ON MARKOV CHAINS WITH REWARDS

By HiroHisa HaToR!

1. Let X, Xi, X, --- be a Markov chain with the state space S={1,2,--, N}
and the transition probability matrix P=(p;;), which earns 7,, dollars when it makes
a transition from state i to state j. We call 7,, the “reward” associated with the
transition from i to j. Let us define »:(n) as the expectation of the total earnings
R(»n) in the next » transition if the system is now in state /. Howard [1] has
given the recurrence relation

N N
(1) vi(n)= lebimﬂr leuvj(n—l) (=12, N; n=1,2, )
1= 7=

and the asymptotic form that v.(z) assumes for large n. For practical applications,
it is desirable to find the variance and the asymptotic behavior of R(z). And it is
also intersting from the theorical view-point. In this paper, we shall try to find
the asymptotic form that Var (R(%)) assumes for large #» and to give a proof of the
limit theorem for R(n) as n—oo, which is essentially equivalent to the limit theo-
rem for finite regular Markov chains.

2. Since, by the definition of Markov chains, we have
P{Xi=i1, Xo=1iz, -+, Xn=1n| Xo=i}
=P{Xi=i1| Xo=1} P{Xo=0s| X1 =11, Xo=i} - P{Xp=1n| Xnc1=0n-1, -+, Xo=1}
=Diibiyey Pin_yim
the moment generating function of the probability distribution of R(#) under the
condition X,=i¢ is equal to

def
¢in(0)=E{eoR(n) | oni}
(2) = % ertrintringt = trinng P(Xy =iy, -, Xa=in | Xo=i}

Uy yn

= ; . Z, leoriilpiileﬂrinzpilzz.. 'ehin_”npin—-ﬁn'
n y U in—

def
Introducing the NXN matrix [1(6)=(e’ip;;) with elements ei7p;, and two N-
dimentional vectors
?1a(0) 1
@u(0)=| $20(0) and e=| 1|
Barn(0) 1
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MARKOV CHAINS WITH REWARDS 185
we have from (2) that @.(6)=II(6)"e or
(3) S O)=HO)$n(0) (n=1,2,3,-)
where @.(0)=e, which implies
(4) Sn(O)=11"(O)prn—1(0)+ 11 ()1 (0).

Moreover, introducing the NXN matrix Q,=(r.;p:;) with elements 7,;p;, and the

vectors
dot [ 0:(n) J
vim)=|
v N(ﬂ)

def
with the components vi(n)=FE{R(n)| X,=1} =¢/.(0), we have by setting 0=0 in (4)
that

(5) v(n)=Q.e+Pv(n—1),

because @.-:1(0)=e, @,(0)=v(n), I(0)=P and [I'(0)=Q;. (5) is equivalent to (1).
Now, as the preparation for finding the asymptotic formula for Var (R(n)) as n—co,
in what follows, we shall outline Howard’s method giving the asymptotic form for
v(n). Since we have |vi(n)|=nr (n=1,2, --) where r=Max, ;-1s,..,#|7;], the infinite
series D n-0 v«(n)z™ is absolutely convergent for |z|<1. Hence the so-called z-trans-
form v(z)=72 5.0 v(n)z” of the sequence {v(n%)} can be defined in |z|<1. v(0) being
the zero vector, we get from (5)

L ov=-LQerroe

z 1—2z

or
z

[[—zPlv(z)= 1 Que,

which implies
z -1

(6) V@)= [[—2P]"Que,

because det (/—zP)=0 in a neighborhood of z=0. We assume that X, Xi, Xz, --- is
regular or mixing, that is, there exists a natural number m such that every element
of the matrix P™ is strictly positive. Then, we have z=1 as a simple root of the
equation det (/—zP)=0. And, when the remaining roots a, @, ---, ax of det (/—zP)
=0 exist, it is known that |a;|>1 ((=1,2, .-, k). my, ms, ---, my being the multiplici-
ties of ay, as, ---, a; respectively, we have

z \™ z \™&

det (I—zP)—(l—z)(l_a—l> ...(1_a_k) ,
so that, by partial-fraction expansion, it is obtained that every element of [[—zP]*
equals the sum of fractions, whose forms are const./(1—z) and const./(1—z/a)”
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(=12, k v=1,2,---,my), plus a polynomial of z Expressing this fact in the
matrix-form, we have

