ON AN APPLICATION OF L. EHRENPREIS’ METHOD
TO ORDINARY DIFFERENTIAL EQUATIONS

By Jorn Kanwara

Introduction.

In 1956 Ehrenpreis [3] considered an application of the sheaf theory to dif-
ferential equations and gave a criterion for the existence of global solutions of
differential equations where the existence of local solutions are assured.

We shall apply this method to systems of ordinary and linear differential
equations with coefficients meromorphic in a domain D on the plane C of one
complex variable z.

Let © and M be the sheaves of all germs of functions holomorphic and mero-
morphic in D respectively. Let au (4, k=1, 2, ---, p) be functions meromorphic in D.

For any element f=(f*, 3, ---, f?) of Mr, we define

- drt P . de P afe P "
Tf— 71’2— + k}::lalkf y a— + Icglazk y fk’ E— + ’élapkf .

Then T is a homomorphism of M2 into itself.

Let A be the sheaf of all germs feM? which satisfy the homogeneous equation
Tf=0, and TIM? be the sheaf of all germs geMr for each of which there exists
feM? such that g=T}F.

Then we have the exact sequence O—>‘JI—>9RP1>T‘IRP——>O. Therefore we have
also the exact sequence of cohomology groups

HYD, W)—HD, 9)21')1)}10(& TMm»—HY(D, W)—H*(D, 93?7’)—21‘11(0, TMr)—---.

Since HY(D, M?»)=0 by Theorem 1 of the present paper, we have H(D, W)=H"D,
TM?)/TH(D, M»). Therefore HY(D, N) measures how many geH°(D, Mr), which
are locally of the form ¢g=7Tf for any point of D, are not globally of the form
g=Tf for fe HD, M»).

Calculating the cohomology group H'(D, N) we have the following theorem:

If HY(D, TW?)=TH%D, M?), then D is simply or doubly connected.
If D is simply connected, then the necessary and sufficient condition for H(D,
TMe)=TH(D, M?) is that there exist linearly independent solutions fi, fe, --- and
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Jf» of the homogeneous equation Tf=0 each of which is meromorphically continued
in each point of D except in one of the poles of aj's.

If D is doubly comnected, then the necessary and sufficient condition for H°(D,
TMP)=THD, M?) is that any non trivial solution of the homogeneous equation
Tf=0 is meromorphic in D but is not uniform.

The author tenders his sincere gratitude to Professor E. Sakai for his fruitful
discussions and valuable suggestions.

§1. Cohomology groups with meromorphic coefficients.

Our proof of the following theorem is similar to Hitotumatu-Koéta [6] in using
integralizators.

THEOREM 1. Let D be a non compact Riemann surface and W be the sheaf of
all germs of meromorphic functions on D. Then H(D, Mr)=0 for n=1,2,3, --
and p=1,2,3, ---.

Proof. Let U={U,; jeJ} be a locally finite open covering of D and let
¢: {¢iozl...in:(¢lzozl iy ¢21011"'7‘n’ cety ¢piozlu z"); io, il, ... and ZnG]} eZ"(lI, ‘m”)

where Z»(U1, M») is the set of all n-cocycles of I with value in IM». There exists
a locally finite open covering B={V,; 1e4} of D such that for any V;eB we find

U;ell satisfying V,cU,. Obviously ¥ is finer than U. Let
P=AProar2, = (P 292120 PPagartys 5 PPagapey)s Ag Ay -+ and 2, €4} =pl ¢

where pf is the canonical projection. Then the numbers of poles of ¢'s1,..1,, $*202,-- 25

- and ¢P,.2, in ViyNVyNn---NV,, is finite. Since B is locally finite, the set
of all poles of ¢ 1,2y PPagageay, - a0 PPaa, in VoyN Vo NNV, for A, A, -
and 2,€4 has no accumulation points in D. From Florack’s theorem [5] there exists
a holomorphic function f#0 in D such that flia, fO%ma, - and fdPia.a,
are holomorphic in V,,NV,N---NV,,. Therefore

f¢o= {f(/lzozlA.‘xn:(f¢11011.‘.xn,f{bzxox].-‘zn, oy fOPaageay)s Aoy Auy oo+ and 2,€4} € Z7(%B, O7),
where O is the sheaf of all germs of holomorphic functions in D.

