
THEOREMS ON SUBHARMONIC FUNCTIONS

I N THE UNIT CIRCLE

BY YOSHIRO KAWAKAMI

1. Let lφ be a line through eiθ

f making an angle ψ (— τr/2 < ψ < τr/2) with
the inner normal of ' z. = 1 at eiθ. Then M. Tsuji [1] proved the following
theorem.

THEOREM. Let

w(z) = \ log — - — — dμ(a),

where

Ω(r) = [ dμ(a) = θ(-ri--—TΓ \ 0 < λ < 1.
J\a\<r x V-L — r) J

Then there exists a set E of measure 2π on z \ = 1,
almost all ψ,

lim M;(2) = 0,

along lφ(eiθ).

Let u(z) be a subharmonic function in \z < 1 such that

[2*'u(reiθ) dθ = 0(1), 0 <
Jo ~~

and put

then L(u, r) is an increasing convex function of log r9 and Tsuji proved the
following theorem.

T H E O R E M . Let u(z) be a subharmonic function in , £ , < 1, such that

j j « ( « ' • ) \dθ = 0(1), -fc-L{u,r) = θ ( ( 1 _ ? y ) x ) , 0 < λ < 1.

T/z^^ ί/ẑ r̂  exists a set E of measure 2τr on z = 1,
then for almost all ψ,

lim u(z) = ^(^ ί β) φ o o

exists, /̂ẑ w 2->^ ί β along lφ(eiθ).
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In this note we shall prove the following theorems using Hayman's method
[2].

THEOREM 1. Let

w(z) = dμ(a),

where

Ω(r) = j rf/*(tf) - θ( Y^-^yx-), 0 < X < 1.

S£ί £ (?/ measure 2π on \z' = 1, s^cA that for eiθ

corresponds a p-set Λθfφ0 of finite logarithmic length, such that

\im w(z) = w(^ t β - pe«θ~φϊ) - 0,
p-»0

uniformly for \ φ ^ φ0 as p —>-0 outside ΛΘ,<PQ, where 0 < φ0 < ττ/2.

T H E O R E M 2. Z,g£ M(^) &g βj subharmonic function in \z, < 1,

Jj ( = 0 ( 1 ) , - ^ τ i ( « , r) = θ ( ( 1 _ ? r ) Λ ) . 0Jj ( )
Then there exists a set E of measure 2τt on \z\ = 1, 5^c/^ that for etθ

corresponds a p-set Λθ,φQ of finite logarithmic length, such that

\imu(z) = ̂ (β£θ - pe**-^) - «(e£β),
p0

uniformly for \φ\^φ0 as p ->0 outside Λe,φ0.

For the proof we use the following Lemma. We put

dσ(a) - (1 - ' Λ | ) d/*(*),

and let J? be the common part of j z \ < 1 and 2 — eιθ <t, then

LEMMA 1. (TSUJI). // Ω{r) = 0(1/(1 - r) λ ), 0 < λ < 1, /Ae« ί/ẑ r̂  gΛΓίsfe a
set E of measure 2π on \z I — 1, swc/z ίA«ί ί/ ^tθ e E, /̂ί̂ ^ /or som^ positive t0,

v(t) =<r(At) = 0(t1+5), where 0 < δ < 1, ί < t0.

Proof of this Lemma is contained in the proof of Theorem 3 of Tsuji's
paper [1].

2. Estimation of w(z).
We assume that z-\ belongs to E and put 1 — a == ζ, 1 — z = ξ, , z, — r,

] 1 — z' = p, ί 1 — a — t. We suppose that z lies be ween Lφ0 and lφQ, and if
we denote the complement of JtQ with respect to z < 1 by J* and dtlft2 = J ί χ

- A2(ti > U), then

= 7i + 72 + 78 + h, say.
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For arbitrary t0 we have evidently

(1) lim Λ = 0.

Since

1 — άz

we have

l 0 g

z - a

( 1 - a\)(l-'z.)
\z-a\2

S i n c e z l i e s i n t h e d o m a i n b o u n d e d b y lφQ a n d LφQ, 1 — 2 ^ J p , a n d i f a
(2 — Λ ' = I f — ζ \ ̂  Γ — f , w e h a v e , p u t t i n g i/0 = [ l o g

c o n s t

c o n s t , p f
j2 v o

Since in ^ ! ζ < 2J+1p, \ξ - ζ ^ ζ\- ξ ^

V 0 - l -j

^ const. p Σ - o 2 r r 2 ( J + 1 ) ( 1 + ί ) P 1 + i +

const

i+δ)

vopΔ

^ const, p Σ c o n s t

so that

(2) 72 ^ const.

In 74, 2 — a! ^ j f | — ' ζ | ^ const, p, so that similarly we have

74 ^ const.j ^ - ^ i ' g i i

so that

(3)

^ const. v[~oP) = c o n s t

Iέ < const. ρ8.

