DEPENDENCE PROPERTIES OF SOLUTIONS ON THE
RETARDATION AND INITIAL VALUES IN THE THEORY OF
DIFFERENCE-DIFFERENTIAL EQUATIONS

By SHoHE1 SuciyAMA

Introduction.

In [1], Bellman and Cooke have discussed the behavior of solutions of a particular
type of the equation

0.1) x'()=S(t, x(@t), 2(t—h))

as the retardation % tends to zero, and stated that the same method they used can
be applied to demonstrate the corresponding result for more general differential-
difference equations. The author [6] has discussed the same problems as above for
general equations (0.1), in which f(¢,x,y) is a continuous function defined in a
bounded and closed domain and satisfies Lipschitz condition, and he obtained some
results as direct consequences of the dependence properties of solutions on the
retardation %, as well as the behavior of solutions as % tends to zero.

The purpose of this paper is to discuss the problems of dependence properties of
solutions of (0.1) on retarded arguments and initial values for the case where ¢
varies in the infinite interval.

§1. Existence of solutions.

In order to consider the problems stated above, it is useful to establish the
existence and uniqueness of solutions of (0.1), which are defined for —oo<¢<co.
Hence, we first prove an existence theorem. The uniqueness, however, will be
proved in § 2 by means of a result concerning the continuity property with respect
to retarded arguments and initial values.

On the other hand, Doss and Nasr [3] have discussed the problem similar to the
above one for the equation (0.1), in which 2<0 and f(#, x,¥) is continuous in the
region #,=t<oco, |x|<oo, |y|<co.
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Now, we shall prove the following

THEOREM 1. In the equation
(1.1 x' () =f(t, (), {t—h)),

it is supposed that the following conditions are satisfied:

1) fU x,y) is continuous in the region Ix DX D, wherve D 1s a domain in R
and I=(—oo, 0);

(i) St x,y) satisfies Lipschitz condition such that

1.2) | L, 21, Y1) — S, 22, Yo2) | SR X1 — 2]+ |y1—2]),

where k(t) is continuous in I and
i 1
1.3) S KOdt=A<—;
(iii) for a given x, in D,

(1.4) Si’ LA, o, %0)|dt =B <co.

Then, we obtain the following results:

() the existence and uniqueness of solutions under the nitial condition x(0)=x,
are guranteed in the interval I, provided that every point such that |x—x. =2AB/(1
—2A) lies in D;

(b) the solution is a continuous function of the initial value,

(c) the limits lim,, .. x(t) exist, and they arve one-to-one corresponding to the
solution;

(d) if the integral in (ii) is not convergent, the uniqueness in (a) is no longer
true.

In this theorem, it is not necessary for % to be positive. For the sake of
simplicity, however, the proof will be proceeded for the case #2>0. The slight
modification can be applied to prove the corresponding results for the case 2<0.

Proof. (a) We define a sequence {x.(8)}5-, in the interval I as follows:

o(t) =,
(1.5)

Zn1(H) =20+ S:f(s, Zn(8), Xu(s—h))ds n=0,1,2,--).
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Now, we consider two cases:
I. The case 0=¢<co. It follows from (1.5) that

| T 1(B)— ()| = S:k(s)( | 2n(s) —Tn—1(S)| +|Xn(S—P) —Zn—1(s—h)|)ds
1.6) ,
ég HS)|Ta()—Tars(3)] ds,
—n

where A(s)=k(s)+k(s+h).
Especially, for n=0, we obtain from (1.3) and (1.5) that

(L.7) |21(t) — 0 éS:If(s, o xmdségf | /s, @0, @)l ds=B.

Then, from (1.6) together with (1.3) and (1.7), it follows that

which implies the uniform convergence of the sequence {w.(#)}5-, in the interval
0=t<co.

It is noted that the upper bound 2AB/(1—2A) of the sequence (1.5) is not
dependent on the retarded argument #.

II. The case —oo<¢=0. It follows from (1.5) that

0
|xn+l<t>—xn<t>|éSf(sxixn(s)—xn_l(s)I+1wn<s—h)—xn_1<s—h)l>ds

§S° 2(8)|0(S) — Bur(s)d.
t—h

On account of the same reason as in the case I, we obtain just the same estimation
as (1.8), which leads us to the uniform convergence of {xx(f)}5%-, in the interval
—oo<t=0.

