
ON AN APPROXIMATION THEOREM IN A FAMILY OF

QUASICONFORMAL MAPPINGS

BY MITSURU OZAWA

Let T be a topological mapping of the unit disc | z \ < 1 onto the unit
disc I w I < 1 which is quasiconformal in the sense of Pfluger-Ahlfors-Mori,
then by a theorem due to Ahlf ors or Mori T can be extended to a topological
mapping of the closed unit disc | « | ^ 1 onto the closed unit disc \w\^l.
Let D be a domain in the z-plane surrounded by a finite number of mutually
disjoint Jordan curves and Δ a likewise domain in the w-plane. Let T be a
quasiconformal mapping of D onto Δ, then T can be extended to a topolo-
gical mapping of D onto Δ by the above-mentioned fact and the Caratheo-
dory's theorem on the boundary correspondence in the Riemann's mapping
theorem. Let %(T) be the family of quasiconformal mappings any member
of which gives the same boundary correspondence as T. In the present note
we shall give a very simple approximation theorem in the family f?(T) and
then apply it in order to establish a wider extremality of an extremal quasi-
conformal mapping in the Teichmϋller problem. In the way we shall give
some theorems guaranteeing the extremality of a given mapping.

LEMMA 1. Let D and Δ be the unit discs and I the identity mapping
w = z. Then in §•(/) there exists a one-parameter family of quasiconformal
mappings Ur(z) for any given U(z)^$(I) such that (i) Ur(z)==I for \z\ ^>r,
(ii) linwi Ur(z) = U(z) uniformly in | 2 | ^ 1 and (iii) KI/r=KUf where Ko de-
notes the maximal dilatation of mapping Π, that is, the supremum of the
dilatation of ••

Proof. Let

r I(z) for
Ur(z) = \

irU(z/r) for
then Ur(z) is a topological mapping of the closed unit disc | z | ^ 1 onto the
closed disc \w\ ^ 1, whose dilatation is equal to that of U(z/r) in | z| < r and
to 1 in r < | z | < 1, and hence Ur(z) is a quasiconformal mapping belonging to
§(/). For any point z of I«I ^ i2 < 1, we can choose r such that | z \ [r ^ 1.
Then, by Mori's theorem,

\M[1-
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holds for any z, since Jlf(O) = O, and hence

-J7(0)U(z/r)±11 - U(0)U(z) I
ΐ-ί*7(0)|2

- | U(0)

where K is any number not less than the maximal dilatation Kv of U(z).
Therefore, we have for \z\^R

I Ur(z) - U(z) I =! ru(^) - U(z)' ̂  r u(^λ - ϋ(z) \ + \ ϋ(z) | (1 - r)

r 1-1
from which we can conclude that Ur(z) tends to U(z) uniformly in the wider
sense in | z | < 1, when r tends to 1. Let Mr(z) be the composed map defined by

._ Ur(z)-rU(0)

then we can again use the Mori's theorem and obtain

\Mr(z0 -Mr(z2) I ̂  lβ i/ | Zl -z2\

for any zlf z2 in \z\ ^ 1 . Hence we have the Holder continuity of Ur(z):

which shows that {Ur(z)} is an equicontinuous family and hence there is a
subsequence {Ur^(z)} converging uniformly in | z \ < 1. Since the limit mapping
limv->oo Ury(z) coincides with U(z) for any convergent subsequence, the original
sequence itself converges to U(z) uniformly in | z I ̂  1.

APPROXIMATION THEOREM. Let D be the unit disc \ z \ < 1 and Δ any
simply-connected domain. Let S belong to the family §(T), then there is a
one-parameter family of quasiconformal mappings ^ G ^ T ) such that (i)
Sr= T for any 131 Ξ> r and (ii) linwi Sr — S uniformly in \ z \ ̂  1.

Proof. Let U be T~1Sf then l/Gg(7). Let Ur be a mapping constructed
in lemma 1 and Sr be TUr, then this Sr satisfies evidently two conditions of
the theorem by lemma 1.

We shall give a precision of the above theorem, which is, however, not
used in the sequel.

