ON SOME ASYMPTOTIC EXPANSION THEOREMS
By TaTtsuo AoNumMA

§1. We shall give the asymptotic expansion theorems of intergrals of the type
{7 (a5 )R ae

as extensions of the well-known summability theorem (§ 2) and convergence theorems
(§3) in this paper.

Before proceeding them, we state the following summability theorem and con-
vergence theorems which we are concerned with.

Tueorem A. (Bochner and Chandrasekharan [2]). If K(u)eL.(0, o0), K(u)
=o(u) as u—oco, fu)eL,(0, co) and K(u) 1s monotone decreasing in 0=u<co, then
the condition at a point x

h
So | f@t+8)—f@) | di=o(h) as h—t0
implies

fim S:’ f(x-{— %)K(E) ds=f(x)gj K() de.

TueoreM B. (Bochner and Izumi [1]). If

S"“ |f(w)|?
oo 14| 2]
K(u)eL, (—oo, ), ut~* K(u)1€ L, (—oco, o) where 1/p+1/q=1, and f(u) is continuous
at a point x, then we have at a point x

1imS°° € ”

(oS r@d—sa |7 ke

TueoreMm C. If

du<co Jor p>1,

(" 0 e

—e 14| 2]

K)eL, (—oo, o0), | uK(u) | <B<oo, and f(u) is continuous at a point x, then we
have the same rvesult as Theorem B.

§2. In this section an asymptotic expansion theorem corresponding to Theorem
A as a summability theorem is considered.
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TueoreMm 1. If
(1) fweL,,

2) A+4ur+=)K(u)eL, (0, co), where v 1s a non-negative integer and a is a constant
such as 0=a<l, and

3) K(u) is monotone decreasing in 0=u<oo,
then the condition at a point x

h r

@.1) S A= 5 cu | du=o(hr*++) as h—0,
0 =

where ¢, (=0, ---, ¥) are some constants, implies

Ck
ne

(s (x + %) K@= 3,

Y

S: SR(E)de +o(21—> (n—s00).

In particular, iof f(u) is differentiable v times in a neighbourhood of the point x and
f(u) is continuous at the pownt x, cr is equal to f®(x)/k! and (2.1) is always
satisfied.

Proof. At first, it would be noted that
2.2) xH e K(r)=0(1) as r—oo
follows from the assumptions (2) and (3). For, since we have K(2)=0 in 0=<x<oo

from the assumption (3) and K(x)eL; (0, o) in (2),

[ererce 2K e di=K(@) e [ oreea

is obtained for £>0. So we have

2
e K(2) < (r+a+ 1)/(2’r+a+1__1)8 gr+eK(&)=o0(l) as z—oo

by the assumption (2).
Now to prove our theorem it is sufficient to show that
I:n‘r'i'agw{ j(:c—i—i)— é Cki~ K(&-) d{:
0 n k=0 nk

tends to zero as n—oo. If we put u=§&/n,

I= nr+1+asw[ ,7"(.27—}—1;)—1621}J cu® | K(nuw) du
0 <

t
:nr+1+aS
0

+ n'r+l+zx Sm :[1_’_[2'
¢

Putting

6=\ |t 3 ouet| du,

we have for sufficiently small £>0
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|1, |§S; w1 K(na) dG(u)

=it K(nt) G(t)—nﬁlﬂgt G(u) duK(nu)

fretta

— (nt)r+1+a K(nt) G(t) __1___ _ES‘ (nu)r+1+a duK(ﬂu)

—(nty e K(nt) G(H) ——

tr+1+a

——e{ (nty = Kint)— (r+1+a) SO () nK(nu) du

é(nt)r+l+a K(nt) G(t) ;

tr+l+a

+e(r+1+a)S:° (naay+= nK(nae) du
where ¢ may be an arbitrary small positive number, and so
@.3) || et 14+a)| 6 K@ds
by (2) and (2.2). On the other hand,
12=n’“+“S:°f(x+u) K(nu) du—nr+t+e Sj(é}ocku’c) K(nu)du
=L+l
| I2.1 Ién"‘”“Sj | f(x+u)K(nu) | du

@.4) gnr+1+«K<m)S°° | fletu) | du

é(nt)“”“K(nt)t"'*H“)Sw | f(z+u) | du—0, as n—oo, for fixed ¢,
0

by (1) and (2.2). And
| L.z l§ki]0nr+l+a | cxl S“’ | u* K(nu) | du

=

ji{neR

| ¢ | tor=e %Sm (nuw) + K(nu) du
t

0

2.5)

Il
M-

I Ck I fr-r-a Sm K(f)f”“df

0
=o0(1) as #n—oco, for fixed £
Thus we have by (2.3)-(2.5)
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Tim | 1] =« <r+1+a)S: erve K() de,

from which it results that

lim I = 0.