Putting x()=1iMy_e Za(f) (—o0<#<o0), it follows by the uniform convergence
that x(#) is a continuous solution of an integral equation

(L.9) o) =0+ S:f(s, 2(s), Bs—M)ds,

provided that the condition in (a) is fulfilled. It is apparent from (1.9) that x(¢)
satisfies the equation (1.1) in the interval I and x(0)=ux,.
The proof of the uniqueness of solutions and continuity dependence on initial
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conditions will be found in §2.
(¢) In order to prove (¢), it is sufficient to establish the absolute integrability
of f(¢, z(t), x(t—h)) over the interval I. It follows from (i) and (iii) that

| 15, 0, ats—plas

0" 165,09 ats ) —fts, zw wolds+ | |t wolds

éS:k(s)(l:v(s)—xol+|x(s—h)—x0|)ds+go_° | (s, To, Zo)|ds

- 4A*B
—1-2A

+B.

Hence, the limits lim;... z(#) exist and the uniqueness of solutions implies the
one-to-one correspondence of the limits to the solution.
(d) To prove (d), it is sufficient to consider an equation

et
exp((1—ee)—1

(1.10) )= (x(t—1)—x(t))

under the condition x(0)=e"*.

It is easily observed that x=exp(—e¢?) is a bounded solution of (1.10) with x(0)=e"*
in the interval . It is evident that for any constants « and B, a exp(—et)+f satisfies
the equation (1.10). From the equation ae-'+4B=e~', however, we can find an
infinite number of solutions with the same initial value ¢! at £=0.

Furthermore, by means of a simple calculation, we have

=) el
j_mexp((l—efl)et)—l di=-co.

§ 2. Dependence properties of solutions on initial values and retarded arguments.

In order to study how the solution of (1.1) depends upon the retarded arguments
h under the analogous assumptions to those in Theorem 1, we suppose that /z varies
on the interval [a,b]. For the sake of simplicity, it is supposed that « is non-
negative. Instead of the assumptions in Theorem 1, we suppose that the following
conditions are satisfied:

1) ft, x,y) is a continuous function defined in Ix D x D;

(il) f(t, x, ) satisfies Lipschitz condition such that
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[ ft, 21, y1) —S(E, 22, y2)| S R@)(| 21— 22|+ |y:1 —¥2l),

where k() is continuous in I, (t,x,y)eIx Dx D, and

1

Sw Modi=A<—5;

(ili) for any constant a in D,,

S‘” |, @, )| di < B<co,

where B is an absolute constant and D, is a subdomain in D which is chosen so as
to satisfy that every x satisfying the inequality |x—a|<=2AB/(1—2A) is contained
in D,

(iv) for sufficiently lavge T such that b<T, there exists a constant K such that
|t 2, )| =K in Iyx Dx D, where I, represents the interval [—T, T1].

Then, as proved in §1, the existence of solutions of

2.1) ' ()=, @), x(t—h:)), a=h=b

under the condition x(0)=x,, where x;€D,, is guaranteed in the interval 7, and
(2.1) is equivalent to an integral equation

2.2) x(H)=x:+ S: f(s, 2(s), x(s—h.))ds

in the interval I. .
Denoting by x(¢, x., h;) the solution of (2.2), we obtain from (2.2) that

|2(2, 21, h1) — (2, 22, h2)|
= lor—aal+| {175,066, 0 ), (s, 1, )
— (s, (S, X2, 1), 2(S—h1. T, hz))ldsi
@3) 1§15 205 5, e, (5=, )
—f(s, (S, T3, hs), X(S— M2, T2, hz))ldsi
=fev—asl+| | KXla(s, @1, )=, 2, )

25—, T3, hs)— s — s, @2y Bs)| )|
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+' Stk(S)Ix(s—hl, o ) — 25—, s, hz)]ds].

