ON THE THEORY OF LINEAR DIFFERENCE-DIFFERENTIAL
EQUATIONS

BY SHOHEI SUGIYAMA

Introduction.

Many authors have discussed the problems of linear difference-differential
equations such that
dx(t)

(1) i ax(t) + bt —1) + ()

for 0=t<oo. (Cf. [1]—[11], [1561—T[22].)

However, few have been investigated concerning the problems of neutral
systems. Hence, it may not be useless for us to consider a neutral linear
equation such that

da(t) da(t — 1)
2 LA LAV S
(2) dt dt
for 0 =<t < oo, where a, b, ¢ are constant. Although neutral systems are es-
sentially different from equations with ¢=0, the similar method is applicable
for it.

In §1, we are going to discuss the location of zeros of the characteristic
equation corresponding to (2). In §2, the existence of solutions of homogeneous
equations will be studied. Non-homogeneous equations together with the
fundamental solution will be discussed in §8. In §4, stability problem will be
discussed as the application of the results in §3. In §5, perturbation method
will be described for equations having a parameter.

=ax(t)+bxt—1)+¢ +f(@)

The author would like to express his hearty thanks to Prof. Y. Komatu
and Prof. T. Saito who looked over his paper and gave him a lot of advice
during his investigation.

§1. Location of zeros of the characteristic equations.

In this section, we first consider the linear difference-differential equation

dx(t+1) dx(t)

1.1 Fra ax(t +1) 4+ bat) +c— >~

dit

with the constant coefficients @, b, and ¢, where we suppose that ¢+ 0.
In the equation (1.1), if we put x(f) = e*, we have
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ﬂ%ﬁ - (aw(t +1) +ba () + c%) =(¢'(s — @) — (b +cs))e",

Hence, if we denote by s, a zero of the transcendental equation e’(s— a)
—(b+cs)=0, e** is a particular solution of (1.1). Then, the equation
1.2) fie)=e(s—a)—(b+ecs)=0
is called the characteristic equation of the linear difference-differential equation
(1.1). In connection with the investigation of the linear difference-differential
equations of higher order, Langer [13, 14] has considered the location of zeros
of the equation e*P(s)+ Q(s) =0, where P(s) and Q(s) are polynomials of s. By
Picard’s theorem, there exists an infinite number of zeros of (1.2) in the neigh-
borhood of the essential singularity at s=co. Then, it follows from (1.2) that
e*=(b+cs)/(s—a), by which we obtain
1.3) s=logc+ 0(1/s)
for any large |s| with exception of an integral multiple of 2zi. If we put
s=u+1v, where w and v are real, (1.3) gives us that

u=log|c|4+O0@1/n), v=argc+2nz+O0(1/n),

where » is an arbitrary integer, which implies that all the zeros of (1.2) lie
in a strip parallel to the imaginary axis. In general, however, it is well known
that if the degree of P(s) is different from that of Q(s), a finite number of
zeros of e’P(s)+ Q(s) =0 lies in a strip parallel to the imaginary axis. Further-
more, Hayes [12] has investigated in detail the case where the degree of P(s)
and Q(s) are equal to 1 and 0 respectively.

In the following sections, it is convenient to suppose that the real parts
of zeros of (1.2) are all negative. It is, however, not sufficient to assume that
le| is less than 1, for the equation

ss—1)— =L 1\ =
e(s—1) ( 2+2s> 0
has the real zeros 1 and —log 2.
It follows from (1.2) that
f®=e@—a+1), fPE)=e(E—a+n) n=2),

which shows that the number of multiple roots of (1.2) and their multiplicity
are finite.

§2. Linear homogeneous difference-differential equations
with constant coeflicients.

We shall consider, in this section, the linear homogeneous difference-

differential equation
de(t+1) dx(t)
t

d =ax(t+1)+bx(t)+cd—, 1<t < oo,

where a, b, and ¢ are constant and ¢+ 0, with the conditions
(2.2) w(t)=¢(t) 0=t<1), =(l)=a,,

@.1)
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where ¢(t) is a given function continuous for 0<¢<1 and ¢(1—0) exists.
Bellman [1] has already considered the case where ¢=0. In order to obtain a
solution of (2.1) with (2.2), we formally apply the Laplace transformation for
(2.1) obtaining

° dx(t)