1 ko 1
1= ST 2 2 0 zjay

1
1=z S+9(2), say,

U—zP]" = T+ Z} Toz"

where S, T, T» are NX N matrices independent of z. Therefore, we have that

[[—2zP]" = Z {S+ 5 3¢ e Dby =2t D) o 1y S
=1 v=1 v—Dla; n=0

=5 S+HM), sy,

for a neighborhood of z=0 and so H(n) tends to the zero matrix as n—oco. Analo-
gous considerations give

1 z z
s R )

z 1
= m‘s + - g +g1(2),

where &r,(z) is a matrix-valued expression similar to g(z), so that we have form (6)
v(2)= Z v(n)z"

(7) ——SQ.e + gf(DQle‘i‘a'l(Z)Qle

( )2
= Z {nSQ.e+~ (1)Q.e+ Hi(n)Q.e}z",

n=0
where H,(n) tends to the zero matrix as n—oo. Comparing the coefficients of z»

in (7), we get
v(n)=nSQ:e+I(1)Q:e+H:(n)Q:e

=nSQ.e+7(1)Q.e as n—0oo,

which has been shown by Howard [1]. By using the method mentioned above, we
shall give an asymptotic formula of Var (R(xz)) for large ». By differentiating (4),
we have

(9) @' (0)= 17"(0)¢n 1(0)+2”/(0)¢n (O)+11(0)p71(6).

Introducing the Nx N matrix Q2=(rfjpij) with elements 7%;p;, and N-dimensional

vectors
def [7’”1(”) }
wn)=|

WN(n)

(8)
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with the components wi(n)gE{R(n)zlXo=i}=¢§;(0), we have, by setting #=0 in (9),
10) w(n)=Q.e+2Q,v(in—1)+Pw(n—1).

def
Since w(0) is the zero vector and w(z)=Xn-o W(n)z" can be defined for |z|<1, we
get from (10)

1 w(z)= 1 Q.e-+-2Q.v(z)+ Pw(z)
z 1—=z
so that

w(z) = = [[—2P]"*Qse+22{[— 2P1"Quul2)

z 1
=[___s+rzsr<1>+ | 1(Z)}Qze

(1—2)?
+2z[ s+<3<z>)Q1{ T SOt T TR Qe
— (12 57 SRSQuet 1 7 (SQ:+25Q:T(MQH27(DR:SQule
+—{ (DR:2+250:7:(1)Q: —29/(1)Q:15Q: — 2T (QSQ: +29 (T (1R Ye
+32(Z))
where I,(z) is a matrix-valued expression similar to g(z), which implies
(11) w(n) = n2S50:5Q.e+nw,+Wws as #—»00
where
w1={SQ.+25Q:T(1)Q:+27(1)Q:5Q:—SQ:5Q. }e
and

we={T(1)Q:+250:F:(1)Q: —27'(1)Q:5Q: —2T(1)Q:5Q: + 2 (DT (1)@ }e.

Now, the limit distribution of our regular Markov chain being {m, 73, ---, @n}, it is
known that

n'l 7-[2 e TN
S=(m 7 -+ TN ,
7;;1 Ty - TN

def
from which we get that all components of vector SQ.e are equal to g; D27k TTi¥ ik D
Hence we have from (8)

(12) vi(n) =ng+ui,

where v; is the component of the vector v=g(1)Q.e. Similarly, all components of
vector SQ.5Q.e are equal to
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) kZl: . T D e tmPim = ( JZ’.C ﬂj”jkpjk>2=gz,

so that we have from (11)

(13) wi(n) =ng* +nw i +ws, as n—oo,

where w;, and w, are the components of w, and w. respectively. By using the

initial probability distribution (0)= P{X,=i), it follows from (12) and (13) that

(14) E{Rn)}=ng+v and FE{Rn)?}=n’g*+nw,+w.,

where

N

N N
=2, w0, wi= Y, mi(Mw, and  wy= Y 7(0)ws,,

=1 =1 =1
so that we have
(15) Var (R(n)) = n(w:—2g0) + (w, —v?).
Our method is applicable to the moments of higher order of R(n).

