ON ANALYTIC FUNCTIONS WITH POSITIVE
REAL PART IN AN ANNULUS

By Y0Usaku KoMATU

1. Introduction.

In a previous paper [5], considering a class of analytic functions regular
and of positive real part in the unit circle, we have given an extension of
Rogosinski’s theorem [ef. 8] and further established several related mean
distortion theorems. The purpose of the present paper is to show that
corresponding results can be derived for an analogous class of analytic
functions defined in an annulus. The previous results will then be regarded
as limiting cases where the interior boundary component of the annulus
degenerates to a single point.

Let R ={®(2)} be the class of analytic functions which are single-valued,
regular and of positive real part in the annulus (0<)¢<|z|<1 and nor-
malized by the conditions

RO(z) =1 along |z|=¢
and

j" Yb(gei®) df = 0.

The last normalization is supposed only for the unique determination of an
inessential purely imaginary additive constant. These normalization condi-
tions imply, in particular, that the constant term in the Laurent expansion
od(z) =R is equal to unity. In fact, this quantity is given by

1~j D(qe’®) df = - j RD(ge™) + i IB(ge™) df =1.

2 - 2r -
But, since the first condition depends not only on the mean value, it asserts,
together with the second condition, more strong restriction.

2. Representation formula.

In case of the unit circle as a basic domain our method has depended on
the Herglotz representation for the class considered. Correspondingly, we
now derive an integral representation of Villat-Stieltjes type valid for any
function of the class ®. Though it is really a consequence of a more general
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representation formula given in a previous paper [3], it will play main
role for the present purpose so that we formulate it here fully for the sake
of completeness. Similar formulas are found also in various papers; for
instance, cf. [1], [7], [6] etc.

According to circumstances we shall use notations in Weierstrassian theory
of elliptic functions. Throughout the present paper, we suppose that they
always concern those with primitive periods

2(01 =2r and 20)3 =—2 lg q,

unless the contrary is explicitly stated.

THEOREM 1. Any 0(2)E R is representable by means of an integral of
Villat-Stieltjes type in the form

0(z) = 3 S:: (C(i lgz+¢)—Iilge + ¢)> dp(e)

where p(p) is a real-valued increasing function defined for —n<¢=n and
with the total variation equal to unity, i.e.

do(@)20 (—n<¢=7n) and r do(g) =1.
Proof. We introduce a real-valued function defined by

o= o |

7

RO(re®)df (—z<e=m g<r<l).

In view of assumption R@(re®®) >0, it is an increasing function of ¢ for any
fixed » with ¢ <7 <1. Its total variation is equal to

1 D(2)
y )= ER“’—- - = y
olr, @) o7 SM# p; dz = Rey
where ¢, denotes the constant term of the Laurent expansion of @(z); ®(z)
being single-valued in the annulus, the middle member of the last relation
is independent of . Remembering the boundary behavior of @(z) along | z|=g,
it can be analytically prolonged across |2|=g¢q. In view of its normaliza-
tions, we thus get
1 & 1:
Co = D(ge”®) di =1.
27[ -
Hence, p(r, ¢) is, qua function of ¢, uniformly bounded for ¢ <r <1 and its
total variation with respect to ¢ is always equal to unity; cf. the final
remark in §1. Now, applying Villat’s formula (cf. [9] or [2]) to @(z) with
respect to a sub-annulus ¢ < |z| <7, we get
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1 0 q
o) =" z)t O(re )C(z lgz+6, ! ) 9

- —l.r R D(ge) cg(i lgz+0, ! > 0 + ic

2
2 (" . q" 2 R
= j_wc(z lgz+¢, ‘r') do(r, ¢) — - 771(“2 )rlgz + ze,

¢ being a real constant. Here the parameter ¢/ associated to zeta-functions
means that their quasi-periods are 2r and —2ilg(q/r). Based on the pro-
perties of p(r, ¢) mentioned above, Helly’s selection theorem shows that
there exists a monotone increasing sequence {r.} with r,—1 (k— o) for
which the limit function