COROLLARY. Let T satisfy a differential equation cpτ = qr almost every-
where in I z I < 1 with a suitable constant c and pτ = dT/dz, qτ = dT/dz,
then there exists a one-parameter family of quasiconformal mappings Sr

in %(T) such that (i) and (ii) in approximation theorem are satisfied and
(iii) KSr = max (K8, (1 + I c |)/(1 - I c I)).
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Proof. Sr defined in the approximation theorem is a composed mapping:
w = T(rT'ιS{z/r)). Here we shall put w = T(z2), z2 = rzu zx = Γ'Hwi), wr= S(z')
and zf = «/r. A simple calculation then leads to

, v dw

I) I2

- ί z
Oί —

where po(t) = dΠ/dt and qa(t) = 9Π/9ί. Therefore we have

qSr(z) __ ys(z/r) Ps(z/r)_ A
Psr(z) ps{z/r) 1_B^c[s(z/ry A pT(z0 1_qτ{rzί)qτ{z1)'

A ps(z/r) Pτ(rzi) pτ(zί)

By the assumption qτ(z) = cpτ(z), B/A = 0 holds and hence

qSr(z) = qs(z/r)
Psr(z) Ps(z/r)

remains valid at almost all points in \z\<r. Since Sr= T holds in \z\>r,
we have

sup dilatation of Sr = max (sup dilatation of S, (1 + | c |)/(1 — | c |)),

which is our desired result.

Let D be a Riemann domain spread over the z-plane and Δ the image
domain of D by a sense-preserving affine mapping T: w = w(z) = Az + Bz + C,
0 < 5 / i < 1.

THEOREM 2. 7/ D is of finite area, the affine mapping T is a unique
extremal quasiconformal mapping in %(T).

Proof. The proof depends upon the usually availed length-area principle.
The common set of the straight line y = y0 and D consists of a finite or an
infinite number of connected components each of which consists of a finite or
an infinite number of segments connected at a finite or an infinite number of
points at which relative ramification points of D over the z-plane lie. The
image set of this set. by T is of the same character, Let ljk{yo)> be rthe ith
segment of the Mh component, lying in D over y = y0, and L/(^/o) its image
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by T. The lengths of ljk(y0) and L,*(2fo) are denoted by \l,*(yo)\ and \Lk(yQ)\,
respectively. Then, since D is of finite area over the z-plane,

for almost all y0. Evidently we have

\L,*(Vo)\ =
ί (2φ) dx

\ljk(yo)\

and

where A{Δ) and A(D) are the areas of Δ and D, respectively, each of which
is of finite value. Let S belong to %(T), then by Mori's theorem the length
of the curve S(ljk(y°)) is equal to

for almost all y0, where gy = (%j, Vo) is a local parameter at a point lying on
hk(Vo) Then we have for almost all y0

By the Schwarz' inequality we have

whence follows that

(Xj, y0)
\dxj\.

, y0)
'\dxj\ \ \dxj\,

By Mori's theorem there holds a relation

es 2

j, y0) \dXj\.

\Ps\-\qs\

for almost all points in D. Therefore we have

(\Ps\2-\qs\
2)\dxJ\.

Summing up this inequality for j and k and then integrating with respect
to 2/0 in such a manner that ΣΣϊ/*(2fo) covers just D, we obtain

h {{\Ph\%-\qs\2)\dXj\dyo.
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By Pubini's theorem the right-hand member is equal to

Ks\ [ (I Ps I2 - I qs I2)dxdy = KSA{/I)

= Ks(\A\2-\B\*)A(D)<<x>,

from which we have

\A + B\*^KS(\A\*-\B\*).

Since B/A is real positive and is less than one, we have

Equality sign occurs if and only if S=T. This completes the proof of our
theorem.

Let W and W be two closed Riemann surfaces of genus g > 1 and H
a homotopy class of topological sense-preserving mappings of W onto W,
then in H there exists either a conformal mapping or an extremal quasi-
<ϊonformal mapping T(z). In the latter case there correspond a regular quad-
ratic differential fdz2 uniquely determined up to a positive constant factor
and a positive constant k (0 < k < 1), and T(z) is differentiate and has com-
plex derivatives at all points with exception of 4g — 4 zeros of fdz2 on W
and satisfies a differential equation of Beltrami type

Qτ=] f
PT I/I

at all such non-exceptional points.
This theorem, originally due to Teichmϋller and reproved by Ahlfors,

should constitute a climax theorem in the global theory of quasiconformal
mappings and offers a foundation to attack the modulus problem in the
theory of Riemann surfaces.

To establish the extremality and uniqueness of the desired mapping,
Ahlfors has made use of the uniformization theory. Let C and Cf be the
universal covering surfaces of W and Wr mapping conformally onto the unit
discs I z I < 1 and | ζ \ < 1, respectively. Corresponding cover-transformation
groups © and (§r consist of an infinite number of linear transformations {L}
and {!/}, respectively. A topological mapping of W onto W gives rise to a
likewise topological mapping ζ = ζ(z) of C onto C or rather to infinitely many
such mappings Lfζ(z) with Z/e©'. To any L G ® there corresponds a unique
X α e © / such that ζ(Lz) = Laζ(z) and, as an isomorphism, a is determined up
to an inner automorphism of © or ©r. Then two topological mappings of W
onto W are homotop if and only if they determine isomorphisms which
differ only by an inner automorphism, and hence the homotopy classes are in
one-to-one correspondence with a set of outer automorphisms. Thus H cor-
responds to a fixed outer automorphism a. Under these preparations, Teich-
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mϋller's theorem can be reformulated in terms of uniformization.