Since H™(D, O?)=0 as D is a Stein manifold by [1] and [5], there exists an
open covering = {W,; acA} of D finer than B and

EZ {5“0”1“ “'n:(fl"()"‘l""’n’ Ezﬂ'onl""’n’ ) Ep‘\'o“l"'xn); Ao, Ay, ** and a'fleA} eBn(QB’ D;D)’

where B®(%%, Or) is the set of all #-coboundaries of %8 with value in ©2?, such that
§=o3 (f¢). Then
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E/f: {Eﬂ'oal"-an/f:(Elaoﬂ'l'"ﬂ'n/ﬁ 52“0“1'"“”/./; ) Epﬂoﬂr“ﬂn/f);

g, a1, -+ a, €A} € BB, Mr)

and &/f=pl ¢. Since the set of all locally finite open coverings of D is cofinal in
the set of all open coverings of D, we have H”(D, M»)=0 that is to be proved.

§2. Application of L. Ehrenpreis’ method to ordinary differential equations.

Let D be a domain on the plane C of one complex variable z, © and I be the
sheaves of all germs of functions holomorphic and meromorphic in D, respectively.
We consider in D a differential operator 7' with meromorphic coefficients.

Let ajp=a;(2) (4, k=1, 2, ---, p) be meromorphic functions in D. Let G be any
subdomain of D. For any f=(f%, f%, ---, f) e HY(G, M») we define

Tf=

1 2
df —|—Zpa1k,f",iif—+{:@&-fk,'”yifi’l‘ Zp:ankf" .
dz k=1 dz k=1 dz E=1
Then T is a homomorphism of the sheaf M» of abelian groups into itself.

Let A be the sheaf of all feM» which satisfy the homogeneous equation 7f=0
and TIMM? be the sheaf of all geM? such that g=Tf for some feMr.

T
We have easily the exact sequence 0—UA—MP—TMr—0 where A-M? is a
canonical inclusion.
Therefore from [10] we have the exact sequence of cohomology groups

H(D, \)—HD, mﬂ)iH"(D, Tm»—HYD, W—~H'D, Mr)—H'(D, TI?)—---.

From Theorem 1 we have HY(D, M?)=0, hence there holds HYD, N)=HD,
TMm»)/TH(D, M»). HD, TM») is the set of all ge D, M) for which there
exists fe H(U, M») such that g=7T7 in some neighbourhood U of each point of D.
TH(D, Mr) is the set of all ge HY(D, M») for which there exists fe H°(D, MP) such
that g=Tf.

In other words, H(D, T1t?) is the set of all ge HY(D, M») for each of which
the system g=7f of differential equations has locally a solution f at each point of
D and THD, M») is the set of all ge H(D, M?) for each of which the system
g=Tf of differential equations has a global solution f.

THEOREM 2. Let D be a domain in C, WM be the sheaf of all germs of mero-
morphic functions in D, ay(2) (j, k=1,2, ---, p) be meromorphic functions wn D, T
be a differential operator in M? defined by

=Y Fan@rs YL 1 F w4 f auar
dz k=1 dz =1 dz i=1
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Jor f=(f1 1% -, fP)eM? and N be the sheaf of all germs feI? which satisfy the
homogeneous equation Tf=0. Then

HY(D, Wy=H*(D, TM»)/ TH(D, M?) for p=1,2,3, ---.

§3. Necessary condition for H(D, 2)=0.

We intend to discuss the behaviour of the solutions of the homogeneous equa-
tion 7f=0 at a pole z: of the coefficients aj under the assumption HY(D, N)=0,
that is H(D, TS»)=TH(D, M»).