p(p) = lim p(rs, ¢)
is defined throughout —z < ¢ <=. Evidently, o(¢) is increasing and its total
variation is equal to unity. Now, on account of Lebesgue’s convergence

theorem, since the derivative (0/0¢)l(ilgz+ ¢, q¢/r)=—pP@lgz+ ¢, q/7) is
continuous in ¢ as well as in r, we obtain the limit relation

lim jw C(’L lgz+ ¢, ) do(re, ¢)

k>o0 ) _
=lim {[C(i lgz+ ¢, L) o(rs, so)T: - S_ pre, @) (m lgz+ ¢, ~——) d(p}
= [C(i lgz+¢) P(SD)]:: — ji p(go) C('L Igz+¢)dy

- K Cilg 2 +¢) do(g)

valid for any z in ¢ <|z|<1. On the other hand, 7(¢/r) is continuous in
r. Consequently, we obtain

D(z) = i 3 (C(z lgz+¢)— U 7, lg z) dp(e) + ic.

It remains only to determine the value of the real constant ¢. For this
purpose, we observe the integral of &(z)/z along | 2| = ¢ which, after divided
by 2nt, becomes

1= -1»-~j“ D(qe™®) do
21 Jom

. dﬁ{g S: <C(i lgq—0+¢)—"ilgq- 0)) dp(¢) + ic}

2r J-n

g: aple) j’_’ﬁ (C(i lgg—0+¢)—T(ilgqg~ 0)) df + ic



FUNCTIONS WITH POSITIVE REAL PART IN AN ANNULUS 87

:j.n {[— —nl—i— lg o(i 1gq—0+ga)_i 2" lg q} do(¢)+ ic

= Kﬂ (1 _ 2 up) dp(g) + ic.

Comparing the imaginary parts of both members, we get
0=~ ?ZLSﬂ ¢ do(p) +c i.e. ¢= 221 r ¢ do(g).

Substituting this value of ¢, we finally get the desired representation for
(z).

The theorem just proved shows that any function of R admits a repre-
sentation of the type given there. It can be shown, moreover, that the
representation is characteristic for the class ®. In fact, the converse of
theorem 1 holds also good.

THEOREM 2. Let p(¢) be a real-valued increasing function defined for
—n<@=n and with the total variation equal to unity. Then the function

defined by
o6 =7 | (cilgzto - Lilez+9)) dote)

belongs to the class R.

Proof. The integrand C(tlgz+¢)— (p/n)(i1lgz+¢) remains invariant
under the substitution lgz|lgz+4 2% and hence @(z) is single-valued in
g<|z| <1, It is evident that @(z) is regular in the annulus. We now
observe the function defined by

Hes )= 2 (Cilgz+9) = Liilgz+9)) =230 gz +9)— 7 Ig 2],

It is regular and harmonic in z for ¢ <|2|<1. It can be expressed in two
alternative ways:?

1—7? Qr —1/7' )

0. = . % g —
Hire® ¢) 1—2rcos( —¢)+ 72 +2v‘=“1 1— cosulf—g)
B Y — @ /Y
_._1‘{‘2; - l_q’ZV COS'J(@—SU).

The first expression shows that H(z; ¢) has the boundary value vanishing
everywhere along |2| =1 except at a single point z=e¢* where it behaves
like as the Poisson kernel (1—[z[?)/|1—=z|* which is positive for |z|<1.

1) A s1m11ar argument has been made in [4]; cf. Lemma 4. 1. In this occasion,
we wish to correct a misprint involved in [4]. In p. 114, 1. 7 from bottom, P(re®; ¢)
should be replaced by 2P(re¥; ¢).
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The second expression shows that H(z; ¢) has the constant boundary value
equal to unity along |2|=gq. Consequently, by the assumption imposed on
p(¢), we conclude that

RO@) = jﬁwH(Z; @) dp(g) > 0 @<|zl<1)

and RP(z)=1 along |2|=¢. On the other hand, we further get, as shown
in the proof of theorem 1,

1 (™ oo df— (™ dofer—
o | 2aemas=|" det)=1,

whence follows, in particular,
r I0(ge) df = 0.

