 2)—7o(0)$(0, 2)
1—2/C(0) '

9(0’ Z) =

Since 7,(f) is determined in such a way that the polynomial which is the numerator
of the right hand side of the above equation has a factor 1—z/{,(¢), we may con-
clude that the coefficients go(0), 9.(0), --+, g--2(6) are continuous functions of § and



A LIMIT THEOREM ON (J, X)-PROCESSES 351

so there exists a positive constant K such that

an lg:()| <K

for |0| <8, and every [=0,1, .-, 7—2. From (8) and (9), we have

12 00, =20 & 5+00.9(8, z) (£ ) (8 )

for |0|<0, and small z. The coefficient of z" in the expansion of

@ OB ) (io cz(z;n )(iﬁ)’)

as a power series in z is given by

> 1
1S/1S+SfpSe—1 CJI(O)CQ(ﬁ)' ‘ 'Cjn(a) ’

which, because of (8), does not exceed

x—1Hn'

1 S(n—l—r—Z) 1 - (n+1)r2
A+ — n A4 = (1o

in absolute value. It follows from (10), (11) and (12) that

0 |<xc | (1w (n—r3)*

Loy =0T are T T T aree

13
(r=1) (n+1*
=E g

for || <6, and n=0, 1, 2, ---. For every 6, we have |0/n| <8, for sufficiently large n,
and so from (13)

0\ r0n) | [ ety
14 *"(7) = Ly ‘O< ator >
On the other hand, since

(15) c=1+2/00+ 22 g o)

holds, we have

[Co(%)}n={1+Co'(0)% +0<—;—>}n—+ec°1®)€ as n—oo,
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Therefore it follows from (14) that for every 6

0 — ’
90”(7)—’70(0)8 wor as  #n—oo.

Since the continuous function z,(0)e=%'®? is the limit of the sequence {@a(0/#)},=1 of
characteristic functions, it follows that z,(0)e=%'(> js also a characteristic function, and
therefore 7,(0)=1 and &,’(0) is a pure imaginary number. Let us define a real

def
number g by p=i(,’(0), and consider the characteristic function ¢.(6) of the random
variable (X,+--+Xn—np)/s/n. By (5), we have

Pn(0)=e""Vu00n(0] 5/ 1),

and therefore from (13)

R r—2
16 () — e—1 Vo To(ﬁ/x/l’l) =O< n )
for every 6 and sufficiently large n. Applying the method used in [1], we have
from (15) and (16) that

an Pn(0)—e= o O+ p0/2 as n—oo.

We can deduce, by the method used above, that e-Go”’®+r0%2 is 3 characteristic
function. Hence we have that {,”(0)+2? is a non-negative number. Consequently
e—G"+pD0%2 {g the characteristic function of the normal distribution N0, £,”(0)+ 22,
and our theorem was completely proved.
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