Then there exist subdomains D, and D, of D satisfying the following conditions:

(1) D:inD. is simply connected and contains no poles of ai's;
(2) zi€Dy, z1¢D;. D, contains no poles of aj’s except zi;

If we put U={D, D,}, then U is an open covering of D. Since YD, N)=0,
we have H'(W, =0 from [9]. Hence for any heH°(D,ND., N) there exists A,
eH(Dy, N) and h.e H(D., N) such that h—ho=h in DiND.. h: can be meromor-
phically continued in each point of D— {z}.

Now we suppose that there exists a solution % of the homogeneous equation
Tf=0 which can not be meromorphically continued in z;. Then there exist solu-
tions &, and k. of the homogeneous equation 7f=0 satisfying the following con-
ditions: 4. can not be meromorphically continued in z; but can be meromorphically
continued in each point of D—{z:}. /A can be meromorphically continued in z.
It holds that A=h,—h.. We can take a simply connected domain as D;. Then it
is worth remarking that 4, is uniform in D..

Let z; be a pole of the coefficients a;r such that a solution of the homogeneous
equation 7f=0 is not meromorphically continued in z; (=1, 2, 3, ---). Then for any
(=1, 2, 3, ---) there exists a solution %, of the homogeneous equation 7f=0 such
that %; cannot be meromorphically continued in z; but can be meromorphically
continued in each point of D—{z)} and is uniform on any Jordan closed curve
which does not contain z in its interior. Since #%;’s are linearly independent, the
number ¢ of such poles z; does not exceed p.

Now we shall prove by induction with respect to m(=qg) that any solution f of
the homogeneous equation 7/=0, which cannot be meromorphically continued in
21, 2z, -+~ and zm but can be meromorphically continued in each point of D— {zi, 2,
-+ zg}, can be represented as a linear combination of the solutions f,, fi, --- and fm
of the homogeneous equation Tf=0 such that f, can be meromorphically continued
in each point of D and f, cannot be meromorphically continued in z; but can be
meromorphically continued in each point of D— {z} for i=1, 2, --- and m.

From the preceding result there exist solutions %: and %, of the homogeneous
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equation 7f=0 such that %, can be meromorphically continued in each point of
D—{zi, 22, -+, Zm-1} and h, cannot be meromorphically continued in z, but can be
meromorphically continued in each point of D—{z,} and f=h,—h.. From the
assumption of our induction %, can be represented as the linear combination of
fo, f1, -+ and fm-: satisfying our requests. If we put f.=h., then our proof by
induction is completed.

Thus we have the following theorem.

THEOREM 3. Under the assumptions of Theorvem 2, if H'(D, N)=0, then there
exist linearly independent solutions fi, fe, --- and fp of the homogeneous equation
Tf=0 each of which can be wmeromorphically continued in each pownt of D except
in one of the poles of the coefficients ajx.

§4. Necessary condition concerning the connectivity of D.

We shall consider the connectivity of D under the assumption H'(D, 2)=0.

Suppose that the connectivity of D is larger than 2.

Then there exist Jordan closed curves K;= {z=Fk\(f); 0=¢t=1} and K,={z=Fk:(?);
0=¢=1} in D and subdomains D, and D. of D which satisfy the following con-
ditions:

1) DiUD.=D. D,nD, contains no poles of au's. K, and K, pass no poles
of a,’s;

@2) ki(1/2)=Fk(1/2). The direction of K, and K, with increasing ¢ is counter
clockwise;

(3) The connected components 4o, 4, and 4. of D.N D,, which contain £:(1/2)
=ky(1/2), k1(0) and k:(0) respactively, are disjoint each other and simply connected.