Thus, the function @(z) satisfies surely all the conditions imposed on the
class R.

Throughout the present paper we shall observe exclusively the class .
However, the results which will be obtained for this class ecan be modified
suitably so as to be valid for other analogous classes. The most essential
point in our subsequent discussions is that any member of the class admits
an integral representation of the form

B(z) = S

with certain kernel K (e *z) which is in itself a member of the class for
every value of ¢ and corresponds to (2/7) (C(¢ lg (e7%2)) — (y1/m)¢ g (e7%2)) in
case of N. Cf. a similar remark stated at the end of §4 in [5].

" K(e*2) dp(g)

3. Extremal mapping.

In case of the unit circle as a simply-connected basic domain, the linear
funetion (1+2)/(1 —2) which maps |2| <1 onto the right half-plane has
played mostly the role of an extremal function for distortion theorems
discussed in [5]. In our present case of the annulus ¢ < |z| <1 as a doubly-

connected basic domain, the function
O¥(z) = i?—(c(i lgn) - Tilg z>

will play the corresponding role. Accordingly, in order to prevent the inter-
ruption of our main discourse, its mapping behavior will be investigated
here preparatorily.

The function @*(z) possesses as its associated function p(¢) a particular one
which remains unchanged except at a single jump with the height 1 at
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¢=0. Hence, by theorem 2, it belongs surely to the class R. Further it
is regular throughout the closed annulus ¢=<|z|<1 except at a simple
pole at z2=1.

Now, as shown in the previous paper [4; ef. Lemma 4. 2], for any fixed
r with ¢ <r<1 the quantity J&(¢lgr—6¢), qua function of 6, is an even
periodic function with the period 2z which is strictly decreasing for
0=¢=n. Consequently, the quantity defined by

RO(re®) =23 (i lg r — )~ T Ig

possesses the same properties. On the other hand, for anyffixed r with
g <r<1, the quantity defined by

I0*(re®) = —2R¢E@E g r — 6) — 2.:_1g

is evidently an odd function in . Hence, the function @*(z) is univalent in
g<|z|<1. Along the unit circumference it satisfies

RO¥e®) =2IL(—60)=0 o<|o]=n).

Consequently, the image of ¢ <|z|<1 by the univalent mapping w = @*(z)
is the right half-plane cut along a vertical rectilinear slit which lies on
Rw =1 and is bisected by the real axis. The point z=1 corresponds to
w = oo,

The relation RP*(z) =1 valid for |z] =¢ has been remarked in the proof
of theorem 2. But it can be shown alternatively in more direct way. In
fact, we have, by taking Legendre’s relation into account,

RO*qe) =23¢(ilg g —0)— M 1ggq

b4
—ox 2’71
—2As(C(-0)—/a>—~ﬁ lgq

=— 27,73 _2n lgg=1.
7 T

We next consider the derivative of @*(z) with respect to lgz, i.e.
z@*’(z):Z(—p(i Ig z)—ﬁ—‘).
w

As z=r¢" describes the circumference |2| =1 from 1ito —1 and then from
—1 to 1 both in the positive sense with respect to |z| <1, the point 0*(z)
describes the imaginary axis from +4ic to 0 and then from 0 to —ico
monotonously. Hence, the point

e 1 d ;
*7 z=¢® _ + @ px,i0
[20¥(2) )" = & 1L 0%(e)
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lies always on the negative real axis. On the other hand, as z=17e® de-
scribes the circumference |z|=¢ in a definite sense, the point w = 0*()
describes both banks of the slit lying on Rw =1 monotonously. Hence, the
point
1 d
i do
lies always on the real axis. Now, the function 20*(2) is regular through-
out the closed annulus ¢ <|z|=<1 except at a single point 2=1 where it has
a double pole. Consequently, the function 20*(z) is univalent in ¢ < |z|<1
and its image is the whole plane cut along an infinite half-line lying on the
negative real axis as well as a finite slit containing the origin and lying on
the real axis, these slits corresponding to |z| =1 and |z|=¢q, respectively.
The univalency of 20*%(z) in ¢ <|z|<1 can be verified alternatively. In
fact, we have only to remember that

[20¥(2) )" = ;7 0*(qe”)

e0v(e) =2( — p(—t)— )

is a real-valued even function in # and, as # moves from 0 to =, its value
moves monotonously from — co to a finite value. It may be noted by the
way that this finite value representing the end-point of the infinite slit is
equal to

2(~p-m= )= —p(0+ )= 1,8 @ )
B ( ' n)_ (2 S+ gP)?
which is evidently negative; ef. [1].