On account of the assumptions mentioned before, it follows from (2.2) that

I.Z‘(S“"h], X2, hz)—x'(s—h% X2, h2)|

s—h
gg | Ftts mt, o, 1), 2(t— o, o, o))\t

s—nhg

=K(h:—h),

provided that —T=s—h.=u=<s—m=7T. Then, if we consider the case 0=t<oo,
we obtain from (2.3) that

l2(t, 21, ha) —2(t, X2, Do)
t

=Jas—aal+ KA =)+ a6lats, 00 h)~ats, 2 hlds,
h1
where A(s)=Fk(s)+k(s+h,), which yields an estimation

(2.4) |x(t, 21, h1)—2(t, 22, h2)l§T—%Z (|z1— 22|+ KA(he—hy)).

For the case —oo<t=0, we obtain just the same inequality as (2.4) by means
of a slight modification of the above method.

If hi=h, in the inequality (2.4), it implies the equicontinuity of solutions with
respect to initial values. Furthermore, if x,=x. and h:=h,, we can establish the
uniqueness of solutions of (2.1) from (2.4), which implies the proof of the uniqueness
in (a) of Theorem 1.

On the other hand, if xi=2.=x,, any solution of (2.1) is an equicontinuous
function of the retarded argument 4. Furthermore, since any solution is bounded,
it follows by a well known theorem that any sequence of solutions {x(Z, Zo, #4)} 5—0
such that #,—0 (n—o0) contains a subsequence which is uniformly convergent as
n—oo, The limiting function x(¢,x,) will be expected to be a solution of the
differential equation

2.5) x'(O=1, @), 2@®),  20)=m0.

To this end, consider the inequality (2.4) which corresponds to the case where
T1=x2=, and he=h, h,=0. Then, by virtue of the same reason as before, we
obtain an inequality

K
]x(t, Xo, h)—x(t, .’1/'0)] é‘l—_;—AT,

which implies the uniform cenvergence of x(¢, xo, k) to x(¢, 2,) as h—0. Here, it is



DEPENDENCE PROPERTIES OF SOLUTIONS OF DIFFERENCE-DIFFERENTIAL EQUATIONS 73

noted that the interval of the uniform convergence is —T=¢=T for any large T.
Thus, we obtain the following

THEOREM 2. Under the same assumptions (i), (i), (iii), (iv), we obtain the
Jollowing results:

(1) for a fixed retardation, any solution of (2.1) s an equicontinuous function
of the initial value uniformly in t;

(i) for a fixed initial value, any solution of (2.1) 1s an equicontinuous function
of h in the interval [a,b] uniformly in t, if t belongs to an wnierval I

(ili) as the retardation approaches zero, the solution of (2.1) with a fixed initial
value tends to the solution of (2.5) uniformly wn tel,.

§3. c-approximate solutions.

Let ui(f) (i=1,2) be functions which are continuous in 0=<¢<oco, differentiable
in 0<¢<oco and satisfy the inequalities
3.1 [ () =S, wi(D), u(t—h))| = (=1,2)
for given constants e, (=1, 2), where it is supposed that for a given function ¢(f)
the initial conditions
(3.2) ui(t—h)=¢:t) 0=t<h,i=1,2)

are fulfilled. Then, we call u(t) ((=1,2) the e;-approximate solutions with respect
to the difference-differential equation

(3.3) & (O=ft, x@), xt—h))  (=1,2),

respectively, where x(f—h.)=¢,(f) 0=t<h.).

On the function f(¢,x,y) and others, we impose the following conditions which
are more general than those in the preceding sections:

1) f, x,y) s continuous in the region I*xDxD, where I' represents the
mterval 0=t<co, and sup | f|=K in If x Dx D, where I the interval 0=t=T for
any large T;

(i) S, =, y) satisfies the condition such that

| f(8, 201, Y1) — [, 22, Yo)| S R@E(M(| 21— 22])+ M|y —y2])),

where k(t) is continuous on I+ and M(r) is precewise continuous, non-negative, non-
decreasing for r=0, and M(0)=0 if and only if r=0;

where o(t) (1=1,2) are given continuous functions and 1im o ¢i(t) (=1,2) exist;
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(iv) 0<hi=hs.