Any member S of H gives rise to a mapping Gs(s): C-+C satisfying a

functional equation ζs(Lz) = Laζs(z). Now we shall prove that ζs(z) has the

same boundary correspondence {UI=1}-^{ |CI = 1} for any S^H under the

fixed choice of fundamental regions in C and C . Let ΓIΓ' Ln with L n e ( S be

an infinite product for which any point z lying in any compact set in | z | < 1

converges to a point etθ. The set {etθ} of such points is dense on the unit

circumference | z | = l . Let ρί2 be a non-euclidean distance d(ζSl(z), ζs2(z)) i n

| C | < 1 for Si, S2^H. Both Gi(z) a n d Cs2(z) a r e homeomorphisms of C onto

Cf. Therefore we have

and

for any \z\ ^ r < 1. By the functional relations we have

and the invariance of the non-euclidean distance for ©' implies that

( f l Ln

aζSί(z), Π Ln*ζS2(z)J = pi* < oo.

Hence we have

which shows that e%φi coincides with eιφz. Since the set {eιe} is dense on
| « | = 1 and the homeomorphisms of ζSl and ζS2 hold on | z \ ̂  1, Csi(elχ) = ζs2(eιχ)
remains valid for any X. This shows that ζSί and G 2 have the same boundary
correspondence if Si and S2 belong to H under the fixed choice of fundamental
regions in C and Cf.

Let {a} be a class of quasiconformal mappings of C onto C7 satisfying
the functional relation ζ(Lz) = Laζ(z) for any | z \ ̂  1. Let %{a} be a class of
quasiconformal mappings of C onto C" with the same boundary correspondence
as that of any member of {a}. In the above definitions we assume that
the fixation of fundamental regions in C and C is made, that is, we fix a
boundary correspondence by a suitable linear transformation. Then {a} is a
proper subclass of ${a}. Teichmϋller's theorem shows that in {a} there
exists either a conformal mapping or a unique extremal quasiconformal
mapping T which is differentiate and has non-vanishing complex derivatives
with the exception of a countably infinite number of points in \z\ < 1 whose
accumulation points lie only on \z\ = l, and further satisfies with these excep-
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tions a differential equation of Beltrami type

Here f(z) (^ 0) is a regular function determined uniquely up to a positive
constant factor and k is a uniquely determined constant with 0 < k < 1.

The inverse mapping T'1 is also a unique extremal mapping in {a}'1 and
hence it satisfies a differential equation with a suitable function <p(ζ) regular
in |CI<1

JL = &__£_

Let z0 and Co be corresponding points by T for which f(z0) Φ 0 and
f (Co) Φ 0. We introduce new local parameters by

with fixed branches of the square roots and arbitrary integration constants.
T

Then the composed mapping T: z*-^z-+ζ->ζ* is an afϊme mapping of a Rie-
mann domain Dz* onto a Riemann domain Aζ*. This is easily seen and has
been actually proved in Ahlfors' paper. Let S be any mapping in %{a}, then
by the approximation theorem there exists a sequence of quasiconformal
mappings {Sr} for which (i) Sr = T in \z\ ^ r , (ii) l inwiS r = S uniformly in
IzI ^ 1 . Let the image of \z\Sr on the 2*-plane Dr and its image by T* be
Ar, then Ώr and Ar are bounded and finitely-sheeted covering surfaces over
the 2*-plane and the C*~PΪane, respectively. Let S? be an induced mapping
of Sr by introducing new variables z* and ζ*. By the theorem 2, we have
that T* is a unique extremal quasiconformal mapping of Dr onto Ar in
Evidently Sr* belongs to g(T*). Thus we have

> iΓ* =KSr =
1 — rC

whence follows

THEOREM 3. In §{^}, T is also an extremal quasiconformal mapping.

It is our final conjecture that T is a unique extremal quasiconformal in
${a}. However, we cannot yet settle this problem.