On the other hand, two end-points of the finite slit are the images of
2= —q and z=¢q and have the affixes

2(— plilgq—mn)— -Z;) - 2<e2 +‘%‘) and 2( plilgq)— v—> - 2<e3 + ’77;)

which are negative and positive, respectively. Two boundary elements
lying on the origin are the images of the points which correspond to the
end-points of the slit originating from |[z|=g¢ by the mapping @*(z). Their
arguments are the roots of the equation ®*(qe®) =0, i.e.

pllgg—0)+ 7 =0
of which the left-hand member is even with respect to 6.

Finally, it will be convenient for later purpose to use series forms for
®*(z) and 20*(z) which are given by

0*(2) = (C(zlgz) Tilgz)=1+2 5y 1 F,

and
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*7 _ _ . /i —9 %"1, B ))zV _ & ,,,.qm,'z .
20(2) 2( plilg2) n) et S

Here the prime means that the summation extends over all the integers
except zero.

4. A lemma.

In simply-connected case we have established a principal lemma for de-
termining the whole of extremal functions in mean distortion theorems
discussed there. It has been of considerably general nature and hence
mostly satisfactory for our problems considered. It seems, however, difficult
to extend the lemma directly to doubly-connected case. Accordingly, we
restrict ourselves in the present case to a weaker and somewhat trivial
form as formulated below. It is desirable to establish a proposition of more
general nature.

LEMMA 1. Let f(0) be a complex-valued continuous function of a real
variable which has 2n/n as a period, n being a positive integer. Let
Surther w = f(0) describe for 0= 60 <2r/n a (closed) Jordan curve. Let p(p)
be a real-valued function defined for —n <@ =n which is increasing and
has the total variation equal to P>0. Then, in order that the relation

" ro-arape|=[" 170 -0)1dpte)
holds identically with respect to 6 throughout —n <60 =r, it is necessary
and sufficitent that p(¢) remains unchanged except possibly at n jump-points
which are distributed equidistantly in —z <@ =m.

Proof. The sufficiency assertion is readily verified.? In fact, let p(p)
remain unchanged except possibly at n equidistant jump-points ¢+ 2kz/n
0=k =n—1) with the heights p, =0, respectively. Since f(f) is supposed
periodic with 27/ as its period, we then have

™ r0-@rdot)|=| 5 7(6— 00— 225 )| =| S 16— g0

=10~ ¢ P= 5170~ ¢0) | ps

fo-n=)

To prove the necessity of the condition, suppose that the relation holds
identically with respect to . Then, for any fixed 6, the quantity arg f(6 — )
must have the same value depending only on 6 for every value of ¢ with
do(g) > 0, provided f(6 —¢) does not vanish. Let ¢, and ¢, be any values

n-1
=2
=0

p=|" 176 - )1 dete).

2) For the sufficiency proof, we need not assume any mapping character of fA®).
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of ¢ with do(¢)>0. By assumption, the quantity f(6 —¢) describes for
every ¢ a Jordan curve, as # varies from 0 to 2z/n. Hence, in order that
the equation arg f(0 — ¢o) = arg f(0 —¢1) can hold identically with respect to
0, it is necessary that ¢, —¢o =0 (mod 27/n) as desired.

5. Main results.

We are now in position to enter in our main discourse which proceeds
for the most part similarly as in the simply-connected case previously
discussed. We observe namely a linear operator £ which has R as its
domain of argument function and produces by applying to any &(z)=R an
analytic function £[®(2)] single-valued in ¢ <|z| <1. It is supposed further
that the operator is homogeneous of degree zero, i.e., for any constant c,
the function .L[@(2)] coincides after substitution z|cz with L[@(cz)].

