ON THE DISTRIBUTION OF COMPLETION TIMES FOR
RANDOM COMMUNICATION IN THE TASK-ORIENTED
GROUP WITH A SPECIAL STRUCTURE

By HironHisa HATORI

§1. Introduction.

Recently, A. Bavelas, L. S. Christie, R. D. Luce and J. Macy, Jr. have
introduced the task-oriented group. According to them, the task-oriented
group consists of a number of individuals and a communication network.
And each individual has initially one piece of information which must be
transmitted to all the others to complete the task. At every sending time
each individual sends all the information he has required to one other indi-
vidual chosen at random from the possibilities given by the communication
network.

By introducing a Markov chain H.G. Landau [1] has shown how to calculate
the distribution of the completion times. But this method needs the transition
probabilities a@.g from the information state c(* to ¢(® after one sending time.
And it seems to be generally difficult to calculate a,s.

Now we shall denote by T°(/, m, n) the task-oriented group with the network
6. indicated by Figure 1 where the numbers of links in :;;2,
/ \ \ Zb: and Z?e are respectively [, m and n. T (I, m, n) is the

Ib ‘ simplest case from a topological view-point, because it is
¢ / / shown by R.D. Luce’s theorem [2] that T'(/, m, n) is of
y , m,

d a order 1 free from tree form. In our paper we shall give

Figure 1. the distributions of completion times of T(I, m, n) for the
following exclusive cases.

Case (1): m=n=2;

Case (II): m=1, n=2;

Case (Il): m+1=mn, m=2;

Case (IV): m+1<n<2m, m=2;
Case (V): 2m <n, m=2.

We can assume m < n without loss of generality owing to the symmetricity
property on m and n. And the discussion for case m =#n =1 is trivial.
Hence we shall omit the case m > # and m = n =1 in this paper. All cases
except these two are included in the above five cases.
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§2. An example of calculation of the distribution.

To simplify the explanation of our method we treat at first the task-ori-

ented group 7'(2,2,5) whose individuals are a,, @, -, @; and b,. (See Figure 2.)
a o Every individual except @, has then respectively a
‘\"'" "\ unique possible recipient while @; has two ones i.e. a,
a’/ ) 3% and b,. These two choices give two operations of trans-
\ / ! s mission. Let A and B be the sending operations by
a,,,\_&/ which @, takes @, and b, respectively, as his recipient
! and other individuals take their unique recipient. (See
Figure 2. Figure 3.)
Then we can represent a system of trials
. . . . Q. %
in N sending times as a permutation of N /°‘““°\° aﬂ/oav‘\
elements which are respectively either A or % \.,5, fo’ 4/ \ fa’
B. So we shall identify frequently each trial- >,\,b/°“’? \ / b e
7 )y 7 g,

system with its coresponding permutation.

We know easily that the completion times
in this case are at least 7 (sending times),
because a,’s information must reach to b, in:these times.

Now we study at first the system of 7 trials by which the task is completed.
In order that all informations reach to @, it is necessary and sufficient that
a,’s information reaches to @,. Hence this condition for @, becomes the one

234541 that at least one in the 6th and 7th trials is A and

T can be represented by the diagram of Figure 4, where
% the five shaded parts show that the first five trials

Operation A. Operation B.
Figure 3.

Figure 4. are arbitrary ones in A and B and the other two parts
show that at least one in the 6th and 7th 12348621
trials is A. a
By the similar considerations for a,, a,, -, @
a; and b, we get Figure 5 where the 7 th part Z’: conditions on A

of the last line coresponding to 5, shows that a9
the 7 th trial must be B. But the 5th~7th a9
lines are unnecessary and the condition for a
a; is included in the one for a,. So the dia- B Yeditan s
gram of Figure 5 is reduced to the one of

Figure 5.

Figure 6.

The 3rd and 4 th lines in this diagram inform that
the 4th and 7th trials must be respectively A and
18 B, and consequently we know that the 6th trial is

Figure 6. also A.

Hence the type of the trial-systems completing the task must be (x, %, ¥, A,
%, A, B) where * is an arbitrary trial in A and B. Conversely it is obvious
that the task is completed by the system of this type. Hence the number
of the systems of 7 trials by which the task is completed is 2* = 16 whose
exponent 4 is the number of *-marks in the above type of trial-systems.