§3. In this section we shall prove the asymptotic expansion theorems corres-
ponding to the well-known Izumi-Bochner’s theorem (Theorem B) and others. These
are stated as the following two types. One is a theorem in which the assumption
concerning with f(x) is weaker than that in the other, but the assumption concern-
ing with the kernel function K(x) is stronger. However we can see in the remark
below that these two theorems are combined into one and are considered as the
special cases of it.

TurorREM 2. If

L

. 1 + I u I(‘r+a)pl-1

n

Jfor some p>1, where v and « are the same as in Theovem 1,

) 1+ u |™+) K(u)e Li(—o0, o),
® [l esnes | K e du<oo, where —+--=1,
@4) fw) exists at a point x, and
r [€)]
) fatuwy= 5 TE ooy
=0 k!
Jor small |u|, then we have
oo r 1 oo
" (oS )@ as= Srom |7 er@deonr,

as n—oo.,

TueoreM 3. [f, in Theorem 2, we assume

) Sw Ilzii(-ul)ulzl’ du<co, for some p>1, and
@) S| |24 Lo |2 | K(u) [1du=0(A71+),

instead of (1) and (3), then we have the same result.

In the first place, we prove Theorem 2. It is sufficient to show that

i=ok )

—o0

I=n’+1+“gm ‘f(x+u)— Z —1—f<k>(x)uk{K(nu) du
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tends to zero as n—oo. We have

f(k) (x)uk

[:nr+1+aS| ~ {f(x-{—u)—kzr(:) 1 Knu) du

=

+nr+1+ag {f(x—l—u)—kg% S®@x)ut K(nu) du

lujze
=0L+1, say.

For an arbitrary small ¢>0, we can choose ¢ by (5) such as

T

| S0 = 5
u k

1' f(k)(x)uk)

<7?, i |u)<t,

=k
where
a=\" 1z K@) do.
Then,
1 o1
— Y 2¢ ) k|| gpr+lta rta
| Iy |§Sm§t P lf(x+u) ]EO A f®(x)u } " | % | | K(nu) | du
(3.1)
e MG GIE=
Also
12=n’“+“S f(:v—l—u)K(nu)du—nH”“S ﬁ Lf(")(x) u* K(nu) du
lu izt lulzek=0 k!
=La+1.,
and

| Lo lén’“*“gl 0 Ko | du

| f(x+u)|

—_— {(r+adp+1}/p
lalze | u|lrreortii/e Lo [t 12| K(nu) | du.

— n’r+1+aS

Now by Hoélder’s inequality, we have

aisl] Mool )

1/q
u |rpraptDe/p prietDa | K(inu) |2 du .
lulze |u|(r+“)p+l S!ulgt’ l K )l

By (1), we have
{S | f(x+u) [P

lu |zt I u I(‘r+a)p+1

1/p
du} < oo.
On the other hand,

S | u |(rp+ap+l)q/]1 n(r+1+a)q I K(nu) lq du
lu |zt
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:S| - | ny | et K(nu) |9 n du
u |2t

ZS | & |rarDa-1| K(&) |1 dE=0(l) as n—oo, for fixed ¢,
1€12ne

by (3). Hence we get
3.2) | L |=0(1) as n—oo,

Furthermore,

r

oo | = 0?1,—‘ | /& () IS [ 2| | K(nu) | nrt*e du
M =t

k= Julz

lIA

|
e e Y | B b
Slulgtlnul | Ky [ nd - 2 —==| f®(@) || 1]

3.3

A

SIElZ , I & |T+« | K(f) I dEké%lf(k)(x) I I tlk_,

=0(1) as #—oo,
by (2). Thus our theorem has been proved.
Next we prove Theorem 3, but the proof except that for I.. is quite similar to

above one. So it will be sufficient to prove L.;=0(1) an n—oo.

szl ) o) Ko | du

lu|

- nr+1+aS]uIZt I%:;L’t)\ I ullp K(mt) [ du
1
é{g _I_Jf@i@Jidu} ”"S nerrtea | o 0 | Knag) 1 du]
s lul iz ,

by Holders inequality. By (1’), we have

(R T
lulzt [u|

Also

S nritaa | gy 9=t | K(nuy) | du=n(f+“)qS (nu)r= |[K(nu) |2 n du
lulzt |u |zt

___n('ﬂra)qg | x| | K(x)|?2dxr=0(1) as n—oo,
|x|Znt

by (3). Hence we get the desired result
| L1 |=0() as N—>00.

ReMmARrRK. The assumptions (1) and (3) in above two theorems are represented
in the more generalized forms as follows;
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= 1f@r
M | Eprde<e,
(3) SMIZA Ix ls(q—-l) lK(x) [q dx:o(A‘(T+“+1"“—fl>s+1),

As the result, the above theorems correspond to the cases of s=(r+a)p+1 and s=1
respectively.