We begin with a general mean distortion theorem. Though its proof
proceeds quite as in the simply-connected case, we reproduce it here fully
since this theorem is fundamental for subsequent discussions.

THEOREM 3. Let .L denote a linear operator defined for R and L[D(z)]
applied to D(z)ER be an analytic function single-valued and meromorphic
in g<|z|<r(<1) and regular along [z|=q. Let L be commutable with
the integration with respect to p(p) in the representation for @(z) stated
in theorem 1. Let further F(X) be a bounded increasing convex (and hence
necessarily continuous) function defined for the range of |.L|. Then, for
any O(z)e R, we have

j“ F(| £T0(re)]]) d < j F(| LI0%(re®)])) d6,
where ©*(z) denotes the particular function

O*(z) = i’(((i lgz)— Milg z).

T

The function O*(ez) is for any constant ¢ with |e|=1 always an extremal
Sfumnction of this estimation.

Proof. The representation formula for @(z) given in theorem 1 implies

a
—7

ctotred|= || ctovre ) dpte) | <" | ct0re o) 1dpt),

since the operation .~ and the integration with respect to p(¢) are supposed
commutable. The increasing character and the convexity of F(X) imply
further

F(lctotre) s F( |7 |crovre o] dote))

|7 FQ£10ve o)1) doty),
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since p(¢) is increasing for —7 < ¢ <= and has the total variation equal to
unity. Hence, integrating with respect to ¢, we get

[" Facroreonpas<|" a0 (" F(crovre o)) dote)

= S:c olp(go)j‘:v F(| LIo*(rei®?)]|)df = Y‘ F(| c[0*(re®)]]) db.

—aT

Finally, for any e =e " with real ¢,, we have

|” Factorweomnas= " Foctowenar

—T—Fg

=" Fqtovwen) an,
since the integrand of the last member is periodic in 6 with the period
equal to 2r.

As a supplement to theorem 8, it must be natural to consider the problem
of determining extremal functions in the estimation. But lemma 1 which
serves for this purpose has been formulated in a weaker form than in the
simply-connected case. Accordingly, to deal with the problem, we have here
to impose an additional restriction on the operator £ which seems somewhat
superfluous.

THEOREM 4. Under the conditions imposed on L in theorem 3, suppose
Sfurther that _C[0*(z)] s non-constant and that the function F(X) s
strictly increasing. Moreover, let L[0*(z)] be a single-valued function of
2" and the image-curve of the arc |z|=r, 0<argz<2z/n by the mapping
w=_L[0*2)] be a Jordan curve. Then, the equality sign in the estimation
given in theorem 8 holds if and only if @(z) is of the form

@(z) — :glpk @*(e~2sz/ngz)

where ¢ is a constant with |e|=1 and {p;} is a set of n real numbers
satisfying

20 (=01, m-D,  Sp=1,

Proof. Based on the proof given above for theorem 3, we see that the
extremal character of @(z) is characterized in terms of its associated func-
tion p(¢) by the requirements

|| ctorrenapg)| =" 1torreonidpg)

and
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F([7 1ctovreomidote)) = |7 FL10%re 1) dpte),

both to be valid identically with respect to ¢. By applying lemma 1 to the
function defined by f(8) = £[D*(re®)], it follows from the first requirement
that for any extremal function @(z) its associated function p(¢) remains
unchanged except possibly at # jump-points which are distributed equi-
distantly in —zm <@ =<n. Let p(¢) jump at ¢o+2kn/n (0=k=n—1) with the
heights p; =0, respectively. Then, the extremal function @(2) must have
the form

L (p*(e—wz) dP(SD) = :S;‘;pk @*(e—i%—-kaz/nz).