A
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We refer to the number of the systems of N trials by which the task is
completed with R} and also to the number of the systems of N trials whose
Nth trial just completes the task with Ry. Evidently Ry = R, —2R,_,, (N

=8) and R, = R; = 16 by the above discussion. 12345618
Next to find R; and R, we treat the systems of a)

8 trials. Discussing the condition under which @ }A

the task is completed in this case, we get easily ?)

Figure 7 as the reduced diagram corresponding to ' } 8

Figure 6 in the preceding case. Figure 7.

Thereupon we consider the following two cases.

Case (1): The 7th trial is A4;
Case (2): The 7th trial is B,

In the case (1) the conditions on A indicated by the 1st and 2nd lines in
Figure 7 are satisfied automatically and the 8th trial must be B by the last
line. So the 7th and 8th trials are determined. On the other hand we
know from the 3rd line in Figure 7 that the 1st~3rd and 6th trials are
arbitrary and at least one in the 4th and 5th trials must be A. Hence the
number of the completing trial-systems in this case (1) is (22 —1)-2¢ =6 x

4568 2%, Similarly in the case (2) the condition on B indicated
a T by the last line is satisfied and it is obvious also that the
@ 1st~3rd trials are arbitrary. Illustrating the remained
d‘)_ /1 conditions on the 4th~6th and 8th trials, we get Figure

Figure 8. 8. The number of the permutations which consist of A

and B and satisfy the condition indicated by Figure 8 is
H(3, 2, 1) = 93+2+1 __ 93+1-2 _ (3 _ 1),23-2 =8
by Lemma 1 of §3. Accordingly the number of the trial-systems in this
case (2) is 8 x 23, Summing up, we get R; =6 X 2° + 8 x 2* = 112 and R,
=112 — 2 x 16 = 80.
The similar considerations will give R; = 360 and R, = 136.
Finally we shall deal with the sys-

. . 12345613 32N W
tems of N trials (N =10) which com-
plete the task. The reduced diagram g, 4
in this case coresponding to Figure 6 in @
the case N =7 is the following Figure % Js
9. This case is divided to the following i
Figure 9.

three mutually exclusive cases.
Case (1): At least one A and at least one B exist respectively in the
7 th~(N — 3)th trials;

Case (2): All of the 7th~ (N ~— 3)th trials are A;

Case (3): All of the 7th~ (N — 3)th trials are B.
In the case (1) the conditions on A and B indicated by Figure 9 has been
satisfied completely. Hence the number of the completing systems in this
case (1) is (2¥7° —2)-2° =27 — 2%,  In the case (2) only the condition on B
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indicated by the last line of Figure 9 remains, because the conditions on A

are wholly satisfied. So the number of the completing systems in the case

(2)is (22— 1) x 2°=56 x 2°. In the case (3) the conditions of Figure 9 are

reduced to those on the 4th~6th and (N — 2)th~N

T T T th trials which are represented as Figure 10. Of course

a;) , the 1st~3rd trials are arbitrary. Hence the corres-

@ ponding diagrams have been omitted. However, the

number of the permutations which consist of A and
B and satisfy the conditions of Figure 10 is

Figure 10.

H(3,3,2) =208 — 3970 = (3 1) = 52.

Hence the number of the completing systems in this case (3) is 52 x 2%
Summing up, we know that

R, =2% —2'° 4+ 56 x 2% 4+ 52 x2°
= 2% — 160 for N =10,
Ry, =144
and
Ry = 2% — 160 — 2- (27~ — 160)
= 160 for N=11.
If the result of the N'th trial is denoted by Sy, then
P(Sy=A4) =P(Sy=B) =1/2

and all trials are mutually independent. (See Landau [1].) Hence the prob-
ability that the completion time T is equal to N is Ry/2¥. So the distribution
of completion time 7 in this task-oriented group is as follows:

P(T=17) =16/27, P(T = 8) =80/2¢, P(T =9) =136/2°,
P(T =10) =144/2® and P(T =N) =160/2% for N=11.