~stgt,
o dt

SwMe““dt = aSww(t +1)e~s'dt + bjmx(t)e'“dt + cj
0 dt 0 0

Using the initial conditions (2.2), we have
(e'(s — @) — (b + ¢s)) S”x(t)e-stdt = @0 — ¢d(0) + e'(s — ) $1¢(t1)e'“1dt,
0 0

where we have assumed that lim, e ¥2(t) =0. This condition will be affirmed
later. Then, the Laplace inverse formula leads us to

j’ o — ¢p(0) + e*(s—a) 1 p(te"*dts ystgg
¢ e’ (s —a) — (b + cs) ’
which is considered as a positive solution of (2.1) with (2.2). C is a suitably
chosen contour of integration parallel to the imaginary axis.

It is convenient to make use of the following assumption:

Every root of e(s—a)—(b+cs)=0 lies to the left of the straight line
Rs=—0<0.

Then, since the function

o — ¢4(0) + €'(s — a)[ip(t)e*1dty

e(s—a)—(b+cs)

is regular in the half-plane Rs > — 4, we may take as the contour C the straight
line —48/2+4ir, —oo <7< oo, parallel to the imaginary axis. It follows by
(2.8) that

wo(t) =1 j“”“"“ @ — cp(0) + (B + cs)ob(t)e™1d1 gurg

2.3) o(t) = 271m,

@.4) 271 ) _spp—ioo . e‘(s—a)— (b+cs)
1 [-d/atie[ 1
: f H ¢(t1)e“‘1dt1:‘e"“ds.
271, —6/2—i0 | _J0

We denote by u; and . the first and second integrals respectively, that is,

_ L (T —0(0) + (Bt es)up(te *dts e
= om j —8,3—c0 e(s—a)— (b+cs) otds,
(2.5) 1 —3/2—4c0 1
Ug = . j B (0] (tl)e‘“'dtl:| estds.
27t ) —sp-ieo o

Bellman [1] stated in (2.5) that u, vanishes for 0 <t <1 if ¢=0, u; attains
the value ¢(t) for 0 <¢ =<1 and it vanishes for 1 <t< .

As for the case ¢+ 0, since we can also apply the same method of contour
integration as in [1], we obtain #; =0 for 0 <¢ <1. Furthermore, by the same
method, it follows that

lus(t)| < cre=%2

for 1 <¢< o, where ¢, is a constant (ef. [1]).
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Then, x=u,(t) seems to be a solution of (2.1) with (2.2) for 1<t < co.
However, we shall prove it indirectly. We denote the integral

qul(tl) dtl
¢

by x(t). We shall prove that the function x(t) satisfies the difference-differential
equation

da(t+1) da(t)
(2.6) —a = ax(t +1) 4+ bx(t) + ¢ it
for ¢ >1. Then, we have
Aot +1) (ax(t 1)+ () + cm)
9 dt dt
@.7) 1 —5,2+1400 1 PUGEY)
- 5 [(x,, +ep(0)+ (b + cs)j ¢(t1)e'”1dt1:| et €0 g
2w ) _spp—iwo 0 8

Since the integration by parts gives us that the member in the bracket of
(2.7) is bounded in the left half-plane, and furthermore, since Cauchy’s theorem
is applicable for the integrand of (2.7) by its analyticity, we may shift the
contour to the left. Then, it is easily established that the right hand side of
(2.7) vanishes for ¢>1, which implies that x(¢) is a solution of (2.6).

We can prove that the uniqueness of solution of (2.6) is affirmed. To this
end, we suppose that there exists another solution () with the initial con-
ditions (2.2). If we put 2(t)=x(t) —y(t), it follows by the linearity of (2.1)
that 2(¢) is a solution of (2.1) with the initial conditions 2(¢)=0 for 0<t=<1
and 2(0)=0. Then, it is apparent that z(¢) is identically equal to zero.

§3. Nonhomogeneous difference-differential equations.

We shall consider the nonhomogenous difference-differential equation
da(t +1) dx(t)

8.1 7 =ax(t + 1)+ bx(t) + ¢ it + ()
with the initial conditions that z(t)=¢() for 0=t <1, ¢(1—0) exists, and
2(1) = 2.