Then U={D,, D} is an open covering of D. Since H'D,N)=0, we have
H(U1, MW=0 from [9]. Hence for any heH°(D:N D, N) there exist hie H(Dy, N)
and h.e H(D,, A) such that hi—he=h in DiND,. Let fi, f2, --- and f, be linearly
independent element of H°(4;, ). Since all ap’s are holomorphic on Ki, fi, fz -
and f, are analytically continued to gi, g., --- and g, of H°(4,, ) along K,. Since
fi, fe, -+ and fp are linearly independent, for some complex numbers cu (7, k=1, 2,
.-+, p) there holds ¢g,=X%0_, cju fu, =1, 2, -+, D.

Let ai, as, --- and a, be any complex numbers. We define e H(D:N D:, A) by
putting A=X%_avfr in 4,, h=0 in DiND.—4,. There exist he H*(D:, N) and h,
ceH°(D., N) such that 2z=h,—h, in DiND,. Since hi=hy in DiND.—4i, hs is an
analytic continuation of %, along K. Let l=1%_, brfi in 4. Then ho=3% s, bjcit fr
in 4;. Therefore we have X %_, (be— 20, bjcuw) fo= D %~1 awfi in 4;.  Since fi, fo, -
and f, are linearly independent we have b,— X2, bjcir=ar (k=1, 2, ---, p). Since
ar’s are arbitrary, we have det (dx—cx)#0 where ;s are Kronecker’s 4.

Thus we have the following results:

(1) For any heH%d:, N) there exists fie H(4,, ) which is analytically con-
tinued to fo=fi—heH"(d;, N) along Ki;
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(2) Any element & of H°(d,, W) can be uniformly and analytically continued
along K.

The same argument concerning K, leads us up to

(3) Any element & of H(4,,N) can be uniformly and analytically continued
along K.

(1) and (3) contradict each other.

Thus we have the following theorem.

THEOREM 4. Under the assumptions of Theorem 2, of HY(D, W)=0, then D is
simply ov doubly connected.

§5. Necessary and sufficient condition for H'(D, A)=0 where D is simply

connected.

We shall prove that the converse of Theorem 3 is true when D is simply
connected. We denote by ¢(=p) the number of the poles of aj;’s in which some
solutions of the homogeneous equation 7f=0 cannot be meromorphically continued.
We shall prove our proposition by induction with respect to q.

A. In the case that ¢g=0. % is a constant sheaf over D isomorphic with C».
Therefore we have HY(D, W)=HYD, C?)=0.

B. In the case that g=1. The set of all open coverings 1 of D with the
following properties is cofinal in the directed set of all open coverings of D:

1. U={U,, A€/} is locally finite. Each open set of Ul is simply connected.
The intersection of two open sets of U is empty or simply connected.

2. If we denote by z; the pole of @, in which a solution of homogeneous
equation 7f=0 cannot be meromorphically continued, then z; is contained only in
Ul .
' Let 1, be the set consisting of only U,. If for j=1,2,3, .- we define 1,
={U,, U,;, ---} by induction as the set of all open sets of U which have the
common points with at least one of the open sets of 1,_, and does not belong to
n,ul,U---Ul,_,, then the following conditions are satisfied:

3. If UynU,#¢ for U;, and U,,ell,, then there exists U, ,ell,; such that
U,nU,NU;,  #9. An open set of 11 which has the common points with at least
one of the open sets of U, belongs to ,_;, U, or U,,..

4. If Ui, ,nU,#¢ and U,,_ NU,#¢ for U, _, and U, €W, and Uy;ell,,
then there exist Un_ =Ui_,,Us_, - Unzt, Uss_ = Uy, €W such that U,
n Uz;’_*l‘n Uy#¢ (p=0,1, 2, -, s—1).

Of course it holds that U=U, U, UWU . Let {Aiu; A€ HUz ;N Uy, W)
with U,;N U, #¢} be any l-cocycle of I with value in % We shall construct a
0-cochain {/;;; hi;€e H(U,,, W)} whose coboundary is the above cocycle as follows.