Moreover, the mean completion time is

7 X 160 8 X 80 9 X 136 10 x 144 = 160N
E(T) = 27_7’ + 23 + ° 29 + 210 + Agl ZNV’
= 9.0468..-

by Lemma 3 of §3.
We shall retain the notations 7, Ry and R used in this section also in the

subsequent sections for treating the general cases.

3. Some lemmas for general cases.

DeriNITION 1. We denote by H(a, B, v) the number of the permutations
of (¢ + B+ — 2) elements which consist of A and B and satisfy the fol-
lowing conditions:
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Condition 1: There is at least one A among
the Ist~@th positions;

Condition 2: There is at least one A among
tne 2 nd~ (B + 7)th positions; « ﬁ 2 17/ 4

Condition 3: There is at least one A among __,__VV
the 3 rd~ (B + v + 1)th posi- - v
tions; Figure 11.

Condition a: There is at least one A among ath~(a + B8+ v — 2)th
positions.

(See Figure 11.)
Lemma 1.
H(a, 8, 7) = 20472 — 209772 — (o — 1)-2°7° Jor a<pB+1,
= 2By 20ty "E . B2 — (¢ — B —1)(28 — 1).297B"1
for B+l1<a=p+v-+1
Proof. We can easily see that
H(1,B, %) =26 —1,
H2,B,v) =2"H(1,8,%) — 1,
and
H(a,B,v) =2H(a —1,8,v) —2°7* for 2<a<B+1
=2H(a—1,8,v) — (28 — 1).2¢78-1
for B+2=a<B+7v+1

The conclusion of the lemma is then obtained from these recurrence formulas
for a.

LemMma 2. If B+v+1<a, then

H(a,B,v) =2H@—1,8,v —Hl@—-8-v5717).
LeEmMma 3.
SN _r41

e =
DeriNITION 2. We denote by K(a, B, vv; 8, €) the number of permutations
of (a+ B+ v+ 38— 2) elements which consist of A and B and satisfy the

following conditions:

Condition 1: There is at least one A ! 7 WU
among the 1st~@Bth po- T S 1/
sitions; T V//y/ A
Condition 2: There is at least one A l Vr/ ///
among the 2nd~ (8 + v) 1 ————7/ /1177
th positions; — _.l’/ Y Y

.................................... 5 Figure 12.
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Condition «: There is at least one A among ath~ (o + 8+ v — 2)th
positions;
Condition (¢ + 1): There is at least one A among (« + B+ v — &)th
~(a + B8 + v — 1)th positions;

Condition (& + 8): There is at least one A ,among (@+B+v+8—¢&

~ 1)th~(a + B + v + 8 — 2)th positions.
(See Figure 12.)

LeEmMa 4.
K(a,B,7;1,€6) = 2H(a, B,7) — 2F7=¢ —1)-2°7'  for a+v—1<§,
= 2H (@, B, %) — (28 — 1) (2#*1-¢ — 1.2~
for a—1<¢é<a+v—2 and B=Za—1,
= 2H (&, B, 7y) — 2°FB+Y—€~1 4 gaty—g~1 1 ]
for a—1=é<a+v—2 and a<p.
And if E< o — 2, then
K(a,B,v;1,& =2H(a,8,v) — Kl — &8, v;1, B+ v —&).
LeMmma 5.
K(a,B,7;8,8) =2K(a,3,7v;0— 1,8 —K(a,B,v; 6 —&E—1,8)
for 6=¢&+2,
=2K(a,B,7;0—1,8 —Ha+8—&—1,8,v)
Sfor 2<8<E+4+1 and a+8=E&+3,
=2K(a,B,v;8—1,8 —H2,B,a+v+8§—&—3)
for 2<8=€+1 and a+v+8=E+3>a+3s,
= 2K (at, B,7; 8 — 1, &) —2e+B+7+o-=s
for 2<86<¢€+1 and E+3>a+vy+8.
§4. The case where m =n =2,

In this case we get Figure 14 as the diagram corresponding

s X ¢, \0
to the condition that the system of N trials completes the 7zt \
task. From it we know that these conditions are equivalent ’ ol /
to that A and B exist respectively at least one by one in \B)/

“m'
AR 11— — (il+ ” ;Ch~(N e Figure 13
. i igure 13.