Formally multiplying e ** and using the analogous method as in the preceding
section, we obtain an equation

3.9) a(t) = 20(t) + ff(toK(t —ty)dt,,

where K(t) has the following integral representation

1 —3/2+41400 et

-—j ds,

2% ) —s/-i00 €(s—a)— (b+ cS)

and 2°t) is the solution of the homogenous equation (2.1) with the conditions

(2.2).
We first summarize the results concerning the properties of K(¢). It is

(3.3 K(t)=
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easily proved by the analogous method as in the preceding section that

(3.4 |K(t)| = o8~

and the continuity of K{(t) are guaranteed for ¢ >1, where c; is a constant.
Since (3.4) is rewritten as

1 —38/2+i00 PUGED

2r1 S_a/z-m s—a—e b+ cs) S

it follows that by the same method as above K(¢) vanishes for ¢ <1.

In order to establish the differentiability of K(t), it is sufficient to prove
the relations

K(t) =

(3.5) Kt+1)—a S’K(t1 +1)dt —b S’K(tl)dtl-cx(w:l t>1)
0 0

and

(3.6) Kt +1)— aS’K(t1 Fhdt=1 (0<t<1).

It follows by (8.3) that the right hand side of (8.5) is reduced to
—8,2+i00 st —3/2+ic0 s
@.7) 1 s’ 2+iw g ds+ 1 S 2+ ae’+b ds

2n% ) -sp-ieo S 215 )sjrase €(3—a)—(b+cs) S
Since the integrand of the first integral of (3.7) is regular in the left half-
plane, by a simple calculation, it is equal to the integral

1 —a+i0 esﬁ

2n1 S
where « is an arbitrary constant greater than 6/2. By the arbitrariness of «,
if we shift the contour of integration far to the left, that is, if a—+ oo, the
integral tends to zero for any finite ¢ > 0.

On the other hand, since the integrand of the second integral of (3.7) has a

simple pole at s =0 in the half-plane Rs > —d/2, it follows by Cauchy’s integral
formula that the following equality is satisfied:

1 S—5/2+iR aes+b @_:___ 1 5 aes+b ,ii'i
21 J_sp—in €(8—a)—(b+cs) s 271 Jo, €(s—a)—(+cs) s’

where Cr represents a right-hand semi-circle of the radius R with the center
at —d/2. Since the integral of the right-hand side tends to zero as R—-+oo
by the analogous way as used above, it follows that (8.5) is equal to 1.

As to the relation (8.6), we obtain

t 1 (-2t e(e'(s—a))+ae’ ds
Kt+1)—al| Kt +1)dt; = —+— s
®+1) aL (b 1), 2r¢ S—B/Z—zoo e(s—a)—(b+ecs) s
_ 1 j‘—a/2+zoo est ds+ ___L j‘-&/z+z‘m\~ est(b + CS) + aes dS
2n% ) 310 8 211 J_sppmre0 €(s—a)—(b+cs) s

ds,

—a—io S

By the same reason as before, the first integral of the right hand side vanishes
for any ¢ >0.

On the other hand, since the integrand of the second integral of the right
hand side has a simple pole at s=0 in the half-plane Rs >—06/2, we obtain
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1 5"’/2”'3 e'b+cs)tae’ ds _ 4 1 S e*(b+cs)+ae®  ds
201 ) —spp—in €(s—a)—(b+cs) s 273 Jo, e(s—a)—(b+ecs) s

By the same reason as before, the integral of the right hand side tends to
zero as R—+oo for t <1, which proves the relation (3.6), by which we obtain
K1+0)=1 if t—+0.
As to the differentiability, it follows by (8.6) that
Kt+1)=aKt+1) (0<t<1),

that is, K(t) is differentiable for 1<t <2.
On the other hand, differentiating (8.5), we have

K({t+1)=aKt+1)+bK(t)+cK'(t) (A<t<2).

Hence, we obtain the differentiability of K(t) for n<t<mn+1 (n=1,2 ..-).
Summarizing the results obtained above, we have the following

THEOREM 1. (i) K() is continuous for t> 1.
(ii) |K(@®)|< coe™ % for ¢ > 1.
(ili) K(t)=0 for t<1, 2f it is represented by the integral.

(iv) K(t+1>—aj'K(t1+1)dt—bj’K(t1)dt1—cK(t)=1 for 1<t < co.
0 0

i
(v) Kt+1)—al Kt+1)dti=1 for 0<t<1.
(vi) K@) is differentiable for n<t<m-+1 m=1,2, ---).