We put h,,=0. For any U, eU, we put ks, =ha,. Then it holds that /i —h;,
=haa, and ha —Ru =Nhaag—Ru 2=y, from Condition 3 for Ui, and U, of 1, such
that U, N U, #¢. We shall assume that for any U, €W hs € H'(Us, W) (=1, 2, -+,

J—1
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j—1) can be defined such that they satisfy hi,—h,,=%ha,., for U, el and U, elln
(k, m=1,2, -, j—1) with UyNU,,#¢. For any U;ell,, there exists U, ell,,
such that Uy;NUs,_,#¢. We put hi=hi, ,+hip, ;. Then for other U, _ ell,,
such that U,;,NU:,_,NU,, ,#¢ we have
(l’LxJ_l-I"hljz]_l)—(th_l+l’lsz]_1):hxj_l,lj_l'{‘hx i3

jfi-1

~Itagu,, =0.

Therefore /., does not depend on the special choice of U.,_, from Condition 4.
For any U,, and U,, such that U;;NU,,#¢, from Condition 3 there exists U;,_,
€ll;-; such that U, ,NU;;,nU,;#¢. Then we have

hay—hu,=(ha, R, ) —(hay Fhuj, )=haj, —hu;

J—lzh‘ﬂ‘j‘

Hence we can construct the cochain {h:; ki€ H'(Usj, W} of U with value in 2 such
that its coboundary is the given cocycle {h2jus haju€H (Uyn U, .

Thus we have proved H'(UI, A)=0. Hence it holds that H(D, A)=0.

C. In the case that g=m. Suppose that there holds H'(D, A)=0 in the case
that g=m—1. Let 2z, 2, --- and z» be the poles of a;’s in each of which some
solution of the homogeneous equation 7/=0 can not be meromorphically continued.
There exist subdomains D, and D, of D satisfying the following conditions:

(1) Dy, D, and DN D; are simply connected;
(2) 21, K2y *** aﬂd Zm—leDl_Dl n DZ and Zm€ Dz_D1 n Dg;
(3) D=D,UD:.

If we put U={D,. D,}, then U is an open covering of D. Since H(D,, )
=H'D,. MW)=0 from B and the assumption of our induction, we have H(D, )
=H, N) from [9]. Any heH°(D,N D, N) can be represented as a linear com-

bination f} a, f, of solutions f, of the homogeneous equation Tf=0 in D,N D, such
J=1
that f, can be meromorphically continued in each point of D except in z,, If we
m—1
put s =amfm and ho=— >, a,f,, then we have h,e H(D,, N), h.e H(D., N) and A
J7=1

=hy—hs in DiND.. Hence we have HY(D, W)=H* U, A)=0.
Thus our proof by induction is completed.

THEOREM 5. Suppose that D is simply connected. Then under the assumptions
of Theorem 2 the necessary and sufficient condition for HY(D, )=0 is that there
exist linearly independent solutions fi, fz -+ and fp of the homogeneous equation
Tf=0 each of which can be meromorphically continued in each point of D except
in one of the poles of the coefficients aj.

§6. Another proof of Theorem 5.

We shall give another proof of the sufficiency of Theorem 5 without cohomology
theory. At first we shall give the following lemma.
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LemMA 1. Under the assumptions of Theorvem 2, if geH (D, TIN?), then any
solution h of Th=g can be meromorphically continued in anv point of D in which
all solutions of the homogeneous equation Tf=0 can be meromorphically continued.

Proof. h can be analytically continued in any point of D except in the poles
of g and a;’s. Let z, be any point in which any solution of the homogeneous
equation 7f=0 can be meromorphically continued. Since ¢geH°(D, TM?), there
exists a meromorphic function %, at z, such that Th,=¢. Then h—h, is a homo-
geneous solution of 7f=0. Therefore h—h, can be meromorphically continued in
z,. Hence & can be meromorphically continued in z,. q.e.d.