Now, we consider three cases.
I. The case 0=t=h,. Then, we obtain from (3.1) that

[01(2)— ()]

B4)  =|u1(0)—ux(0)| +(e1+e2)t+ S:I (s, us(S), ur(s— h)) —fs, us(s), u(s—h))|ds

é’!ul(O)—uz(O)H(lerez)thrS:lk(S)M(lf.m(S)—st(S)l)derS;k(S)M(Im(S)—uz(S)l)dS-

Then, by means of Bihari-Langenhop’s inequality (cf. [2], [4]), it follows from (3.4)
that

[u2(8) —u2(8)]

(3.5)
=G-! (G [261(0) — 142(0) |+ (e1+-e2) I+ Solk(S)M(Isol(S)— <pz(5)l)d3) + Sok(S)dS),
where G-'(r) is defined as the inverse function of
LA/
36) G(r):S e 0<n=n,

and the constant in the bracket of G in (3.5) is supposed to be positive.
II. The case =t<h,. Then, it follows that

Iul(t)—uz(t)]
§ [ul(O) - uz(O)] +(€1 +€2)h2 "{“ZK(hz—hl)

+S:‘/«s)M(lwl(s)—wz(s>l>ds+S:«s)M(lu1<s>~uz<s>|>ds,

where A(s)=Fk(s)+k(s+h:). Then, by means of the same inequality as above, we
obtain

[ur(D)—us(t)| =G* ( G| [41(0)—u2(0)| +(e1+e2) o+ 2K (ho—h1)

37 g )
+ j Olk(s)M(lsm(S)—sﬁz(S)DdS) + SO*(S)‘“)‘

III. The case h:=<¢t=<7. Then, it follows that
]th(t)—uz(t)l
§|u1(0)—‘u2(0)|+(S1+62)T+2K(h2“h1)+AM((2K+82)(h2~h1))

+S:k(S)M(ISDl(S)~9Dz(8)l)d8+SZX(S)M(qu(S)—uz(S)l)ds,
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which implies the inequality

[201(2) —u=(8)]

38) gG-l(G 113(0) —20(0)]| + (1 60) T+ 2K s — h)-+ A MK +25)(os— 1)

h1 13
+ k(S)M(lsal(S)—-soz(S)l)dS) + s )
Thus, we obtain the following

THEOREM 3. Under the conditions (i), (i), (iii), (iv), we obtain the estimations
(3.5), 8.7), (3.8) for |ui(t)—usx(t)|, where u,(t) 1=1,2) are ¢-approximate solutions
defined by (3.1), and G~ () 1s defined as the inverse function of (3.6).

If we consider the case M(r)=r, that is, if f{(¢, x,y) satisfies Lipschitz condition,
it follows from (3.5) that

G(n=log —:; and G'(H)=r,expr.

Hence, we obtain the following

COROLLARY. Under the conditions (i), (iii), (iv) in Theorvem 3, and the condi-
tion

(i)’ | f@, 21, Y1) — [, 22, Yo) | SR@) (21— 22|+ [y1—2)),

where k(t) is a continuous function.
Then, we have the following estimations:

I. The case 0=t=h..

]Ml(t)—uz(tﬂ

k1
=exp [241(0) —22(0)| + (s1+-22) 11 + SO k()| p1(s) — ()| ds |.

Stk(s)ds)

0

II. The case hi=t=h..
qu(t) — Mz(t)|

=exp [242(0) — 22(0)| 4 (e1 +e2) 2+ 2K (ha— 1)

S: Z(S)ds)

+So“k(3)l<ﬁl(3)_¢2(s)]ds ,

where A(S)=k(s)+ k(s+ hi).
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III. The case h.=t=T.

|1 (8) — u=(0)]

éexp( St Z(s)ds) ( 121(0) —22(0) |+ (e1+e2) T-+2K(A +1) +eo(ho— 1)
0

k1o euas).

§4. Osgood conditions.

The author [5] has obtained the general theorems concerning the uniqueness
problems of difference-differential equations. In this section, as an application of
Theorem 3, we shall establish a uniqueness theorem very similar to Osgood condi-
tions in the theory of differential equations. Furthermore, as an application of a
fixed point theorem, a result which asserts the existence of solutions will be proved.