D(z) = ‘g

Conversely, for any function @(z) of this form its associated function p(¢)
satisfies the above requirements. In fact, by virtue of the assumption that
L[D*(z)] is single-valued with respect to 2", we obtain

ISG: LIO*re! )1 do(p) I = I :Z_OI‘D" L[ @*(rei©-%0-2k7/mY]

:Zt,% I[(D*(re“"‘%))] ‘ = | I[Q)*(fre“@“"ﬂ))] | = :21:1] Pk ] I[(D*(re“"‘”"w)] I

= };:Pk l J[@*(rei(o—%—%w/n))] l — j‘w I,.f[@*(”'eim_%)] l dP(SD)
and hence further

F(j‘f ’ I[@*(,’.ei(e—%))] I dp(so)) — F(I I[@*(,rei(ﬂ—?q))] I)

= S ctotre =) = |7 F(L00%re ")) dpte.

6. Illustrating examples.

In theorems 3 and 4, several sorts of choice are possible for £ as well as
F. We first give a simple example which is really an immediate consequence
of these theorems but may be of some practical interest.

THEOREM 5. Let L(r)= L(r; ®) denote the length of the image-curve of
|2]| =7 by a (not necessarily univalent) mapping @(z)R. Then we have

Lir; ®) < Lir; 0% =2 r

—T

—pQ 1g(refe))—l?nl~ g (g<r<1).

The equality sign holds here +f and only if @) is of the form @*(ez)
with |e| =1.

Proof. Put £=2zd/dz and F(X)=X. Then it follows from theorem 3
that
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L(r; @):rr

-7

|0/ (re®) | 4O < r r | @¥(re®) | d = L(r; O%).

In order to verify the assertion on extremal functions by means of theorem
4, we have only to remember that the function .£[@*(z)] = 20’(z) is univalent
in ¢<|z|<1, a fact which has been shown in §8 and assures the condition
imposed on _£ in theorem 4 with n=1.

As further illustrating examples, we can state more generally the fol-
lowing results:

THEOREM 6. Let n be a positive integer and F(X) be an tncreasing
Sfunction convex for X=0. Then, for any @)= R, we have

SW F (,:‘L ‘;E_—:;(‘D(’re“e'z’m/”’) ‘ > di < jﬂ F( @*(,,.neia, q°) I) deé (g<r<1)
and

ki r [n-1 .
F . ‘ b e—2k7|:z/n @/(,,‘62(9-2k7:/n))
-x " | &=0

Jao=|" Faurt|0vaeer, ¢ ao
T (g<r<1)

here the parameter q" associated to ®* and O* indicates that the C- and
p-functions involved in the expressions for @* and % depend on the
primitive periods 2z and —2ilgq®. Suppose F(X) be strictly increasing.
Then the equality in every estimation holds if and only if @(2) is of the
same form as in theorem 4.

Proof. We may put

0@ ] = S dze ) and  c[0@R)] =2 % 1S
n #=o dz m o

d)(ze—%fmz/n)’
respectively, whence readily follow both estimations desired. In fact, we
remember the identities

1» n-l@* I § 1 9 S_V 2 eZhlmn/n
nrg (ze )— Z T e 1— g2

V=-00 1
and
_gl, Nt % —2kmr/ny — n@H*!( »n nYe
zdz nzq)(ze ) =nz"@¥ (2", q");

cf. the series expansion of @*(z) given at the end of §3. Thus, theorem 3
implies

= 1|t 10-2k7 /n)
j_ﬁF<n ‘kg‘)@(’re )

)da < j F(0*((re'y, gm)]) df

Il

j F(0*@me, q7)[) db
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7

and

nil e'2k7!:i/n ¢/(rei(e—2kv:/n))
=0

)do < j " Flur | 0%((redy, g7)]) dO

- j T P | 0¥ (e, gv))) db.

The mapping characters explained in §3 then show that both @*(z", ¢®) and
n2"P*'(z", q*) satisfy the conditions imposed on £[@*(2)] in theorem 4, whence
follows the final part of the present theorem.

While —1g X is a function convex for X >0, it is not increasing so that
theorem 3 cannot be applied directly with F(X)= —1g X. However, a sup-
plementary inequality can be derived with reference to this funection.