L ml th trials. (See Figure
Jiinn 1771/ 15.)
i

/777777 ) VI y A
// /;//Z/ V/Z/ 8 i V//%[[Zl % 8
/j/////////[/// Vil ~—g+m-1 N-£-2m+3 m-2

Figure 14. Figure 15,
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Hence
Ry = (2V-1-2m43 _ ) grm—14m—2
=28 — 27! for N> 7,
where f =/ +2m — 1 is the minimum completion time. So we have
Ry = R, — 2R, _, = 27! for N> f
and
Ry = 271,

Consequently we get the following theorem.

‘THEOREM 1. In the case of T (I, m, n) where m = n=2, we have that

271

P(T=N) = "5 for N=f,

where f =1+ 2m —1. And the mean completion time is
ET) =f+1

§5. The case where m =1 and n > 2.

When a system of trials in this case completes the task, then it satisfies
the conditions on A indicated by Figure 17.
(N = min. compl, time f=/[+ n— 1.)

N o f e NP e N=f-20-4 ~n-2-
C,.,/ 2y ) A
(5) n_,az) A /4 A
Q, A 17
N S% law) ! 87
@ w N
Figure 16. Figure 17.

Hence Ry, =2H(n—1, N—I!—n+2,1). From it we can get the distri-
bution of the completion time.

THEOREM 2. In the case of T(I,1, n) where n=2, we have

P(T:N):%, fOr N:f’
" _OR
= Bo = 2 for N>f

where [ = min. compl. time =1+ n—1 and
R,=2Hn—1, N—I—n+21).

Remark. Especially T'(/, 1, 2) gives us, as the distribution of its completion
time T,
Qr—1
2N

P(T=N)= Sfor N=/,
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because
Ry = 2028t — 1) = 27 — 27~}
and
Ry = Ry, —2R;,_, = 27

for N=f. And its mean completion time is

oo 2_r—1
E(T) = $IN-Zp =/ +1,

§6. The case of T(l, m, m + 1) where m =2,

The conditions that a system of N trials completes the task are shown by
the Figure 18.

. . T

(N = min. compl. time f =1+ 2m — 1.) EHG77] 1/

(T i

4 =] e -~ =] L B

14 (T,

18 A T |/ 823

-— Z+m N-F +] M2 LTI V777

N N
Figure 19. Figure 18,

From it we get Figure 19 as the reduced diagram. Hence
R; = Ry = 2!+¥m=8 = 272
and
Ry = (28~F — 2).27 4 2¢42m—~2 4 Dit2m—2
=2V 27 for N> f,
from which we have
Ry =272, Ry =274 — 27 — 2.27-% = 271
and ‘
Ry =2V —27 — 2N 4 27+ = 27 for N> f+1.
And the mean completion time is

1 = N-27
FESRNE

ET) =2 + /% s

Y

=yl 3

_f+4 —-l+2?n+4.

TuEOREM 3. In the case of T (I, m, m + 1) where m =2, we have
P(T=f)=P(T=f+1 =1+

and
P(T=N) =27V for N=f+2,
where f =1+ 2m — 1.
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The mean completion time is
3

E(T)=f+r’£—=l+2m+;1'-

§7. The case of T(l, m, n) where m+1<n<2m and m=>2,

We shall obtain at once Figures 20 and 21 as the reduced diagrams.

I ///// i V77t 8
-— g+m-1 Z m-2 —-
Flgure 20. I=x=7
' m izl
l w 7 /
77k 17 /lA} 8
~—4+m-1 Z mn-2 —=
Fxgure 21. (r<2x)

The former corresponds to the case 1<x<rie. N</[+2n— 3 and the
latter to the case r <x i.e. N>[+2n—3, where x=N—f+1, r=un—m
and the min. compl. time f =17+ m + n— 2. From them we get

R, = (2" —2)(2° —1).28-% 4 2" L. H(y x,m — x) for 1=<x<r,
= (2777 — 2).2N0HT 4 (27 — 1) 287 4 264U H (v 7, m)

for r+1<ux.