We first prove the following

THEOREM 4. In the equation

we suppose that the following conditions are satisfied:
(1) S, x,y) is continuous mn 0=t<oco, |x|<oo, |y|<oo;
(i) f(t, x,vy) satisfies the condition such that

(4.2) |/, 2, )| =k@OM(|2)+M(y),

where k(t) is continuous in 0=t<oco, M(r) is defined as in Theovem 3.

Then, therve exists a solution of (41) wunder the initial conditions x(t)=0
(—h=t<0) and x(0)=a, in the interval 0=t<oco, provided that |x,\|=7, where 7,
1S a gwen constant.

Proof. For a given 7,>0, we consider an equation

r dp t
43 S——zgx ds  (0<r=r,0=t<co),
4.3) M) . (s)ds O<r=7, < c0)
where A(t)=~k()+k(E+h). Since both of the right and left hand sides of (4.3) are
monotone increasing, 7 is uniquely determined as a function of ¢ in the interval
0=¢<co, and 7(0)=7,. Furthermore, (4.3) is equivalent to a differential equation

' =2 M(r)

under the initial condition 7(0)=7r.

1) The result was simply stated in [7].
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Let A be a family of functions x(¢f) which are continuous and |z®)|=r() in
0=t<oo, and x()=0 (—h=t<0). Then, we define a transformation 7 such that

t
4.4) Tx(t)=x0+8 fis, x2(s), x(s—h))ds
0
for any x(f) in A. Then, it follows from the hypotheses that

ITx(t)lélxol+S:k(S)(M(lx(S)|)+M(Ix(s—h)l))ds
§|x0|+S:2(s)M(|x(s)[)ds

§r0+S:z(s>M<r<s)>ds=r<t>

for any x(¢) in A, which implies TAc A. Thus, by using Tychonov’s fixed point
theorem in the topology suitably chosen, it follows that there exists a fixed point
in A, which corresponds to a solution of (3.1) under the conditions x(0)=x, and
z(H)=0 (—h=t<0), if 2| =7,.

This completes the proof of Theorem 4.

CoRrROLLARY. Under the same assumptions as in Theorem 4, if

S:ok(t)dt

is convergent, but

S :o llj?p)

diverges as r—-co, then therve exists a bounded solution of (4.1) under the conditions
(=0 (—h=t<0) and x(0)=x,, provided that |xo|=7,.

Proof. From the equation (4.3) and the above assumptions, 7 is determined as
a bounded function of ¢ in the interval 0=<t{<oo. Then, proceeding the same
method as in the proof of Theorem 4, it is observed that A defined before is a
family of bounded functions in 0=i¢<oco. Hence, a fixed point in A, that is, a
solution of (4.1) is also bounded in 0=<¢<co.

In order to apply Theorem 3 to the uniqueness problems, we use the notation
G(r, 7)) instead of G(r) and impose on it the assumption lim, ..o G(r, #))=+oco for
fixed . Then, we obtain lim, .o G(r, 7)=0. In fact, if the result does not hold,
there exists a positive constant ¢ such that G~'(7,7,)=¢ for 0<7#, <7, where 7 is
any sufficiently small number. By the monotonicity of the function G(r, 7)) with
respect to 7, it follows that
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(4.5) 7= G(G_l(rl, 70)) 70) = G(Ev 7’0)

for any fixed »:(>7). On the other hand, it follows from the hypothesis that
lim, .0 G(e, #0)=4-c0, which contradicts the inequality (4.5), since 7, is fixed. It is
noted that such a condition as above corresponds to Osgood condition concerning
the uniqueness of solutions in the theory of differential equations. Thus, we
obtain the following

THEOREM 5. In Theorem 3, we suppose an additional condition such that
limy ..o G(r)=+oco. Then, we have the following results:

@) u1(0)=us(0), p:(O=¢2(t), and hi=hs. Then, the uniqueness of solutions is
obtained,

) e1()=a(t), hi=he. Then, the equicontinuity of solutions with respect to
initial values is obtained,

© e)=pD), u1(0)=u2(0). Then, the equicontinuity of solutions with respect
to retarded arguments is obtained.
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