Thus, if we refer to the properties of K(t), it follows that the existence
and uniqueness of solutions of (8.1) will be established.

THEOREM 2. Suppose that all the roots of e(s —a) — (b+ ¢s) =0 lie to the
left of the straight line Rs=—0<0 and if f(t) is ¢ continuous function of
bounded variation over any finite interval such that

3.9) S:]f(tl) e 2, < oo,

Then, the solution x(t) of (8.2) with x(t)=¢@®) for 0=<t<1 and x(l)=zx, is
represented by

3.9) 2(t) = 20(t) +§:_1f(t1)K(t — t)dt,

Jor t>1, where x°(t) is the solution of the homogeneous equation corresponding
to (2.8), K(t) is represented by

1 j—6/2+'ioo et

8.10) KO=5 o110 €(s — @) — (b + cs)

21 ds

Sfor t>1, and
@.11) j""u{(tl)ldt1 < oo,
0
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Next, we consider the nonlinear equation

BAED e+ 1)+ batt) + B 4 £t, a(e+1), 2t

for ¢>1, where we suppose that f(f, x, y¥) is continuous and satisfies the
Lipschitz condition

(3.13) [f@, %1, 1) —f, 22 Y2)|= al)|ey — 22|+ E)|yr — vl

It is convenient to assume that a(f) and b(t) is continuous and to consider the
nonlinear integral equation of Volterra type

(3.12)

-1
(3.14) a(t) = 2¥(t) + 5 Pty a(t), oty — 1)K — t)dty

0
for ¢ >1, where K(t) is represented by (3.10) and «°() is the solution of the
homogeneous equation corresponding to (3.12). We define a sequence {x.(t)},_,
as follows:

2o(t) = 2°(¢),
-1
wn+1(t) = xO(t) + S f(tl, xn(tl)y xn(tl - 1))K(t - tl)dtl (n = 0’ 1; 2, i ')°
0
Then, by the explicit representation of «°%t) and the properties of K(¢), it
follows that each function x,(t) is bounded. Furthermore, since the Lipschitz

condition (3.18) is fulfilled, it follows that the sequence {x.(t)li-, converges
uniformly to «(¢), which is the unique solution of (8.14).

THEOREM 3. Suppose that in (3.12) f(t, x, ¥) is continuous, bounded, and
satisfies the Lipschitz condition (8.13). Then, there exists the unique solution
of (8.18). Furthermore, if we suppose that the integral

j\mlf(tly x, y)le”l/zdtl
0

18 bounded, the solution tends to 0 as t—+oo.

In fact, the explicit representation x°(t) and the properties of K(t), it
follows that

l2n(t)| < Ke%2 =12, ...,

where K is a constant, which proves the second part of the theorem.

§4. Stability of solutions.
In this section, we shall propose to consider the behavior of the solutions
of the difference-differential equation

dy+1)
dt

where a, b, are constant and f is small as {—+oco in some sense, by using the

4.1) =ay(t+1)+by@®) + ¢, y+1), y@),
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behavior of the solution of

4.2) d””—(’;tﬂ — aa(t + 1) + ba(t),

which has been investigated in [1]. If we consider a special type of (4.1),
that is, the equation
dyt+1)

dt
where a(t) and b(t) are continuous and bounded for 0=t < oo, the existence
and uniqueness of solutions are guaranteed with the conditions that y(t) = ¢(t)
0=t<1), ¢(1—0) exists, and y(1) = y,.

However, instead of the equation (4.8), it is convenient to consider the
integral equation

4.4) yt+1)=at+1)+ St(a/(tl)y(tl + 1) + b)Y () K(E — ¢1) dts,

where 2(t + 1) is the solution of (4.2) with the conditions z(t)=¢(¢) 0=t <1)
and (1) =2, and K(t) is represented by (8.10) with ¢=0.

By the hypotheses on a(t) and b(t), the existence and uniqueness of solutions
are established. Then, we obtain the following

4.3) = (@ + a®)y(t + 1) + (b+ b(E)y(?),

THEOREM 4. We suppose that in the equation (4.4) the following con-
ditions are satisfied:
(i) every root of e(s—a)—b=0 lies to the left of the straight line
Rs=—0<0;
(ii) a(t) and b(t) are continuous for 0 <t < oo and bounded, that is,
la®)= A, |b®)|< B;

(i) A+ B<d/2.
Then, the solution of (4.8) approaches zero as t—-+oo.