Since we have by Lemma 1 of §3

H(r,x,m — x) = 27+m=2 _ 2r4m—sa—2 _ 4. 272 _ (y — x — 1)(2% — 1).27—=—!
for 1<x<r-2,
H(r,v —1, m—r+1) =22 271 — (5 — gpp —1).20—m2
Hr,v,m—r) =22 —2m2 _ (g — yp — 2) 27—m—2
and
H(r,r, m) = 2m+7=2 — 2n=2 _ (y - 1)27-2,

we can calculate R;, the distribution and the mean of the completion times.

THEOREM 4. In the case of T (I, m,n) where m+1<n=<2m and m=2, f
= min. compl. time =1+ m+ n— 2. And we have

P(T=f) = Rf

and
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P(T = N) = B 2Rt for N>f,
where
Ry = 2% — 27 4 29N — (N — f 4 1) 2600
— (14 2n — N — 4)(2V-7+1 — 1).084mi2n-N=5
for fEN<I+2n—>5,
Risonog = 2000074 = 27 4 2000078 — (n — m — 1)-204770,
Ry ypuog = 204305 — 27 L QUMD (g 2). Q0=
and

Ry =2"—27 — (n—m —1)- 20473 Sfor N=1+ 2n— 2.

RemMarRk. When we require only the mean completion time, it is convenient
to use the following lemma.

LeEMMA 6.
e [ NRy R,
E) = 11\71—21»{ 2 _?—l:f‘g'r}-
Proof.
N N ’ .
E(T) =1lim 3] & = jim 5, YR zng_,)
Neroo Y= oo Now i=f
_ o | NRy % R;}
= llvl—{g {T - = o

§8. The case of T(l, m, n) where 2m < n and m = 2.

In this case we also get
Ry, =27V -2 — (r —1)27"™'  for x>r i.e. N=[+2n—2

in the similar manner as in the preceding section where x =N—f+1, »
=n—mand f=[+m+n—2. Next we consider the case 1< x<7.

2+n-2
7]
r+/ A
r-2
l /IIIIIIIIIIIIIIIIIIIIIIIIIIIIMI “giidy B T AEmel = ——— ] === X"
-—4+m-1 I’N———- L= M2~ N
VA e, 177
£+n-1 =z den-| ——————z~
Figure 22. AI=x=r—m) Figure 23. r—m+l=x=s)

Turning our attention to the (/4 # — 1+ 2z)th trial which is the first 4
after (I + n— 1)th trial, we can express R, in terms of H(e, B3,) and

K(a,B,v;8,8.
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THEOREM 5. In the case of T (I, m, m) where 2m < n and m = 2 we have
R
P(T=f)= *2,’—,

R, — 2R,

P(T=N)= "5 for N> f,

and
R, = 2‘+’”“{§]1K(r —m+2—x,%5m;l,x+m—z) 20772

+K(¢—m+2—x,x,m;m—1,m—1)}

for 1<x=7r—m,

T=r+m

— 2{+’m—l{ (2!1;—1 — 1)(2&' _ 1) 27+'m—w—2 + 2 (2:&7 — 1),2r+m—z—2
=2

-+ i} (27 — 2z—wtr—m _ Qr—w | 1).Qw—z4m—2
Z=x—7+m+1

+ 2t m—1, m—1,1) —H@r —x, » — x, m—r+x)}

for r—m+1<x=<rv,
=2V — 27 — (y — 1)27—m! for x>,

where x =N —f+1, r =un—m, H1,1, m — 1) =2"2 H(0,0, m) = 2" for
m=3 and H(0,0,2) =0,

Lastly I express my hearty thanks to Prof. K. Kunisawa who gave me
many valuable remarks and criticism.

REFERENCES

[1] H.G. Lanpauv, The distribution of completion times for random communication
in a task-oriented group. Bull. Math. Biophys. 16 (1954), 187—201.

[2] R.D. Luce, Two decomposition theorems for a class of finite oriented graphs.
Amer. Journ. Math. 74 (1952), 701—722,

[3] A. BaverLas, Communication patterns in task-oriented groups. Journ. Acoustic
Soc. 22 (1950), 725—730.

[4] L.S. Curistie, R.D. Luce, anp J. Macy, Jr., Communication and learning in
task-oriented groups. Tech. Report No. 231, Research Lab. of Electronics,
Mass. Inst. of Tech., 1952,

DEPARTMENT OF MATHEMATICS,
Tokyo INSTITUTE OF TECHNOLOGY.