Next we shall give the asymptotic expansion theorems corresponding to Theorem
C. These theorems are stated as follows, where 7 and a are the same as in the

above theorems.

THEOREM 4. If

* | f(u) |
(1) S—wW du<oo
2) A+ u [m**+=) K(u)€ Li(— o0, c0),
3) [ um*t* K(u) | <B< oo,
4) f(x+u)=k§&k)('xl ub+o(| u |y for small |u|, and

B) if f(u) exists at a point x, we have

oo r 1 1 oo
S_w f(x +%)K@ di= % f‘k’(x)%;s_m ER(E)dE+o(n"), as oo,

THEOREM 5. If

@) | fw) | <BQAA+|u|"*<), where f(u) is Lebesgue-Stieltjes integrable for measure
| dH(u) |,

@ \" a+iurndaw <o,

3) f(x—l—u):kgﬁ;%‘g ut+o(| u |"+*) for small |u| and

@) if f(u) exists at a point x,

then we have the similar result as the previous theorvem.

Before proving Theorem 4, we establish the following lemma.

Lemma ([1]). If
H(u)

du<D,

Sb|F<u>|du<c, | | <B, and

—oo

then
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Sb | F)EH(n) | du

tends to zero, as n—oo.

We omit the proof of this lemma. Now we shall proceed to prove Theorem 4.
If we put

[:nr+1+aS°_° {f(x_l_u)_k:zro f<:('.7c)

u* ]K(nu) du

=nr+1+aS +nr+1+aS =[1_|_[2’

1u|<a lul=a

then it is sufficient to show that 7 tends to zero as n—co. Moreover, if we put

7 n'r+1+a

12=n’+1+“g S(@+u)K(nu) du—k;; TS | F®(x)utK(nu) du
- . lulza

lulza
’-=Iz~1+12-2,

it is proved by the method similar to the proofs of the previous theorems that
||<e for some fixed a>0, and L..=o0(l), as n—co. So we shall only prove
| o1 |=0(1), as n—co.

| Lo 1§n*+1+«g | f+Kom) | du+nr+l+aSbS] | F@H0KO) | du=Ji+ e

agluls

For sufficiently large L>0, choosing b>L, we have

Sbélu[ | o |r+ita du< B for arbitrary ¢>0

by (1), and
72:”””“81,3[ |, ko) | du

=S [ f(x+u) l—,lﬂﬁl nu [ | K(nu) | du
vslul [u]

éBS | |f(x+u)l;du<s for b>L,

‘ u lr+1+a

by (3). If we put
F(u)=w and Hu)=u"+'**K(u),

u'r+1+a

these F(x) and H(u) satisfy the assumptions of Lemma. Hence we have Ji=o(l)
as n—oo, by our Lemma, because of

]1=S | F()Hin) | die,
as|u|<d

Thus we have proved Theorem 4,
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Next the proof of Theorem 5 is quite similar to above thecorems except that
Lebesgue-Stieltjes integral is used. So we do not prove it.

§4. As the application of our expansion theorems we shall show the two
examples below.

ExampLE 1. Let us consider K(#) in our expansion theorems as
K(u)=e™™ for #=0,
=0 for u<0.

This K(u) clearly satisfies the assumptions in Theorem 2-4. Particularly, putting
=0 and #u=¢&/n in the theorems, we have the following asymptotic expansion
formula for the integral

Sw F(u) K(na) d,
0

where f(x) must satisfy the assumptions in these theorems:

S Faesdu=——fO 5 PO+ [ O+~ f(’>(0)+o<——1—>.

prrita
ExampLE 2. In the case of
Kuy=e** for u=0,
=0 for u<0,

similarly we have the asymptotic expansion formulae as follows:

«/n 1 /70) 1.3 f”m(o)
{f(0)+212 w TATE T

S:of(u)e‘”"" du=

+ 1-3--:(2p—1) f<2p)(0)l i( 7(0) _1_1 770
@2p)! 2» n°e n| n 31 n
21 f0) p! Fepin(0) 1
51w T @Dt e } 0(‘ ppRET )
or
_ v 1 /70 1.3 fam()
=y O+t 575t
@2p)! 2r n*v n | n 31 5
2! /70 (p=1)! fe>(0) 1
51w Tt ety e }‘H’( T >

where « is a constant such as 0=a<1 and p is any positive integer.
The asymptotic expansion formulae in the above examples have been derived
by the other procedure in Willis [4].



ASYMPTOTIC EXPANSION THEOREMS 161

At the end of this article, the author wishes to express his hearty thanks to
Prof. T. Kawata and Dr. H. Hatori for their valuable suggestions.
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