Proof. By the hypothesis on a(f), b(t) and the property (ii) in Theorem 1,
it follows that
Z
(4.5) [y + 1D = |2t + DI+ S (Aly(ts + DI+ Bly(t:))e=2-0/2d¢,.
0
Since we may take as t a large number, (4.5) is reduced to

lY(t + 1)@+ D2 < gt 4 1) | e¢+0/2 4 lel¢(tl)[e5(tl+l)/2dtl
(4.6) ) ’
+ | At Byt + Dl
0

It is well known that there exists a constant ¢; such that |2(f)| < ¢ie~%2
for t >1. Hence, we obtain

12
@) [yt + Dl ises+ (A + B Iyt + Diexen s,
0
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where
1
cr=ci+ j Blg (e ordt,,
0

which is a constant. Now, we can apply for the inequality the following
result.

LEMMA. In the inequality
(@) < f(@) + rK(tm(t) dt,
0
we suppose that x=0 and K{t)=0 for 0=t =x. Then, we have

u(@) < F @) + Kf(t)K(t) exp(SjK(s)ds)dt.

Thus, it follows by the above result that
]y(t + l)lea(t+l)/2 _S__ 026(A+B)t,
i.e.,
l’.l/(t + 1)] écze(A+B—H/2)t
for 1<t<oo. Hence, if A+ B<d/2, y(t+1) approaches zero as t— -+ .
Next we consider the equation

(4.8) Y+ D=+ 1)+ S:f(tl, Y@ +1), yE))KE —t)diy,

where x(t + 1) is the solution of (4.2) with the conditions z(t) =¢(t) 0=t <1),
2(1) =z, and K() is represented by (3.3) with ¢=0. Then, we obtain the
following

THEOREM 5. Suppose that in the equation (4.8) the following conditions
are satisfied:

(i) every root of the characteristic equation e(s—a)—b=0 lies to the
left of the straight line Rs=—0<0;

(ii) f@, 0,0)=0 and

[f(@, @1, y1) — (&, %2, ¥2) | < RE) (|21 — %2l +| Y1 — ¥2l)

Jor 0 =t < oo, |x5]<oo, |y;]<co;
(iii) h(r) is continuous in 0<t=t for amy finite t, and there exists a
constant € >0 such that
5 1 t+1h( )d >
2 T t+1 S , o
for any finite t.
Then, the solution is uniquely determined and tends to zero as t—+oo.

Proof. The successive approximation method shows us that the existence
and uniqueness of solutions of (4.8) are guaranteed under the hypotheses cited
above.
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It follows by (ii) that
3
ly(t + D=2t + 1)+ j h(t)(y (s + DI+ 1y(E) D K(E — to)ldis.
0
By the same reason as in the proof of Theorem 4, we have

[Y(t + 1)|e¢+ D2 a(t 4 1)| e+ +§1h<t1)|¢<t1>lewwvﬂdt,
0

'3
+j (h(t2) + Bty + D) |y(ts + D]et >,
0
It follows by Lemma that

t
Wi+ <d] exp(— g—a +1) +j (b)) + h(ts + 1>>dt1),
0
where .
¢ = e +S h(82)|9(t)|e@ 248, and |w(t + 1)] < cie=oe+Dn,
0

It follows from the hypothesis (iii) that y(t) approaches zero as t— - oo, which
proves the theorem.

§5. Perturbation of equations having periodic solutions.
In this section, we shall consider the equation

dx(t) _
—dt =f(¢, «(t), xt—1), 1

with the conditions z(t—1)=¢@) 0=<t<1) and 2(0)=x,, where ¢() is a
continuous function independent on u, which is constant. In the sequel we
suppose that f(¢, x, y, n) satisfies the following conditions:

(i) f@, =, y, M) is a periodic function of ¢ with the period T}

(ii) the equation (5.1) corresponding to u=0 has a periodic solution z=7n(t)
of the period T with the conditions p(t —1)=¢(t) (0=t <1) and p(0)=xo;

(i) f¢, 2, ¥y, W, fult, ®, ¥, 1), i, %, ¥, M) are continuous for 0=t =T,
|z — 20| S K, |y—mo|= K.

The problem to be investigated is whether or not the equation (5.1) has a
periodic solution for x# which does not vanish but near zero.