In connection with the theorem 2 we shall give another quite different
method of proof in a slightly restricted case. Let D be a simply-connected
Jordan domain in the 2-plane and A a likewise convex domain in the w-plane.
Let T be a sense-preserving topological mapping of D onto A which satisfies
a functional relation pτqτ = F(z) almost everywhere in D with a certain re-
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gular function F(z) in D. Let IB(S) and AB(S) be the Dirichlet and area
integrals over a domain B, respectively, that is,

IB(S) = [ [ (I Ps I2 + I <7s | 2 ) ^ d 2 / , A B ( S ) = f [ (I Ps I2 - I <7s I2) dακty.

We shall prove the following lemma.

LEMMA 2. Let B be a subdomain of D such that BaD and S a conti-
nuous mapping differentiate almost everywhere in D which coincides with
T in D-B. If J B ( T ) < oo, then IB(T)<IB(S), unless S=T.

Proof. We have already given a proof of this lemma when both B and
T(B) are rectangles and T is an affine mapping. However, for completeness,
we shall give here a full proof of this lemma. Suppose that IB(S) ^ IB(T)
occurs. St defined by tS + (l-t)T has its image St(B) of B in Δ. The
Dirichlet integral of St(B) is computed as follows:

= t2IB(S) + (1 - t)2IB{T) + 2ί(l - < ) [ [ ^ ( p Γ p 5 + qτqs)dxdy.

Hence we have

limMSt)-IB(T) = _ 2 / ^ ( Γ ) + 2 R e Γf ( p r ^ + Qτqs)dxdy

*-*> t J J J5

^ - 2IB(T)+2jlB{T)IB(S) ^ 0.

Equality sign occurs if and only if S= T.
Let Hε(w) = w + εh(w) with h1{w)=0 on D-J5, then HεT = T(z) + e

= T(z+εh(z)). Since dws{z)^psdz-\-qsdz9 we have

dws(z)dws(z) = (\Ps\2+\Qs \2)dzdz + psqsdz2 + psqsdz2

and we shall put the right-hand member of the above identity

α^^ 2 + dsdz2 + bsdzdz.

For HεΓ, we have

dwHετ(z)dwHετ(z) = aHετ(z)dzHε

2 + dHετ(z)dzHε

2 + bHετdzHεdzHε

= aτ(z + εh(z))d(z + εh(z))2

+ bτ{z + εh(z))d(z + εh(z))d{z

= 2 Re [αΓ(« + εh(z)){(l + εfe)2d^2 + ε2A2

2} + 2aτ(z + βA)(l + εhz

εh{z))d{z + εh{z))d{z

where d(e + εA(«)) = dz(l + εhz) + βfed .̂ Since the Dirichlet differential of
dwτdwτ is equal to

1 — i
~--dwτ Λ dwr = ~^rbτdz Λdz = bτdxdy,

Li 2i
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that of dwHετ(z)dWffετ(z) is equal to

~bτ{z + εh)d(z + εh) A d(z+Th) + 2i(Re aτ(z + εh)(l + εhz)εhz)dz A dz,

and therefore we have

IB(HεT) = Y f f bτ(z + εh)d(z+ εh) A dTz~+ϊh)

+ 2ί f ί (Re αΓ(z + eA)(l + εhz)εhz) dz A dz

= IB{T) + 4Re f f aτ(z + β/^)(l+εfc) εhzdxdy.

Since αΓ(z) =iΓ'(^), we have

dJB(T)~IB(HεT)-IB(T)

= 4 Re ε f f F(«) A2(«) da?dy + O(e).

On the other hand, by integration by parts we have

f [ F(z)hz(z) dxdy = - [ [ h(z)Fz(z) dxdy + ~- \ h(z)F(z)dz,

from which we see that the left-hand member is equal to 0, since F(z) is
regular in D and h(z) vanishes identically on D — B, especially on dB. Thus
we have

dJB(T) =

which shows that

If t is sufficiently small, then Si can be obtained from T by a suitable infini-
tesimal deformation Hε. Hence we arrive at a contradiction.

THEOREM 2'. If S is a homeomorphism and T further satisfies a func-
tional relation \qτ\/\Pτ\ = k, 0<k<l almost everywhere in D besides the
assumptions in lemma 2, then the extremality together with the uniqueness
of T holds, that is,

unless' S=T.

Proof If Ks^Kτ holds, then the excentricity of mapping S is not
greater than that of mapping T almost everywhere in B, that is,

\Qs\ ^ / g = = J g r l
\Vs\~ \PτV

Thus we have IB(T)/AB(T) ^ IB(S)/AB(S). On the other hand, by lemma 2,
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we have IB(S)/AB(S)^IB(T)/AB(T), which leads to IB(S)=IB(T). This im-
plies that S=T, which contradicts our assumption.