3. Estimation of 73.
Let ^2P,JP t>e the part of ^^P,P which is outside the circle Γξ: \z — a\^Lkρ,

where k = min (1/2, sin | φ — <p01) and φ1 is a constant such that <pQ < φ1 < τr/2,
then T7^ is contained in the common part of ΛP,|P and the domain which
lies between l_Ψl, lΨχ. Then
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h = ( , + L = /; + /;', say.

For /„',

i; <g const, f, 1 l = J ^i;

< const, ί , -£-dσ(ά)
JJ2p,%P P

5g const. --• -z> (2/>) ^ const, p δ .

Hence

(4 ) 7g< const. /°δ.

Since in Γξ, 1 — # • 2> const. 1 — a = const, ί, we have

/ " <J const. \ log 1 — az j d<r(a)
z-a \ t

To prove theorem 1 we need further to estimate I3

n. For this purpose we
use the following Lemmas, which are similar to Hayman's Lemmas [2].

DEFINITION. Let £ be a fixed number. We shall say that a number p < t0

is normal (£), if for 0 < h < p/2 we have

Jp-

h

LEMMA 2. T7z£ ŝ ί o/ «// values p < t0, which are not normal (θ), ^^
logarithmic length.

Proof. We put dω(t) = dv(t)/t9 then since j/(f) = O(tί+8), ίort<t0, Γ rfω(0
< CXD. Suppose that the Lemma is false for some positive £, then for any
given constant G > 0, we can find a closed set .P of values p not normal (£),
which is contained in the open interval (0,1), and such that

p - -
For each p in F, there exists an open interval I{p — h, p + h) with 0 < h
< ρ/2, such that

(5) ί .„.._ dω(t)^^~>^Γ'ί-^-.

By the Heine-Borel theorem there exists a finite set Ilf I2, •••, In of such inter-
vals covering F. We may assume that none of these intervals is entirely
contained in the union of the others. Let Iv be {ρ'y, pv) where l/ρv increases
with v. Then if μ > vy p^ < p'y since otherwise Iμ would be contained in
Iv+ι Also pv.r2^pvy since otherwise Iv+1 would be contained in the union
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of Iv and Iv+2. Thus each of the set Fj. of intervals 7 l f/ 3, •••, and F 2 of
intervals 72,74, ••• are non-overlapping, and since they together cover F, at
least one, F x say, has the logarithmic length at least G/2. From (5) we have

Γ , ,,, θf dt . G

which is a contradiction.

LEMMA 3. Let p <t0 and p be normal (8), then we have

z — a

dp (a)
\-\a\

< 6A,

where A is an absolute constant.

Proof. Let Cn be the ring p/2n+1 < \ξ - ζ | ^ />/2w. We suppose that ,'
is normal (6), so that cr(f) = 0 . Then putting C'n = CnΠ{z < 1},

z — a

do-(a)
t

Since in C'

log 1 -
z — a

pt

= log2"+ 3,

f rfσ(α) ^
>-Pl2n<t^P-rPl2n 2n

hence

so that

( 6 )

ϊ'ζ < « Σ -4- log 2»+3 <
l ^

Γζ < 6A.

5. Proof of t h e t h e o r e m 1.
Let A(6) be the set of all p < t0, which a r e not n o r m a l (S), then by

L e m m a 2,

Hence if A(ρ9 8) denotes the p a r t of A(8) in (0, p), we can choose sufficiently
small ρ w such t h a t

< 1

Let J o be the union of all the set A(ρn, 1/n), then
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Pn,ιIn) P n = l 2 W

On the other hand if p lies outside Jo and | ξ ί = p > ρn, Lemma 3 gives

( 7 ) ( log dσ-(ζ)
z — a 1 — a\ — n '

so that from (1), (2), (3), and (7) theorem 1 follows.

6. Proof of theorem 2.

{2τr

Iu(reiΘ) \dθ = 0(1), by Littlewood's theorem [3], u{z) can be repre-
o

sented as

u(z) = υ(z) —w(z),

where v(z) is harmonic in z' < 1, such that

Jo

and

w(a ) = \ log \Γ "* dμ(a),

w h e r e Jμ(tf) is a positive m a s s dis t r ibut ion in \z\ < 1, such t h a t

r . . .
< oo.

J\a\<l

By (8), for almost all eiθ

9

( 9 ) limz;(2) = v(eiθ)

exists, when z^f-eiθ from the inside of any Stolz domain, whose vertex is
at eiθ. Since

r-^Mu, r) = Ώ(r) ^ \^d^a) = θ ( Ί Γ ^ ) , 0 < X <

satisfies the condition of theorem 1, whence theorem 2 follows.
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