
ON A NON-NEGATIVE SUBHARMONIC
FUNCTION IN A HALF-PLANE

BY MASATSUGU TSUJI

1. We shall prove

THEOREM 1. Let u(z] — u(x + iy) *? 0 be a non-negative sub harmonic function
in a half-plane x > 0, which vanishes continuously on the imaginary axis.

Let

m(r) = m(r, u) = Γ 2 u(reίθ) cos θ dθ, 0 < r < oo,
J-τt/2

( i ) m(r)/r is a continuous non-decreasing function of r and is a convex
function of l/rz. Hence

lim^L(?L = ί.>
r-+oo r

exists.
If 0 < C < oo,

n) «(jz:)=:**-J β log -l̂ r «Ά*(«), τ- 2c

z — a

where μ> is a positive mass distribution in x > 0, swc^ ί^fitf

Lα)>»~T^"^(β)<°°

(iii) Except a set of θ of logarithmic capacity zero,

lim — — = k cos #

exists.

That m(r)/r is a non-decreasing function of r is proved by Ahlfors [ 1 ] and
the proof is simplified by Dinghas [ 2 ]. (iii) is proved by Ahlfors and
Heins [3].

As a special case, we have

THEOREM 2. Let f ( z ) be regular in x > 0 and continuous and \f(z)\^ 1 on
the imaginary axis. Suppose that log+ \f(z)\ ^ 0 and let
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m(r) = Γ;2 log* \f(reiθ}\cos θ dθ, 0 < r < oo,
J-τr/2

m(r)/r is a continuous non-decreasing function of r and is a convex func-
tion of 1/r*.

2. First we shall prove some lemmas.

LEMMA 1. Let u(z] be subharmonic in a domain D0 and D be a subdomain

of Do, such that D C Z)0, whose boundary Γ consists of a finite number of
analytic Jordan curves and G (z, a] be the Green's function of D. Then

where v is the inner normal of Γ at ζ and μ is a positive mass distribution
in DO.

Proof. By F. Riesz' theorem, there exists a positive mass distribution μ

in DO, such that for any subdomain Dl of DQ, such that ϊ)l C D0,

u(z) = Vι(z) - \^ G ! ( z , a ) d μ ( a ) , z E A,

where Vι(z) is harmonic in DI and Gι(z,a) is the Green's function of A. If

we choose Dί9 such that S C Dl C D0, then if z e D,

= «(«) + J G, (2, β) rfp (β) --^-^dμ (a) JrG, (f , β) SG^'2) I rf? I.

If a ^DI~- D, then since Gι(z,a) is harmonic in Z),

(2) -

If « e D, let Γ(α) : | f - a \ = ̂  be a circle about 0 and Γ(z) : I Γ - z \ = r be
that about 2, such that Γ(#) and /'(z) are contained in D. By the Green's
formula,

I dζ I

i - o.
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If we make r->0, then since G(ζ,z) = 0 on Γ, we have

Hence

= I G1(zίa)dμ(a) — Gι(z,ά)dμ(ά) — \ Gl(z,a)dμ(a) + f G(z,ά)dμ(ά)
JDl JDγ-D J£> JD

so that by (1),

LEMMA 2. Lei ^P: | z | < p, 5R(2) > 0 6e α half-disc and CP: | g | = p,

^ 0 be a semi-circle and

(z, a) = log z + a
z — a pΛ -f za

be the Green's function of A?. Then if r < p,

( i ) p dGp(Pξ* re*θ) = 4(x cos φcos 0 + λ2 sin 2φsin 20

+ λ3 cos 3φ cos 30 -f •••), X = r//o < 1,

where v is the inner normal of C? at z = peίφ.

(ϋ)

. // 2 = p*^, ^z = reίθ, then

,
2 -

,
za

* - a P*

= 4(λcos^cos0 + λ2 sin 2φ sin 20 -f λ3 cos %φ cos 30 + •••).

Since



SUBHARMONIC FUNCTION IN A HALF-PLANE

J* /2 57- f * /2

cosW0 = — s—, \ sin 2^0 cos 0c/0 = 0,
-τr/2 ^ J-τr/2

Γ/2 cos(2n -h 1) 0 cos θdθ = 0, (n = 1,2,
J-τr/2

(2 ) i ^ pί/3^ >re > p cos0^/0 = — -̂ cos90.
J _ « / 2 σv P

z + a

LEMMA 3 [3]. Let

G0z,β)=log ^ - / 7

^ c^

δβ ί/z^ Green's function of x > 0, £/&ew

( i ) C

(ϋ) // (9 <θQ<π/2, then

z = reίθ, a = τetφ,

1),
8

z — a z — a

( 2 )

If I z - <

x-,/ x ̂
G(z'-α) ̂

J_
a

,
+

f-, so that

cos cosθp
2 \ z \

cosθp
2 1 * 1

COS

hence

(3) G(z,a

Hence by ( 2 ) , ( 3 ) ,

1).