We should remark that theorem 2' is a simple corollary of theorem 2.

Indeed, a pair of our assumptions Pτqτ=F and \qτ\/\Pτ\=k is equivalent

to a pair qτ/Pτ = kF/\F\ and \F\=k\pτ\
2. Here we shall introduce a new

local variable 2* by

2* =

then T* induced from T by the change of variable z-^>z* satisfies p^q%~ 1
and q**/p%* — k. If we put w = u + iv and 2* = # + iy, then there hold

Uχ2 — V/ — V*2 + Uy2 = 4, W ^ + UyVy = 0

and

Let a(x, y) be ^ Λ ^ = — uy/vx. If ^ = 0 for a set E of positive measure,
then ux = 0 on ϋ7 and hence \pτ\2 — \qτ\2 = 0 on Z£, which is absurd. Thus
k = (a — V)/(a +1) holds almost everywhere in D, and hence a is a constant
almost everywhere in D. Let (1 — &)/(l + k)u = U and v = V, then the Cauchy-
Riemann equations E^ = Vy, Uy= —Vx hold almost everywhere in D. Thus
U+iV= (l — h)u/(l + k) + iv becomes an analytic function of 2* under a
suitable modification of values on a point-set of measure zero. Putting this
analytic function g(z*), we have

w — kw = (1 + k)g(z*),

and hence we see that

(1 - k2)w = (1 +

Let ^** be 0(2*), then we have

(1 - k2)w =

Thus Γ** induced from T* by the change of variable 2*—>2** is really an affine
mapping with real positive ratio B/A = k, where we put T = A2**+ί?2**.
Since IB{T)=AB{T)(XJrk2)/{l~k2) is of finite value and the Jacobian of the
change of variable 2—•#** is bounded in B, /β*(T**) is of finite value.
Therefore theorem 2! can be derived from theorem 2.

THEOREM 4. Let Δ be a convex domain with infinite area. If a
quasicon formal mapping T satisfies two functional relations Pτϊτ=F(z) and
\QT\/\PT\ = k almost everywhere in D for a suitable function F(z) regular
in D and a constant k (0<k<ϊ). Then, if S<B$(T) we have

Proof. After we map D onto | z \ < 1 and make use of the approximation
theorem as in theorem 3 and return to D, we have
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unless Sr = T or equivalently S=T by theorem 2', since the assumption in
theorem 2' /s(T) < oo surely holds for an image domain B of \z\^r for any
r (0 < r < 1). Therefore we have

ϋΓs = lim KSr ^ # r .
r->l

Theorems 2' and 4 can be extended to a little more general form.

THEOREM 2". Lei T satisfy two functional relations

g JL and JL= k a n d

Pr I/I PTQT

with λ*(w) = A*(T(z))= \F\w)\2 evaluated λ(z) at a corresponding point w of
z by T, where F(w) is a function regular in Δ and mapping Δ onto a
convex domain Δw*. If

ID(T*) = J £ α P T * I 2 + Iq τ*I 2)dxdy = [f \F'(w).|2(|?>rI2 + I^TI2)dxdy

is of finite value, then for any S^$(T)

Ks>Γ-k>
unless S =T.

If ID(T*) = oo, then for any S e g ( Γ )

Proof. Let w* be a new variable defined by

w*= [F'(w)dw=F(w) + const.,

then T*(2) =F(T(z)) + const, satisfies two functional equations

Q_τ* __ QT _ ^ __/_

Pr* PΓ I/I

and

= ^ I ^ W I2 =

Thus we have our theorem.

We shall list here some cases to which our theorems are applicable.
1) Let D and Δ be the rectangles, then the extremal quasiconformal

mapping T is the Grotzsch's affine mapping.
2) Let D and Δ be the unit discs. A subfamily of f?(J) such that

S(Q) = a is our subject. This case was already considered by Teichmiiller and
he reduced this to a case where D and Δ are the ellipses and the extremal
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mapping is affine. His reduction process consists in the construction of two
sheeted coverings. Teiehmϋller's final result has some important significances.
In this case we can prove directly, without constructing two sheeted covering
surfaces, by making use of Dirichlet and area integrals.

3) Let D and Δ be two strip domains {— oo<#<oo, |ί/ |<l/2} and
{— oo<Rew<oo, | Imw|<l/2} and T an affine mapping w — KxΛ-iy, then,
in g(T), T is a unique extremal mapping. This result has been stated re-
cently by Strebel. By our theorem 4 we can only state that T is an extremal
mapping in 3f(Γ). To prove its uniqueness, it is necessary to proceed pre-
cisely as in Strebel's proof.
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