ON CURVATURES OF SPACES WITH NORMAL
GENERAL CONNECTIONS, I

By TomiNosUKE OTSUKI

In a previous paper [7], the curvature tensor of a space with a general con-
nection was defined by formulas analogous to the classical ones for the spaces with
affine connections. As is well known, the Ricci’s formula
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is fundamental for the theory of differential geometry in the large, for instance,
the holonomy group.

In this paper, the author will investigate the formula for spaces with normal
general connections, making use of the results obtained in [12] regarding basic
curves in such spaces. He will use the notations in [8], [10], [11] and [12].

§1. The curvature tensor of a space with a general connection.

Let X be an n-dimensional differentiable manifold with a general connection I
written in terms of local coordinates u* as

I'=0u; @ (Pid*u~+I'},du @ du®).
By (6.28) in [7], the components of the curvature tensor of the space are given
by
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and 0/ are the Kronecker’s /5 The formulas can be written as follows:
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(1.1) is of contravariant form and (1.2) is of covariant form of the component Ri’xs.

§2. The curvature tensors of the contravariant part and the covariant part
of a normal general connection.

Let I be a normal general connection, i.e. let the tensor

P=0u;Q Pldu=iI")

be normal.® Let @ be the tensor such that @=P-! on the image of P and Q=P
on the kernel of P regarding P as a homomorphism of the tangent bundle 7(¥)
of ¥X. Let A=QP=PQ with local components AJ be the projection of 7(¥) onto
the image of P and N=1—A with local components N/ be the projection of T(¥)

onto the kernel of P. We say A the canonical projection of I.
Let 'I'=QI" be the contravariant part of /" and "/I"=I"Q be the covariant part
of I' which are written as?
'I'=0u; Q (Ald*u*+' I}, du Q du™)
and
"I'=0u;Q(Ald*ur+"" T, dut @ du®),
and we have
",=Qi't, and ''A},=4],Q!
where
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Now, we denote the components of the curvature tensors of the two normal
general connections ‘" and /I by 'R#w and ’'Rins, which are defined by the
formulas (1.1) for them respectively.

LemmMma 2.1. For the curvature tensor of the contravariant pavt 'I'=QI" of any
normal general connection [’ we have
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1) See [10], §1.
2) See [10], §3 and [11], §1.
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Proof. We have
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On the other hand, we have easily
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Hence, the terms but ’R;/u. of the last side of the above equation cancel with each
others and so we get (2.1). q.e.d.

LemmA 2.2. For the curvature tensor of the covariant part ""['=1'Q of any
normal general connection I', we have
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On the other hand, we have easily
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Hence, the terms but “Ryu; of the last side of the above equation cancel with
each others and so we get (2.2). g.e.d.

We denote the curvature forms of the normal general connection I, its con-
travariant part ‘/" and its covariant part /1" by

Q= Roudu Ndut,  'Q=—5'Romde® Ndu
and
Qpm R adt N
respectively. We say a tensor is A-imvariant if it is invariant under the homo-

morphism on the tensor bundles over X induced from A. From these lemmas, we
obtain easily the following

THEOREM 1. The curvature forms of the contravariant part and the covariant
part of a normal general conmection I’ ave A-invariant on any A-invariant 2-
dimensional tangent plane, where A 1is the canonical projection of I'.

§3. Some relations between the curvature tensors of a normal general con-
nection and its contravariant and covariant parts.
For a normal general connection ', let be
'Nidpw=NiIt, and ""Ngn=4},N¥,
which are the local components of the general connections NI" and I'N respectively.

Since ANI)=i(I"N)=0, NI' and I'N are both tensor fields of type (1, 2) on X.
From the formula (1.1), we have

oP,'Iy, oPYIY,
Row={ pi[ 20 OB Cd0 )y py Py =Y PE T | P
i 0'Nuwle  0'Nw! "
o s A

Now, we denote the covariant differential operator of ’/'=@QI" by ’D. Since P
is A-invariant, we have
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Making use of (2.1), (3.1) and (3.2), the above equations can be written as
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We call attention to the fact that the right side of the above formula is written
in terms of the quantities of Q" and NI'.

In the next place, we will try to describe Rim in terms of the quantities of
I'Q and I'N. Analogously to (3.1) and (3.2), we have
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and
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that is
" 7
(3.5) = OPL PP} Ni.

Making use of (2.2), (3.4) and (3.5), from the formula (1.2) we have
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the above equations can be written as
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THeEOREM 2. Let I' be any normal general connection and ' and '’ be the
curvature forms of its contravariant part and its covariant part respectively, then

3.7 Py/2i=""0{P!,
wheve P=0u,® Pldu*=A(I).
Proof. Making use of (2.1) and (2.2), from (3.3) and (3.6) we gel the equation:
Py’Qi+ Al DPLA (' DPE—' Nutedu?) QP — Q) ' DP N Nt rdu - A™
="P 4+ QI(" DP+"' Nitndu) N"'DPL - A7+ A} Nt wdu* A" DPL - .
By means of (3.1) and (3.4), we get easily

3.9 A}-'DP:='DP! and ""DPj-Al'='""DP;.
By means of (3.2) and (3.5), we get similarly
3.9 'DP}=@Q}-Dé¢ and '"DPi=Dd} Q..

Substituting these into the above equation, we get
P}t 4-Q Do N(QED0oy—' Nt udu¥)Qy — QIQ; Doi N/ Ntk - AT
="M P+ QD Qi+"' Ni'rndu®) A\ Do%- Q7+ A1’ Nyt rndu® \ Dot - Q3 QM.