K(Θ0) =

137

cos200 '

Proof. Since (i) can be proved easily, we shall prove (ii). Let 3ΐ(z) = ΛΓ,
5R(α) = f, then ΛΓ^

(1) GU,β) =

T-P i \ I a \ cc

If z — a ^ J—^

3. Now we shall prove the theorem. We extend the definition of u for
x < 0 by putting u = 0 for x < 0, then since u = 0 on the imaginary axis, ^
becomes a non-nagative subharmonic function for \z\ < oo. Let μ> be the
positive mass distribution, defined by u, then since u = 0 for # < 0, A6 = 0
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for x < 0. Let AP: \ z \ < p, yt(z) > 0 be a half-disc and CP: | z \ = p, $t(z) ϊ^ 0
be a semi-circle and LP: z = iy (— p < y ̂  p) be a segment on the imaginary
axis, then JΓP = CP + £P is the bou idary of A? and

(1) z, a) = log + zά
za

in

is the Green's function of A?. Since ^ = 0 on LP, we have by Lemma 1,

(2) u(z) =

where

/ q \ 7, /«\ .
\ «5 / t'P \2/

( 4 )

Let

= \ Gp(z,a)dμ(ά).
^ P

f * /2 (•* /2
m(r,Vp) = \ Vp(reiθ) cosθdθ, m(r,Wp) = \

J-τr/2 J-τr/2

m(r,u) = m(r,Vp) — m(r,Wp).

then

( 5 )

By Lemma 2,

r,Vp) = -ό— -f
Z7T J

f
7r/2

*l* dGp(peiφ,reiθ)
L«/2 9^

cos

p'J-ιr/2"

so that

( 6 )

Now

m(r,Vp) __ m(p9u]
r ~~ p

WP(Z) = \ log z + ά dμ(a) - ( log
J 4 z — a J Λ

za

P P

If 2 = r0ίθ, ^ = τ£^, then we can prove similarly as Lemma 2, that if T^

arS(β)

and if r^

hence

(7)

C /2
log

*/2 — a cos
7ZT COS ̂

T
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Since

Γ/2 log
J-τr/2

we have

(8)

so that

cos θdθ =

Hence if we put

(9) ώ(r) = ( 3t(a)dμ(a),
J\a\<r

then by the partial integration, we have easily

(10) ' »<

so that by (5), (6), (10),

Hence m(r, u)/r is a continuous non-decreasing function of r and since

d(m(r,u)/r) __ Ω ( }5 "" ( } >

m(r9u)/r is a convex function of 1/r2. From (11),

o f J3(0^ ^ m(p,u)
27C}r f~- P '

so that

(12)

Since m (r, u) Ir is a non-decreasing function of r,

(13) lim m(r'u^ =g>
r->oo ^

exists.

If 0<c<oo, then by (11),

(14) J

and from (12),
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-0.
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Hence

(16) *jίs~
and from this, we have

IΛr7\ I Jt\Ct(17) \ r̂
JjαfO a\

By Lemma 2, if 2 = reίθ, X = r/p < 1, then

-τr/2

so that

(18) lim
p-»oo

Since

log

^ lim Γ " -
7Γ p-*oo J— τ r / 2

= kx>

PΛ- za

hence by (16),

so that in x > 0,

(19)

where

(20)

limw'p'Oz) =0,
p-»oo

u(z) ~ kx — w(z),

w;(2) =

Next we shall prove that, except a set of θ of logarithmic capacity zero,

(21) ιίm = 0.

By Lemma 3, if | θ \ ̂  ΘQ < π/2 and arg a = φ, we have for any r0 > 0,

G(retθ,a)dμ(a)
(22)

^ -T-ί, ,. G(r<s",a)dμ(a) + K(Θ0) \ %$-(G(e»,
' J\a]<rQ JrQ^\a\<°° \<*\

l)dμ(a).
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Hence if we put

(23)

then if | θ <ΘΆ< π/2,

(24) X(Θ)

Suppose that X(θ) > 0 on a set E of positive logarithmic capacity on [ z I = 1,
then by taking a suitable closed subset, we may assume that E is a closed
set, contained in ( arg z \ ̂  ΘQ < π/2. Let v be the mass of equilibrium dis-
tribution of E and

~ dv(θ), v(E}^lU(z) = log
(ώ Cί

be the conductor potential of E, such that U(z) ^ V < oo for any z. Then

Since I -———^ ' < oo, the right hand side tends to zero, if rQ -> oo,

hence

which is absurd. Hence X(θ) = 0, except a set of θ of logarithmic capacity
zero, which is equivalent to (21). Hence

lim "v J = k cos θ,
r-*<χ, Y

except a set of θ of logarithmic capacity zero.
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