THEOREM 7. Let L satisfy the conditions mentioned in theorem 3. Then,

Sor any O(z) R, we have
21"r Ig | L[O(re®)]|d0 < Ig (~21 5” |,f[¢>*(reie)]1d0> @<r<1).
T J-xm T J-=

Let £ further satisfy the additional conditions imposed in theorem 4.
Then, the equality sign in the estimation appears for any fized r if and
only if O(z) is of the form stated in theorem 4 and further w= r[0*(z)]
maps |z| =7 onto an n-ply covered circle with center at the origin.

Proof. The estimation can be derived readily by means of theorem 3
applied to F(X)= X/2r together with the concavity of lg X. In fact, we
thus get

21; S: g | L[0(re)]|d6 < g ( o j: | cT0tre] |0 )
=<lg ( '21;1&‘: | LLP*(re®)] | d0>.

In the last relation the equality sign of the first inequality holds if and
only if |@(re®)| is independent of #, while that of the second holds if and
only if @(z) is of the form stated in theorem 4. But, for any @(z) of the
last-mentioned form, we have

LL0G)] =S, pu L0 /e0)] = 33 e LTO¥e2)] = £T0%(e2)]

so that | £[@(re?®)]| and | L[@*(re®®)]| are simultaneously independent of 6.
The image-curve of |z| =7, 0<argz<2r/n by the mapping w= [0*(?)] is
supposed to be a Jordan curve and hence the requirement of this inde-
pendency is equivalent to the final assertion of the theorem.

7. Areal distortion.

Theorems 3 and 4 imply as an immediate consequence an areal distortion
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which is formulated as follows:

THEOREM 8. Under the conditions imposed on 1 and F(X) in theorem
3, we have

f rdr f: F(| LT0(re)]]) df < S

o

r

rdr S” F(| LT0*re)]|) do

- (@<ro<r<l)
and the function O*(ez) is for any & with |e| =1 always an extremal func-
tion of this estimation. By supplementing further assumptions imposed

on £ and F in theorem 4, we can conclude that the equality sign appears for
any fized ro and r if and only if @(z) is of the form stated in theorem 4.

o

Though the subsequent theorem may be regarded as a particular case of
theorem 8, it will be of some practical interest, so that we formulate it here
explicitly.

THEOREM 9. Let A(ry, v) = A(ry, r; @) denote the area of the image-domain
of @) re< |z <r(<1) by a (not necessarily univalent) mapping O(z) =R,
the area being counted according to multiplicity. Then we have

A(ry, )= Sr rdrjj | @'(re®) | db

70

g j\r 4d7‘j‘fx
g r -7
The equality sign in the estimation appears for any fixed r, and r if and
only if O(z) is of the form

. 9 2 >
- P('L Ig (T@LO)) — ,7); ‘ df = 475»2_]; (l:yq"zg)z (7'2" - ,,.021/)‘

D(z) = O*(ez) = 3 <C(@' g (e2)) — ZI 1 lg (ez)), le|=1.

Proof. The estimate for A(ry, ) becomes

Sr rdrr |@*'(re®) |2 d

7o

= j:ﬂ rdr j‘:r ;12

= jr 4 2z SV <;A.‘,’_.,,,¢_>2,,.2vd7. =4r {2’ Y P — )
ro r v‘=_—’oo 1 —_ qZV V=-o00 (1 — q2v)2 o/

2, v(re®y |2
v;oo 1 it qZ‘J a9

—p(ilg(rem)— }Zdﬂzy jdrr

7o -7

The mapping character of 20*/(z) explained in §38 shows by virtue of theorem
4 that extremal functions are only those of the form @*(ez) with [¢]=1.

Theorem 9 may be proved alternatively by means of the estimation for
Laurent coefficients of @(z) =R. For this purpose, we prepare a lemma on
an integral representation for Laurent coefficients.

LEEMA 2. Let the Laurent expansion of @(z) R be
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D) =14 SV ¢,2°.%
V=-00

Then we have
2

o=y 2o |l e =120,

where p(¢) is the function associated to @(z) in theorem 1.

Proof. Remembering theorem 1 together with the expansion of @*(z)
given at the end of §3, we get

D(z) = K %(C(i lgz+¢)— " (ilgz+ s0)> dp(g)

=s’_° (1+2 Sy f e )dp(¢)—1+2 S o zqzv Sf e dp(g),

whence follows the desired representation.