6.1)

1. First variation. In general, we consider the equation

da(t) _
“dt =f¢, @), 2@t —1))

with the conditions that x(t —1)=¢(t) (0=t <1), ¢(1 —0) exists, and x(0) = x,.
We suppose that f(t, z, ¥), fz(t, «, ¥), f,(t, %, y¥) are continuous for

0=st<ty lt—m| =K, |y— x| K.
Then, there exists a unique solution = ¢o({t) with ¢t —1)=¢@#) 0=t<1)
and ¢¢(0) =2, If we put x()= ¢o(t) + y(t), (6.2) is reduced to the equation

63 O £, 60+ 4@, Bt — D +YE— 1) —FE $uO) Gut 1)

(5.2)
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with the condition y(t —1)=0 for 0=<¢=<1. The mean value theorem leads us
to the equation

6o P h 6, gt — WO+ bot), Gt — Dt =D+
where f=o0(y) as y—0. Then, we call the equation

(5.5) il%(;—) =S, do(t), do(t — 1Y) +Su(t, do(t), do(t — )yt —1)

the first variation of (5.8) with the condition ¥t —1)=0 (0=t=1).

2. Existence of periodic solutions. It is noted that in the equation (5.1)
there exist a solution « = (¢, 2y, M) (®o=2(0, o, #)) and its partial derivative
0x(t, xo, M)/0x, for 0 <t < T, sufficiently small x and |x,— 0(0)|.

THEOREM 6. Suppose that f(t, x, y, 1) satisfies the conditions (i), (ii), (iii)
stated above. Let x=x(, xo, 1) be a solution of (5.1) with the conditions
x(t—ly Lo, M)=¢(t) (0§t<1)7 x(oy Lo, Iu)zwﬂ- Then; if

5.6) %xm p(0), 0)#1,

there exists a umique solution x = x(t, xo(u), M) of (6.1) with the period T for
sufficiently small u, where x(u) is a continuous function of 1 and x,(0)=ux,.

Proof. The necessary and sufficient condition that a solution x = x(¢, %o, &)
of (5.1) with the condition x(t —1, o, #) =¢(t) (0=t <1) and o= x(0, o, 1)
has period T is that
(5.7) (T, 2o, M) = 0.
Since (5.1) has a periodic solution = = p(t) for =0, we obtain 2(T, p(0), 0) = x,
(o= p(0)). It follows by a well known theorem of implicit function that if

5.9) <6on<x<T, 20, ) —xo)>,,=0 £0,

29=p(0)
there exists a function x,=x(x) continuous and uniquely determined for
sufficiently small g, satisfying (5.7) and x,(0) = p(0). (5.8) is equivalent to
(5.6), which proves the theorem.

Next, we consider the first variation of (5.1) with respect to p(t) as =0,
that is, the equation
69 P _r 20, p6-D, 0UO+AE PO, PE—1), Oyt—1

with the condition y(t—1)=0 (0=t =<1). Sincefs, f,, and p(f) are the periodic
functions of the period T, (5.9) is the equation with the periodic coefficients of
the period 7. Then, Theorem 6 is equivalent to the following

THEOREM 7. If the equation (5.9) has no periodic solutions of the period
T, the result in Theorem 6 remains valid.
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Proof. Let x=x(t, 2o, 1) be the same solution as in the proof of Theorem 6.
Since dx(t, xo, wp)/dt=r(¢, x(t, %, p), x{t—1, o, p), ©), we obtain an equation

% =fz(, pt), pt—1), 0)¢(t)+ &, @), pt—1), 0 —1),
where

m%im%@w,MMFL
6990 20=0(0)

Since y(t—1)=0 (0=t=1) in (5.9), any solution y(t) of (5.9) with the conditions
Yyt —1)=0 and y(0)=c is represented by y(t)=c¢(t). In fact, the result is
easily obtained by the linearity and uniqueness of solutions of (5.9).

If the equation (5.9) has a periodic solution y,(t) of the period 7' with the
conditions %ot —1)=0 and ¥.0)=a(#0), it is represented by ()= a¢(t).
Furthermore, we obtain

a¢(T)=ad(0)=aq, ie., ¢(T)=1.

Conversely, if ¢(T)=1, a¢(t) is a periodic solution of (5.9) for any constant
a#0.
On the other hand, it is easily obtained that

MD=( Mﬂxmm>ﬂ,

2o=p(0)
which completes the proof.
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