On the other hand, we have easily

01,0 Ni'w=—PiA{ NAY,
and

" Nundh, =AM N i P
Making use of the equations, the terms but P}’%! and "/${P! in the last equation
cancel with each others. Hence we have

Pl =""01Pt, qg.e.d.

§4. The Ricci’s formula for spaces with normal general connections.

In [12], the author proved that for a basic curve C: w’=u#/(f) in a space with
a normal general connection /7, any A-invariant vector V3§ of ¥ at u}=u’({,) can
be uniquely translated parallel along C such that the parallelly translated vector V7(¢)
is A-invariant at each point of the curve, if /" is contravariantly proper, that is

4.1) Nt ALAR=0,
and the same fact holds good for A-invariant covariant vectors, if /' is covariantly

proper, that is
4.2) Al A NtAR=0.2

Let D be the basic covariant differential operator of I'. In [12], the author
proved that along a basic curve the two conditions for a contravariant vector V7:

4) See [12], Theorem 3.1 and Theorem 3.2.
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DV

J [
AiVe=V1i, i 0
and
DVi
I — _
AIVe=Vi, 7 0

are equivalent to each others, if /" is contravariantly proper. Analogously, the two
conditions for a covariant vector Wi

DW,
2 —_— =
AIW,=0, T 0
and
. Dw,
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AIW,=0, 7 0

are equivalent to each others, if /" is covariantly proper.”

Now, we say that a general connection /" is infegrable when the distribution
of the tangent subspace P.=P(T«(X)), P=A(I"), xe¥, is completely integrable. If
I" is normal, the condition that [" is integrable is equivalent to that for any two
A-invariant vector fields X’=Plx* and Y?=Ply*, we have

Ni[X, Y]=0,
that is

aPk aPl
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x? and gy’ are components of arbitrary contravariant vectors, hence the above
condition can be replaced by

0P}
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or
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Now, let I" be a contravariantly proper and integrable normal general connec-
tion. On an integral submanifold 9 of the distribution P., take a curve and
consider an A-invariant contravariant vector field V7 parallelly translated along this
curve, then we have

4.4 DVi=dVi+' 43, Vidu»=0

by means of (4.8) in [10]. Take a two-dimensional cell w*=u'(t, w) on %), (¢, w)
e[—1, 11x[—1, 1]. We denote the variations corresponding to ¢ and w by d and ¢
respectively. Then, the infinitesimal difference between the vectors obtained by
parallel translating an A-invariant contravariant vector V7 at the initial point
wj=u’(0, 0) firstly along a f¢-curve and secondly a w-curve and firstly along a w-

5) See [12], Theorem 4.1 and Theorem 4.2.
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curve and secondly a f-curve is given by
TN

qur ou
The left hand side are the components of an A-invariant infinitesimal contravariant
vector from the above mentioned fact, and so we have

. Ay, AL

(do—0ad)Vi=— ( A A —T A AL, ) Vidurouk.
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which can be written as
4.5) (do—0d)Vi=—'RinVidurou*

by means of (2.1).

Analogously consider the case in which /” is a covariantly proper and integrable
normal general connection. On an integral submanifold ¢) of the distribution P,
take a curve and an A-invariant covariant vector field W, parallelly translated
along this curve, then we have

4.6) DWi=dW;—""I'i, W;du"»=0

by means of (4.8) in [10]. Take a two-dimensional cell on 9) and consider the

samc thing for an A-invariant vector W, at the initial point as mentioned obove,

then we have easily

'y 9T,
ou™ ou*

(do—od)W,= ( +1'g, ”ng—”[’{k"ﬂh) W iduouk.
The left hand side are the components of an A-invariant infinitesimal covariant
vector and so we have
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which can be written as
4.7 (do—0d)W.,="' Ri?nx W ;du"ou*

by means of (2.2).

From the form of the left hand side of (4.5) and (4.7), these correspond to the
formula of Ricci in the classical theory of affine connections.

We define for a normal and integrable general connection I its holonomy
groups as follows: Take a point x, of ¥ and the integral submanifold 9 through
x, of the distribution of P,. Take a curve of piece-wise class C' starting from
x, and ending at the same point and parallelly translate A-invariant contravariant
vectors or covariant vectors at x, along the curve when I is contravariantly
proper or covariantly proper respectively. Then we get an isomorphism on P, or
its dual space P.* corresponding to the curve. The set of such isomorphisms
makes a group which we call the basic homogeneous holonomy group at x, of the
first kind or the second kind and we denotes it by BH'(x,) or BH'' (x,).
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By means of the above mentioned method of definition of the basic homogene-
ous holonomy group, the groups of the same kind at points of 9) are clearly
homologous to each others.

THEOREM 3. Let I' be a normal and integrable general connection of a differ-
entiable manifold X. If I' is contravariantly proper (covariantly proper) and the
Sundamental group w(%) has at most a countable number of elements, then the con-
nected component BH, (x) (BH,'(x)) of the basic homogeneous holonomy group
of the first (second) kind BH'(x) (BH''(x)) of I’ at a point x of X is generated by

'R X?Y* ("RimX"YF),

where 'Riwe ("Rilni) are the components of the curvature tensor of the contra-
variant (covariant) part 'I' ('I") of I with vespect to frames parallelly translated
Jrom a standard frame at x along any basic curves starting from x and X7, Y’ are
any A-invariant contravariant vectors.

Proof. By means of the definition BH’(x) or BH’/(x), they are determined by
the contravariant or covariant part of I". Hence, by virtue of the formulas (4.5)
or (4.7), the connected component of the basic homogeneous holonomy group are
generated by the elements mentioned in this theorem respectively as in the case
of the classical affine connections.
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