
A PROOF OF A THEOREM OF TAKESAKI

BY MASAHIRO NAKAMURA

Since theory of von Neumann algebra in the sense of Dixmier [1] is
recognized as a non-commutative extension of the integration theory, various
theorems on additive set functions are translated into that of linear func-
tionals of von Neumann algebras: For example, the Jordan decomposition is
generalized by [3, 6], the Radon-Nikodym theorem by [2], the Vitali-Hahn-
Saks theorem by [5, 8], etc.

Very recently, Takesaki [7] pointed out, among others, a generalization
of the decomposition theorem of Yosida-Hewitt [9]: A positive linear func-
tional of a von Neumann algebra is decomposed into the sum of its normal
and singular components; where a positive linear functional p is called
normal if p(xΛ)->ρ(x) for %Λ^x, and singular if p has no normal minorant.
Clearly our normality (singularity) corresponds to the complete additivity
(purely finite additivity) of additive set functions.

Instead of the total decomposition of the conjugate space being employed
by Takesaki, here a direct verion of Yosida-Hewitt's proof will show that
the theorem of Takesaki is a consequense of a known convergence theorem
due to Ogasawara [4], which states that the weak* limit p of a monotone
increasing net of normal positive linear functionals {p§} is also normal:
Indeed, O^a^a implies ρ(aa)^pδ(a(ί) for any a, which implies limΛ/o(αα)
^Pδ(a) or Iim<*|o(a<0^j0(a), and the converse inequality is obvious.

Ogasawara's theorem implies at once, that the set F of all normal linear
positive functionals pΛ such as Q^pa^p is inductively ordered in its usual
natural ordering, whence F contains a maximal p' by Zorn's Lemma. Put
p" = ρ — pf. Then p" is positive by the definition. Moreover, p" is singular,
for otherwise there exists a normal member p"f such as Q<prrf^pn^p or
p^p' + ρ f f f > ρ f which contradicts the maximality of p'. Thus p = ρ' + pf/

where pf is normal and p" singular as desired.

At the end, it is to be noticed that the method of the present proof is
also applicable for the decompositions of linear applications of some kinds.
However, it will be remained in another occasion.

REFERENCES

[ 1 ] DIXMIER, J., Les algebres d'operateurs dans Γespace hilbertien. Paris, 1957.

Received November 4, 1958.

189



190 MASAHIRO NAKAMURA

[2 ] DΪΈ, H. A., The Radon-Nikodym theorem for finite rings of operators. Trans.
Amer. Math. Soc. 72 (1952), 243-280.

[3] GROTHENDIECK, A., Un resultat sur la dual d'une C*-algebre. Journ. Math.
36 (1957), 97-108.

[4] OGASAWARA, T., Topologies on rings of operators. J. Hiroshima Univ., Ser.
A. 19 (1955), 255-272.

[5] SAKAI, S., On topological properties of Fr*-algebras. Proc. Jap. Acad. 33
(1957), 439-444.

[ 6 ] TAKEDA, Z., Conjugate spaces of operator algebra, ibid. 30 (1954), 90-95.
[ 7 ] TAKESAKI, M., On the conjugate space of operator algebra. Master thesis at

Tόhoku Univ., March 1958; Tόhoku Math. Journ. 10 (1958), 194-203.
[8] UMEGAKI, H., Weak compactness in an operator space. Kόdai Math. Sem.

Rep. 8 (1956), 145-151.
[ 9 ] YOSIDA, K., AND E. HEWITT, Finitely additive measures. Trans. Amer.

Math. Soc. 72 (1952), 46-66.

OSAKA UNIVERSITY OP LIBERAL-ARTS AND EDUCATION, TENNOZI, OSAKA.