3. To simplify the explanation of our method in this section, we assume in
addition to the conditions of the preceding section that the equation det (/—zP)=0
has the simple roots 1, ai,---, an-i, that is, &==N—1 and m;=---=my_,=1. Since
we have for any fixed 6 that

0=¢i(0)=e™,

def
where ¥=Max.,;=1,2,... 5|75, DO, 2)=25%_0 pu(0)z" can be defined for |z|<e . From
3), we get

16) (@0, 2-=TO00, 2
or
an D0, z)=[I—=2I1(0)] e.

The equation det (/—zI1(6))=0 has N roots {y(8), (), -+, Lx-1(F), which are analytic
in a neighborhood of #=0 and satisfy that

Co(t‘])—>1, L) —ay, -, CN—l(ﬂ)—>01N—1
as 6—0. Then, there exist positive numbers ¢ and 8, such that
(18) I <L1te<1+2¢<|Cu(®)] for |0|<b,  (=1,2,---,N-1),

because |a|>1 (I=1,2,---, N—1). The consideration similar to the one in the
preceding section gives

a(®) 7:(0) Tx-1(0)
1 20@ T26@ T T et

where a(0), 7:(0), ---, Tv—1(0) are N-dimensional vectors analytic on # for |0|<8,, and

19) D, 2)=
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1 1
o0 $n(0)= AOR 0'(0)+ (‘9)" 71(0)+..._}_m11v_1(0)
1 0 BVETORY

=z 702 =0tk -0

which implies

o s 20 5 e o)
and so

V)= 0=~ +5' O 5 |~ 25D 20+ 70
@ = —nl;(0)e(0)+07(0).
This result shows with (8)
(23) —8(0)a(0)=SQue=e.

Similarly, we get
w(n)=g,'(0)=nn+1)(0)°e(0)—21L(0)e’ (0)

—nL'(0)a(0)+a"'(0).
Since @0, z)=(1—2z2)"'e, we have
24 ag(0)=e,
which implies with (23) that
(25) —&(0)=g.

Now, we shall consider the asymptotic behavior of R(#) as #—oco. The moment
generating function of the randon variable [R(n)—ngl/a/% under the condition
Xo=l. iS
def _ — 0
¢in(0)=E{e0[R(n)—nn]/«/ 1L|X0=i} = p—Yngo ¢m(7;>

Hence, introducing the N-dimensional vector

def ¢1n(0)
Pwa(0)

we have by (20)

Pu(O)=c""r'g, ( %)
(26) = {ew/«wcol(o/ﬁ)}" { <~/_>+<§§Z:/TZ§> <~70’7>

I ) cio(fi(/éff))> )}
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For any fixed 0, we have |0/a/n|<0, for all sufficiantly large » so that by (18)

LO//7) | 1e
i/ |S Tz <b 0 =2 N=D
and
O 0 7 n
(27) (%) —0 as n—oo ([:1’ 2, "‘,N——l)_

On the other hand, we have
9° £i'(0)

— 7 g g
Vn = R A— _ — =227
o fo)-{is o G o )
—_1 _1_ 2__ 71 2 .
=1 o (= (0)0>+---
and so
(28) le(q/ﬁ”co<—«_}%>}n—w‘w“‘“"("””’” as n—co.

From (26), (27) and (28), we have

Pu(B)—elrP=—t0" 2 () = plo2—t0”/ @10%/2 ¢

$1a(0) 1
—> glo?=00" (1022 | as #n—oo.
Pwn(0) 1

def -
¢n(g) — E{ ee[R(n)—ng]/ Vn }

or

Therefore, we get

N
= 3 7O fin(B)—elo=C W2 ag psco,
1=1

which implies that [R(n)—ngl/a/%n converges in distribution to the wormal distri-
bution N(0, g2—C!’(0)).