Now, we have really

Ao )= rar(” owenrar={ rdras 5y e prn

JTo

=7 ;_V vley 2(r? — r®) < 4n 3 __, (1 quW( PV — o).
The extremal functions are characterized by |ev|=2/|1—¢*| for any v=0
while even a single equation |e¢;| =2/(1—¢?) or |c.i|=—2/(1—¢q?% implies

that dp(¢) must vanish except at a single jump, ¢, say, whence follows
O(z) = O*(ez) with e =e %,

8. Radial distortion.

Theorem 5 concerns the distortion on the image-curve of a concentric
circumference by a mapping function belonging to R. As a supplement we
deal here with an analogous distortion on the image-curve of a radial
segment. It is an immediate consequence of a distortion theorem on deri-
vative in the class & which may be formulated as follows:

LEMMA 3. For any @(z) R, we have

PRSI R GG RS =0,
‘(z dz> @(z)IS { e lglzl) PN

The equality sign holds at any assigned point z =te® with ¢ <t<1 if and
only if O(z) = @*(e *z).

Proof From lemma 1 we have, for any @(z) e R,

3) Cf. the final remark in §1.
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(z ;lz >2v+1@(z) _ S:: <~ 2(@(@’ lgz+¢)+ ’77:>> dp(¢) v =0),

5:: (=1 2p (i lg 2 +¢) dP(S@) =12 ---)

with
dp@)20 (—n<p=n), j dp(g)=1.
The integrands in the right-hand members can be expanded in Laurent series
A gy — . 771)_ &, MR
22 0v() = 2(p(ugz)+ )=z 3y M
and
2v+lzp,

d \2v+1 . o M
(s 4o )o@ = (- y2peilg =2 Y (=12,
dz e 1

__qzl"
both containing positive real coefficients alone except the vanishing constant
terms. Consequently, there follows readily the desired results.

Though the derivative of any odd order of @*(z) with respect to lgz can
be so simply estimated as shown above, it is not the case for that of even
order. In the latter case, the best estimate depending on r alone will be
not analytic in 7 throughout ¢ <r <1.

THEOREM 10. Let g<r,<r<1. Then, for any ®(z) € R, we have

Sr S0 Y gt d1g ¢
ro <61gt> (te)|d Ig
2 0 b e
. _ . _7771 . r — &Y :r : To —
i(C(z lg r) — €3 1g 7o) nzlg r0> 2“%20 1_ g (v=0),

- V(rk — 7o)
1—qg*

=12 --)
The equality sign in every estimation holds for assigned values of v, T
and 0 if and only if (z) is given by O*(e z).

2 oo 2
(_ 1)V+1 7; (p(ZV-I)(i lg ,r) —_ p(Zv—l)(i lg /’-0)) =2p‘;; //l

Proof. By virtue of lemma 3, we have

g, sml= () "o

dlgt
Integration with respect to lg ¢ leads to

» B 6 2V +1 i
L Corge) " oo

Tt=r

d 2v *
<[(.% V|
dlgts[(dlgt) o®]
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whence follows the desired estimation by substituting the actual expres-
sion for @*(z). The extremal function is characterized by the relation
| (0/01g t)»*1 @(te®)| = (d/d 1g t)***1 @*(t) to be valid for any t with r,<t<r,
whence follows the final assertion of the theorem.

The case v=0 in theorem 10 may be of practical interest so that it will
be separated especially as a corollary in the following lines.

COROLLARY. Let A(ry, r, 0) = A(ro, r, 0; ) denote the length of the image-
curve of a radial segment argz=20, (=)r.<|z|<r(<1l) by a mapping
O(z)esN. Then we have

Ao, 7, 0) = S |0/(t¢)| dit

o

< §<C(ilgr)~C(ilgro)— ?r‘ilg }):2 Sv THo T

() pee 1 —g

The bound s attained only by the extremal function

P*(ez) = j (C(i lg (e"®z)) — "7;1 1 lg (e“"’z)).
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