Suppose that D is simply connected and that there exist linealy independent
solutions fi, fz, --- and fp of the homogeneous equation 7f=0 each of which can be
meromorphically continued in each point of D except in one of the poles of the
coefficients a;z.. Let f, be able to be meromorphically continued in each point of D
except in z,(j=1, 2, ---, p). For any ge H(D, T!?), there exist meromorphic func-
tions A, at z, such that Th,=¢g (j=1, 2, ---, p).

Suppose that there exists a solution %2 of Th=g which can be meromorphically
continued in z, 2, --- and zm-;. Since h—hn is a solution of the homogeneous
equation 77=0, it holds that

»
h—hn=2, a,f;.
J=1

Then

m—1

»
h’:h—l’;m(l]'f]:hm_!" Ela]f]

can be meromorphically continued in zi, z», --- and z, and satisfies Th'’=g. Thus
we have proved by induction that there exists a solution % of Th=g¢g which is
meromorphic in D. Hence we have H°(D, T?)=TH"(D, Mn»).

§7. Necessary and sufficient condition for a doubly connected domain.

Next we shall consider the case that D is doubly connected and there exist
linearly independent solutions fi, f3, --- and f, of the homogeneous equation 7f=0
satisfying the conditions of Theorem 3.

Let a Jordan closed curve K={z=Fk(t); 0=¢=<1} be the homology base of D
which does not pass poles of aj;’s. There exist subdomains D; and D. of D such
that the connected components of D,N D, are two simply connected domains 4, and
4, which contain no poles of a;’s, D, and D, are also simply connected D=D;U Ds,
(z=k(); 0=t=1/2} C D, {z=k(t); 1)2=t=1}CD,, k(0)ed, and k(1/2)ed,. Then U
= {D,, D;} is an open covering of D. Since /{ (D, W=H*(D., W=0 from Theorem
5, we have H'(l, W=H'(D, N) from [9].
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Suppose that HY(D, )=0. Then for any heH°(D:N D, N) there exist h,eH°
D, W) and h.€e HY(D,, N) such that hr=h—h. in DiND.. Let fi, f2, --- and fp be
linearly independent elements of H°(4,, ). From our assumption, all f;, f;, --- and
fp are analytically continued to g, g», --- and ¢gye H°(4,, A) along K. Then we can
put

» .
gJ: klellcﬂi.ﬁv‘ (]:1) 2’ Y p)
in 4,. Let ay, as, --- and a, be any complex numbers. Let
4
h= 2 afe
k=1

in 4, and £=0 in 4,. Then there exist 4,€e H(D,, N) and h.eH°(D,, A) such that
h=h,—hy in D;ND,. Then since hy=h, in 4,, h, is the analytic continuation of
h: along K. Putting

¥
h1: Z bkfk
k=1
in 4, then we have

b= X bie—=a, (j=1,2 - p).

Since a,, a», --- and a, are arbitrary complex numbers, we have det (d;,—c,) #0.

In this case by, bs, -~ and b, can be taken arbitrarily as ai, as, --- and a, are
arbitrary. Therefore any heH°(d,, ) can be meromorphically continued in each
point of D, that is, all non trivial solutions of the homogeneous equation 7f=0
are meromorphic in D, but are not uniform in D.

Conversely, if all non trivial solutions of the homogeneous equation 7/=0 can
be meromorphically continued in each point of D and are not uniform, we can
easily prove that H'(D, W)=H U, A)=0.

We can summarize these facts in the following theorem.

THEOREM 6. Suppose that D 1s doubly connected. Under the assumptions of
Theorem 2 the necessary and sufficient condition for H'(D,W)=0 is that any non
trivial solution of the homogeneous equation Tf=0 is meromorphic in D but 1s not
uniform.

§8. Main results.

We shall summarize the preceding results in the following theorem.
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MAaIN THEOREM. Let D be a domain on the complex plane C and aju (j, k
=1,2 -+, p) be meromorphic functions in D. We define in the sheaf WM? where
M is the sheaf of all germs of meromorphic functions in D, the differential operator
T by putting

/f df

70, £ =Lt B Lt s, Y f e

for any f=(f', f*% -, f1)eMn.