REMaARrRk 1. We shall try to find £;(0)=—¢ and }’(0) from the equation
det [—zI1(0))=a(0)zY +b(0)zV 1+ +1(0)=0.

Since {(#) is a root of a(f)z¥+b(0)z¥-1+---+1(0)=0 for a neighborhood of 7=0, we
have

(@(O)-+a/ )0+ )A+LO)0+ )"
OOV O+ )A+LO)0+ )"
+HUOH 8 ++)=0
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so that we get
. @’ (0)+b'(0)+---+/'(0)
Na(0)+(N—1)b(0)+---+0-40)’

whose denominator is never equal to zero, because z=1 is a simple root of the
equation

(29) L(0)=

det ([—zP)=a(0)z¥ +b(0)z¥ -+ ... 4+1(0)=0.
In the similar way, we have
{N(N—1)a(0)+(N—1)(N—2)b(0)+---} - £5(0)*+2{ Na’(0)

+(N=DY(O)++} - GO+ Q)b (O)+ -}

30 == Na(©)+(N—1)b(0)+ - '

ReEMARK 2. Let f be any real-valued function difined on S. In the case where
r:;=f (), we have that

Rn)=f(Xo)+f(X)+ - +f(Xu-1),
0=Z /() p=T =S ()

and the random variable [f(Xo)+/f(X)+- +f(Xn_1)—ngl/a/n converges in distri-
bution to a normal distribution as #—oco. Therefore we have the central limit
theorem for finite regular Markov chain X, X, ---. Conversely, we can derive our
result in this section from the central limit theorem. Introducing the function f
defined on Sx S by f(,7)=r.,; we have
R(n)=1(Xo, X0)+1 (X1, Xo) -+ +Ff (Xn-r, Xa).

Since (X, X1), (X3, Xz), -+ is a finite regular Markov chain by taking away the
unessential states, we can conclude that from the central limit theorem for Markov
chain, [R(n)—E{R#)}]/~/n converges in distribution to normal distribution with
mean zero, which is essentially equivalent to our result in this section. There-

fore, we can state that an alternative proof of the central limit theorem for finite
regular Markov chains has been given in this section.

4. In this section, we shall try to apply our method in section 2 to the case
with discounting. B being the discount factor, we have

Bual0) = e | Xy=i)
@31

:1.1,;11le0(riil+ﬂri‘lzI"""ﬂn_lri"_”l")piilpill2...pill—lzn’
where R(n) is the present value of the total reward for a system in state i with =
transitions. This shows
S(O)=T1(O)II(B)---TI(p"O)e
or

(32) ¢n(0) =H(0)¢n—1(ﬂ0):
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which implies
(33) v(n)=gn(0)=11"(0)g-1(0)+ Bl (0)¢;-1(0)=Q:e+BPv(n—1)

and

o(z)= ﬁu—ﬁzmﬂ@le

- z {1 1ﬁ 5+3(ﬁz)}Qxe
_ 1 [ 1@5—[—3‘(,8)]@164—33(2)3:

where I4(z) is a matrix-valued expression similar to 9(z) in section 2. Therefore
we get

v(n)';{—l—i—ﬁs—!—ﬂ(ﬁ)‘&e

=[I—BP]'Qe,

which has been given by Howard [1].
In the similar way, we have

(35)

won)= (2 S+ () Qe+ 26T S+ 980 )i 725 5+90)Qee

=[I—p*P]-'Q.e+2B[I— f?P]'Q:[[—BP]"'Q:e  as n—co.

The skewness of R(n) tends not always to zero so that the distribution of the
random variable lim,—. R(n) is not in general equal to a normal distribution.

REFERENCE

[1] Howarp, R. A, Dynamic Programming and Markov Processes. The M.L T.
Press (1960).

Tokyo COLLEGE OF SCIENCE.