If Ho(D, TW»)=TH(D, M»), then D is simply or doubly connzcted.

If D is simply connected, the necessary and sufficient condition for H°(D, T M)
=TH(D, WM?) 1s that there exist linearly independent solutions fi, fo - and f, of
the homogeneous equation Tf=0 each of which can be meromorphically continued
in each point of D except in one pole of the coefficients a.

If D is doubly connected, then the necessary and sufficient condition for H°
(D, TMr)=TH(D, Mr) s that any non trivial solution of the homogeneous equation
Tf=0 s meromorphic itn D but is not uniform.

§9. Examples.
We consider the case that p=1 and T=d/dz—iz"'.

ExampLE 1. Let D=C.

For any ge H°(D, TI), there exists a meromorphic function % in z=0 such
that Th=g. Then from Lemma 1, % can be meromorphically continued in each
point of D. Since D is simply connected, A€ H°(D, M). Therefore for any 1 we
have HY(D, TM)=TH*D,M). In this case all the homogeneous solution a@z* can
be meromorphically continued in any point of D except in z=0.

ExampLe 2. Let D=D—{0}.

For any integer 2 let g=2z*"'e H'(D, T!M). If he H'(D, M) satisfies Th=g then
h must be of the form h(z)=2z*(log z)+az*. Therefore ge H(D, TI)—TH(D, M).
In this case all the homogeneous solutions «z* are uniform and meromorphic in D
and it holds that H(D, TW)+ TH(D, M).

In the case that 4 is not an integer, for any geH%D, TM), there exists a
solution % of Th=g in z=1. Then % can be meromorphically continued in any
point of D from Lemma 1. We denote by 7%’ the meromorphic continuation of 4
along the Jordan curve K= {z=¢%*; 0<f=<1} in z=1. Then A’'—h is a solution of
the homogeneous equation 7f=0 and, therefore, #»'—h=az* in a suitable neigh-
bourhood of z=1 for any fixed branch of z. We consider 2+bz* in a suitable
neighbourhood of z=1, then its meromorphic continuation along K is s-(a+bet=?)
22 in z=1" If we determine b such that b=a-b2*=*, that is, b=a(l—e?***)~!, then
it holds that A+bz'e HY(D, M) and T(h+bz*)=g. Therefore we have HY(D, TIN)
=THD,M). In this case all non trivial homogeneous solutions az* are not uni-
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form but meromorphic in D.
In the same way we can give the proof of the sufficiency of Theorem 6
similarly to §6.

ExampLE 3. Let D=C—{1}. In the case that 2 is not a positive integer, let
9(2)=1—2)"'eH(D, M). Then

h(z)= Z,l(n—)t)“z"

n=

satisties Th=g¢g in |z|<l. ‘Therefore geH*(D, TM). Suppose that ge TH(D, M).
Then there exists fe H(D, M) such that 7f=¢g. Then it holds that

f(z)zzlsz z2~*g(2)dz+az .

Since z* and z7* are holomorphic in z=1, the residue of z-*g(z) in z=1 must be
zero. But this a contradiction. Therefore we have ge H°(D, 7). Hence it holds
that H(D, T+ TH'(D, ).

In the case that 2 is a positive integer, let g(z)=z*@z—1)"‘e H(D, T?). 1If
heH(D, M) satisfies Th=g, then 2 must be of the form A(z)=z*log (z—1)+az*
Therefore it holds that geH°(D, TW)—TH'(D,M). Hence we have HYD, TM)
+ THYD, M).

In the case that 1 is not an integer a homogeneous solution z* is not mero-
morphic in D. In the case that 2 is an integer all homogeneous solutions az* are
uniform and meromorphic in D.

Examples 1, 2 and 3 illustrate our Main Theorem.
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